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FNABA || Au¢pepeHymnansHele
1 ypaBHeHusi
nepBoro nopsiaka

§ 1. OcHOBHbIe NOHATUS U OnpeaeneHus

Juppepenyuansuoim ypaerenuem HasbiBaeTcs ypaBHEHWe, CBA3bliBalollee
He3aBUCHUMYIO MepeMeHHYIO &, HCKOMYIo bYHKUMIO ¥ = y(Z) U ee NpoU3BOL-

uote 3, 9", ..., y™, T.e. ypaBHeHue Buaa

F(z,9,9,9",...,4™) = 0.

Ecnn uckomas dyHkumus y = y(z) ectb GyHKUMS OQHON He3aBUCUMOI

nepeMeHHON €, AMddepeHLMaTbHOE ypaBHEHHE Ha3blBaeTCs 08bikHoseHHbM ")
Hanpumep,

d
) d—:+wy=0, 2) ¥'+y' +z=cosz, 3) (x’-y?)dz-(z+y)dy=0.

Koraa nckomasi GyHKuust ¥ ecTb pyHKUMS ABYX U Gonee He3aBUCHUMbIX
nepeMeHHbIX, Hanpumep ecan y = y(z, t), To ypaBHeHHe Buaa

8y dy "y
F(w,t,y,a,a,...,am—kéﬁ' =0

Ha3blBaeTCA YpaBHEHMEM B YACTHbIX MPOMU3BOAHBIX. 3aech k,l — HeoTpuua-
Te/IbHbIE Le/Ibie YMCIa, Takue, YTo k + | = m; HanpuMep

d oy _. % _2o%y
ot oz ' ot Oz

Iopadkom ougpgeperyuanvroeo ypagrHeHus Ha3biBaeTCA MOPANOK HaUBbIC-
el npousBoAHOIt, Bxoasitiei B ypaBHeHue. HanpuMep, anddepeHunanbHoe
ypaBHeHUe y' + 2y = €° — ypaBHeHHe NepBOro nopaaka, AMdodepeHLanbHOe
ypasHenue y" + p(z)y = 0, rae p(z) — n3BecTHas GyHKUMA, — ypaBHeHUE
BTOpOro riopsinaka; AuddepenHunansHoe ypasHenue y® — zy" = 2> — ypas-
HeHue 9-ro mopsiaka.

Pewenuem ougpgpeperyuanvrnozo ypasHenus m-ro nopsilika Ha MHTeppase
(a,b) HasbiBaeTcst dyHKuMA y = p(z), onpeneneHHas Ha WHTepsane (a,b)
BMeECTe CO CBOMMM NMPOU3BOAHBIMYU A0 T-TO NMOPsAKA BKAIOUYMTEIBHO, U Takas,
YTO noacTaHoBKa (GYHKUMM ¥ = () B auddepeHuMalibHOe ypaBHEHUeE
NpeBpallaeT nociefHee B TOXAeCTBO no z Ha (a,b). Hanpumep, dyHkuus

B panbHeHiem GylyT paccMaTDMBATBCH TOALKO OGLIKHOBEHHbie AnddepeHuHanbHblE
YpaBHeHHs.
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y = sinT + cos T siBNseTCA pelueHueM ypaBHenus Yy + y = 0 Ha uHTepBae
(—00, +00). B camom gaene, auddepeHUMpys GYHKLMIO ABAXABI, GyaeM UMeETD
Yy =cosz —sinz, 9" =-sinz—cosz.

[onacTapnss oipaxeHus ¥ v y B AMddepeHUMANbHOE YPABHEHHE, MONYUHM

TOXAECTBO
—sinz —cosz +sinz +cosz = 0.
Ipaduk peweHns auddepeHMaNbHOrO ypaBHEHUSI Ha3blBAETCsl UHME2ZPaNbHOU

KpUeoi 3TOro ypaBHEHUS.
Obuwuii 8ud ypasHeHus nepeozo nopaoka

!
F(z,y,y)=0. (1)
Ecnu ypaBHenue (1) ynaeTcsi paspelinTb OTHOCUTENBHO Y, TO MOy 4UTCA
!
y = f(z,y) ()
y — ypasHeHue nepeozo nopsoka, paspewleHHoe OmHo-
M, CUMENbHO NPOU3BOOHOU.
3adayeii Kowu Ha3biBalOT 3afayy HaxoXaeHUs
Y% pewenus y = y(z) ypasHeHus y' = f(z,y), yuo-
BJIETBOPAIOLLETO HaYallbHOMY YCJI0BUIO Y(Zo) = Yo
0 (apyras 3anuch Ylz=z, = Yo)-
z, z [eOMETpHUUYECKM 3TO O3HAYAET, YTO MLUETCH
Puc. 1 MHTErpajibHas KpUBasi, NpOXoslias yepe3 3anaH-

Hylo Touky My(zo, Yo) mnockoctu Oy (puc. 1).

TeopeMa CywlecTBOBAaHMS U €AUHCTBEHHOCTU pelueHusa 3apayn Ko-
wm. [Tycmb dano dugpdepenyuansroe ypasuenue y' = f(z,y), 20e pynrkyus
f(z, y) onpedenena ¢ nexomopoii obaacmu D naockocmu £OY, codepucawseil
mouky (Zo, Yo). Ecau ¢ynkyus f(z,y) ydoenemeopsem ycrosuam

a) f(z,y) ecmv Henpepvienas QyHKuua 0BYX nepeMeHHuix T U Y
6 obnacmu D;

i}
6) f(z,y) umeem uacmuyio npou3gooHy: 8—‘;, 02panuyennyro 6 obna-

cmu D, mo naiidemcs unmepean (o — h, o+ h), Ha Komopom cywecmeyem
edurncmeenroe pewenue Yy = p(T) 0aHHO20 ypasHenus, ydoesemeopalouiee
yenosuio Y(To) = Yo.

TeopeMa faeT [OCTATOYHbIE YCJIOBUSI CYLUECTBOBaHUS €AMHCTBEHHOTO
pewenust 3agayu Koww ans ypaBHenus y' = f(z,y), HO 3TH ycnosus
He ABAAIOTCA Heobxodumbimu. UMEHHO, MOXET CyllecTBOBaTh €AMHCTBEHHOE
pelueHue ypasHeHus y' = f(z,y), ynosneTBopsioiee yciaosuio ¥(zo) = Yo,
XOTs B TouKe (o, Yo) He BHIMOMHSIOTCS ycaoBUsl a) unu 6) uau oba BMecTe.

PaccMoTpuM npumepbt.

1 of 2
1. ¢ = e 3necy f(z,y) = 7 By = — B Ttoukax (zg,0) ocu
Oz ycnosus a) u 6) He BbinoaHsiotcst (hyHkums f(z,y) WU ee yacTHas
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7]

npoM3BOJHAsA B_f paspbiBHbl Ha ocH O W HeorpaHWyeHbl TpH y — 0),
Y

HO YEpe3 KaXaylo TOYKY ocM O NpOXOAMT eNUHCTBEHHas MHTerpailbHas

xpuBas y = 3/3(z — zo) (puc.2). >
2. ¥ = zy + e7Y. TNpasaa yactb ypasHenus f(z,y) = zy +e ¥ u ee

yacTHas MpOM3BOAHAS —— = T — € 7

dy
TOYKaX MJIOCKOCTU (Z)Oy. B CUJy TeOpeMbI cylieCcTBOBaHUA U € AMHCTBEHHOCTHU
06J130Tb10, B KOTOpOﬁ JAHHO€ YpaBHCHUE WMEET C€AUHCTBEHHOE pEILUCHNE

ABJISIETCA BCA MJIOCKOCTb a:Oy >

HenpepbiBHbI MO T U Y BO BCEX

((/(/
JIN T

Puc. 2

3 33
3.9 = 5\3/ y?. Tpasas yacTb ypasHeHus f(z,y) = -2-\/3/2 onpenefe-
Ha M HemnpepbiBHa BO BCEX TOuYKax mjockoctH zOy. YacTHas NMpousBofHasl

3_f = —— obpaluaercs B 6eckoHeuHOCTb Npu y = 0, T.e. HAa ocu Oz, Tak
0y VY

yto nMpu y = 0 Hapywaetcss ycnoBue 6) TEOpeMbl CYLIECTBOBAHHUSA W €IMH-
cTBeHHOCTH. CiefloBaTeIbHO, B TOYKax OCU O BO3MOXHO HapylleHHUE eAUH-

(z+¢)
8
laHHoro ypaBHeHMsi. KpoMme 3Toro, ypaBHeHUWE MUMEET OYEBMIHOE pelleHMe
y = 0. TakuM 06pa3oM, yepes Kaxayio ToO4Ky och Oz NpPOXOAMUT MO KpaikHei
Mepe ABe MHTErpajlbHble JUHUU U, CNEeOBaTENbHO, AEACTBUTENbHO B TOYKAX

3TOi OCH HapyLlaeTcst €AUHCTBEHHOCTb (pHcC. 3).
WMHTerpanbHbIMU JTMHUSAMM [AHHOTO YpaBHeHMSI GYIyT TakXe JIMHUM,
(z+¢)

COCTaBJIeHHbIe U3 KYCKOB KyGUueckux napabon y = — U OTPE3KOB OCH

Oz, nanpumep, ABOC,, ABB;C,, A;Byx u [p., TaK YTO uepe3 KaXAayio
TOUKY ocU O NMPOXOAUT 6ECKOHEYHOE MHOXECTBO MHTErpaibHbIX JUHUA. D>

CTBEHHOCTH. Jlerko NMpOBEPUTbL, 4YTO CbYHKLlMﬂ Yy = €CTb pPEILLUECHUE

3amevanme. Yciosue orpaHMYEHHOCTH NPoOU3BOAHOI 8 f/dy, durypupyiowee
B TEOpEMe CyLIECTBOBaHMA W €AMHCTBEHHOCTH pelieHus 3amaud Kouwm, moxer
6bITh HECKOJIBKO 0OC/1a0JIEHO M 3aMEHEHO TaK Ha3biBaeMbIM ycaoeuem Jlunwuya.

TosopsaT, uto dyHKuus f(z,y), onpeneseHHas B HeKoTopoii o6jactn D,
yaosnersopsieT B D ycnosuio JlumiuMua no ¥y, €ciu CyLeCTBYeT Takas
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noctosHHas L (nocTosiHHas JIunwwuua), yto aast mo6bIX Y, Y2 M3 D
v o6oro ¢ U3 D crnpaBeAMBO HEPABEHCTBO

I.f(m, 1/2) - f(:l), yl)l < L|y2 - yll
af

CyulectBoBaHMe B o6jiacTh D orpaHMYeHHOI NPOU3BOAHOIA B0 no-
Y
CTaTOYHO AJis Toro, YToGsl GyHKuus f(z,y) ynoerersopsana B D ycnosuio

Jinmuuua (aokaxute 3to!). HanpoTus, u3 ycnoBus JIumiinua He BbITEKAeT
7]
yCJI0BUE OrpaHUYEHHOCTH 8—'f-; nocrieAHAst MOXET Aaxe He cylLlecTBoBaTh. Ha-

npuMep, a5 ypaBHeHus y' = 2|y| cos = dyHkuus f(z, y) = 2|y| cos  He and-
dbepenuupyema no y B Touke (z9,0), o # %+k7r, k=0,=%1,..., Ho ycioBue
Jivnmnua B OKPECTHOCTH 3TON TOYKM BHINOJHSeTCS. B camom e,
(2, 92) = F(z,9)| = |2ly2l cos z = 2|y| cos z| =
=2l cosz| |lgal = Iyl| < 20y = 9,

nockKofibky |cosz| < 1, a |Iy2| - |y||| < ly2 — y1|. Takum obpasom, ycioBue
Jinnwuua BuINONHAETCA ¢ NMOCTOAHHOMW L = 2.

Teopema. Ecau gynkuyus f(z,y) Henpepwena u ydoeaemeopsem ycaosuio
Jlunwiuya no y ¢ obaacmu D, mo 3adaua Kowu

dy
I f(z,9), y|,=zo= Y, (o0,%) €D

umeem eduHcmeenHoe peulerue.

Ycnosue Jinnnua ABASETCS CyuiecmeenHbim 0 eOUHCMBEHHOCMU peule-
Hus 3adayu Kowu. B KayecTBe NMpruMepa pacCMOTPUM ypaBHEHUE

dy
E = .f($7 y)a
rae
4z3y
fz,y) =9 «* +9*
0, z=y=0.

2 + 92 >0,

HeTpyaHo Buaetsb, uto dyHKUMS f(z,y) HENpepbIBHA; C APYroii CTOPOHbI,

_ 42’(z* +yY)
f(w’ Y) - f(z’ y) = ($4 +y2)(m4+Y2) (Y'—y)'
Eciu y = az?, Y = Bz?, 10
N R e
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u ycnosue JIunuyua He yIOBIETBOPAETCS HU B ONHOM 06/1aCTH, coaepxalleit
nauasio O(0, 0), Tak Kak MHOXHTeNb Npu |¥ — y| oka3biBaeTcs HeOrpaHWYEH-
HbiM ipn & — 0.

IaHHoe AuddepeHLHaIbHOE ypaBHEHUE JOMYCKAET peLleHHe

2
y=C"-+Vz*+C4,
rae C — NpOM3BOJIbHAA MOCTOHHaA. OTCiona BUAHO, YTO CyLIECTBYeT Gec-
KOHEYHOE MHOXECTBO PelUeHMii, YNOBIETBOPAIOIMX HAYalbHOMY YCIOBHIO

y(0) =0.
O6usum pewernuem nuddepeHUNANTLHOTO ypaBHeHUs (2) HasbiBaeTcs GYHK-

uus

y=¢(z,C), 3)
3aBUcsILLAs OT OQHOW MPOM3BOJILHON mocTosiHHOM C, M Takas, 4To 1) OHa
YAOBJIETBOPSIET YpaBHEHHUIO (2) Npy J106bIX AOMYCTUMBIX 3HAYEHUAX TIOCTOSIH -
Hoit C; 2) KakoBO Obl HA OblLJI0 HayanbHOE YCIOBHE

Y| pms,= Y05 “)

MOXHO nofo6patb Takoe 3HaueHMe Cp nocTosiHHOi C, YTO peuleHue y =
¢(z, Cy) GyoeT ynoB/eTBOPATL 3aAaHHOMY HauaabHoMmy ycinosuio (4). [pu
3TOM Tipearionaraetcs, YTo Touka (o, o) NPUHALIEXHUT 06J1aCTH, [e BbIMOA-
HSIIOTCS! YC/IOBMSI CYLLIECTBOBAHMA U €AIMHCTBEHHOCTH PELLEHMUSI.

Yacmuoim pewenuem nuoddepeHumnansHoro ypasHeHus (2) HasbiBaeTcst pe-
LeHHUe, Momyyaemoe U3 obiuero perteHus (3) npu KakoM-in60 onpeaeseHHOM
3HaYeHUHU NPOU3BOJILHOI nocTosiHHOM C.

Npumep 1. MposepuTb, 4To dyHKUMa y = x + C ecTb obwee peweHune
auddepeHumanbHoro ypasHeHns y' = 1 M HaWTM 4YacTHOe pelueHve,
YyAOBNETBOPRIOLLEE Ha4aNbHOMY YCI0BUIO y| = 0. [atb reomeTpuyeckoe
VCTONKOBaHWe peaynbTara.

=0

Pewenne. ®ynkuns y = z+C yaoBIETBOPSET 1AHHOMY YPAaBHEHMIO NTPH N106bIX
3HAYEHMAX NPOM3BOALHON NocTosHHoM C. B camom gene, y' = (z +C) = 1.
3azaanMm Mpou3BO/BHOE HaYaibHOE YCTOBHE y|wBo = yp. Monaraa z = =z,

Uy = yo B paseHcTBe ¥ = T +C, HalaeM, uto C = yo—x,. [Toacrasus 3to 3HaueHue C
B NaHHYI0 QyHKUHUIO, OyaeM UMeTb y = & + Yo — Ty. OTa GYHKLUUS YAOBNETBOPSET

3a4aHHOMY HaYalbHOMY YC/IOBHIO: NOJOXMB & = y P
Ty, MOAYUUM Y = To + Yo — Tp = Yo. MTaK, /M
bYyHKUMS y = z4-C anngercs oGWLUM PellieHHeM (Zo:%0)
NaHHOTO YpaBHEHHS.

B vactHocTH, monaras xp =0 M yp = 0, Yo
MOMY4UM YACTHOE DElIEHHE Y = . Z, =

O6uuee pewseHUe JaHHOTO ypaBHEHHS, T. €.
oynkuns y = x + C, onpegensier B IJIocKo-
¢t xOy CeMeiCTBO NapalleNbHbIX NPAMBIX
€ yrnoBeiM KoadduuueHtoM k = 1. Yepes ka-
Xaylo Touky My(zo, yo) naockoct Oy npo- Puc. 4
XONUT €AMHCTBEHHAN MHTErPaIbHan IMHUA Yy =
T + yo — op. YacTHoe pelueHue y = & onpenensieT OAHY W3 WHTErPaibHbIX KPHBBIX,
4 MMEHHO NMpAMYIO, NPOXOAALLYIO Yepe3 Hayano KoopauHar (puc. 4). >
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Mpumep 2. Nposeputb, 4to PyHKuMa y = Ce® ecTb oblee pelueHue
ypasHenns y' —y = 0 W HailTM YacTHOe pelueHWe, YAOBNETBOPSIOLLEE
HauansHomy ycnosuio y| _ = —1.

Pewenne. Umeem y = Ce®, 3y = Ce*. Mon-
CTaBNAS B NAHHOE YpaBHEHWE BbIPaXeHUs y W Y,

nonyyaem Ce® — Ce® = 0, T.e. pynxkuns y = Ce®
YOOBJIETBOPAIET JAHHOMY YPaBHEHHIO MpPHU J1106bIX 3Ha-
YeHHUsIX nocTosHHo# C.

3amaagMM MPOM3BOJAbLHOE HaYaNbHOE YC/NOBHE
y|z=z° = yp. Moncrasus z, M y, BMecTo = U y

C>0
1
0 z B dyHkumio y = Ce”, 6ynem uMethb yo = Ce™, oTKyna
C<0 C = yoe™ ™. Oyukums y = yoe™ *° ynosaeTBOpsET Ha-
M, YyalbHOMY yc/10BHIO. [leCTBUTENbHO, Moarasi T = I,
nonyunM y = ye*0™™ = y,. @ynkuus y = Ce® ectb
obluee pelieHue JaHHOrO ypaBHEHUS.

M

Mpu £y =1 1 yo = —1 nonyymm yacTHoe pelue-
Hue y = —e*'.
Puc. 5 C reoMeTpuyeckoil TOYKH 3peHMs obuiee pelle-

HUE OMpeNeNseT CeMENCTBO MHTETPalbHbIX KPUBbIX,
KOTOPbIMHM SBISIOTCH TpaduKu MoKaszaTeNbHbIX GYHKUMIA; YacCTHeE pelleHUe eCTb
MHTErpaibHas KpuBas, npoxogasiuas 4epe3s Touky My(1, —1) (puc.5). >

CootHowenue Buma P(z,y,C) = 0, HesiBHO ompedensiolliee obuiee
pelueHHUe, Ha3blBaeTCs ob6uuM unmezpasom AMbGEPEHMANIBHOTO ypaBHEHUs
NepBoro nopsaka.

CooTHolueHHe, MojyyaeMoe M3 OOLIero MHTerpala MpU KOHKPETHOM
3HaueHUU NOCTOSIHHOM C, Ha3bIBAETCS ¥acmuuiM unmeepanom AUddEpeHLH-
aJIbHOTO YpaBHEHMS.

3anaya pellleHUs WM MHTErPUPOBaHUs AuddepeHLManbHOTO ypaBHEHUs!
COCTOMT B HaxOXIEHWU OOLUEro pelleHUs WM OblLero MHTerpaita JaHHOro
nuddepeHumanbHoro ypasHeHus. Ecin 10MofHHTENbHO 3aJaHO HayalbHOE
YCJIOBUE, TO TpeGyeTCsl BbLACJAUTb YaCTHOE pellleHWe MIIM YaCTHBbIIT MHTerpa,
yIOBNETBOPAIOLLIME MOCTABJEHHOMY HayalbHOMY YCJOBHIO.

Tak Kak ¢ reOMETpUUYECKOW TOUKM 3peHUsS KOOPAMHATHI & M Y PaBHO-

d
NpaBHbl, TO Hapsiy C ypaBHEHUEM % = f(z,y) Mbl GyneM paccMaTpuBaTh

1
ypaBHEHUE — = ————

dy  f(z,9)

3apaum AN CamoOCTOATENbHONO peweHusa

1. Haiitu cosnanaiomne peweHuns aByx nuddepeHUHANbHBIX YPaBHEHMIA:
a) Y=y’ +2c-2* 6)y' =-y'-y+2c+2’+2t
B cienylolunx 3anayax, nojb3ysicb KakMM-aub0 NOCTAaTOYHbIM YCNOBUEM €AMHCTBEH-

HOCTH, BbIAENUTb OONACTM, B KOTOPbIX JaHHbIE YPABHEHUS MMEIOT €NWHCTBEHHbIE
peLieHus.

z
2. y =z + 4% 3. y’=;. 4. Yy =y+3yy. 5.y=vz—y.
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6. ym\z?-y-=z. 7. ¥ =+1-y. 8. y=
9. y =siny —cosz. 10. ' =1 —ctgy. M. y=3z-y-1.

12. [loka3artb, YTO 4JiS YpaBHEHUS y’ = Iyl'/ 2 B kaxuo# Touke ocu Oz Hapyulaercs
e1MHCTBEHHOCTb PELLEHUS.

13. HaiiTu uHTerpanbHylo AMHKIO ypaBHeHUs y' = sin (zy), MPOXOAALLYIO YEPES TOUKY
0(0,0).

B cieayloLiMX 3agayax NokasaTh, YTO JaHHbie PYHKUMH SBASIIOTCS PEIUEHUSAMM YyKa-
3aHHbIX J1HGdepeHUNaANbHbIX YPaBHEHHIA:

i 1
14. y=sme,zy’+y=cosz. 15. y=Ce'2’+§e’,y'+2y=e‘.
16. y=2+CV1-22, (1 - 2y + zy = 2z.

§ 2. MeTtopa U3oKNUH

YpaBHeHUe
Yy = f(z,9) )
onpegesiseT B Kaxaon Touke (z,y), rae cywecrsyet byHkuus f(z,y), 3Ha-
YyeHue y’, T. €. YIJI0BOI KO9(h(MULMEHT KacaTesbHOt K UHTerpajibHOit KPUBOM
B 3TOW TOYKe.

Ecnu B kaxnoii Touke obnacth D 3anaHo 3HaueHUe HEKOTOPOIl Besu-
YMHbBI, TO FOBOPAT, YTO B OGsacTM D 3agaHO NoJsie 3TOi BeAMUUHBbI. Takum
obpa3oM, auddepeHumnanbHoe ypaBHeHHUe (1) onpeseisieT nojie HanpaBaeHUiA.

Tpoiika uncen (z; y; y') onpejesseT HanpasjieHWe NPSIMOi, Mpoxoasileit
yepes TOUKY (Z,y). COBOKYMHOCTb OTPE3KOB 3TUX MPAMBIX 1a€T reOMeTpUYe-
CKYIO KapTHHY MO/l HanpaBJieHU.

3anaya uHTerpupoBaHus OMbdepeHUUanbHOrO ypaBHeHna (1) MoOXeT
6bITb Tenepb MCTOJIKOBAHA TaK: HAWTW TaKylo KPUBYIO, YTOGbI KacaTejbHasl
K HE B KaxaOW TOUKEe MMeja HampaBjieHUe, COBMafalolllee C HanpaBieHUEM
NoJjisi B 3TOM TOUKe.

3ajaya NOCTPOEHUS] MHTETrPaNibHOM KPUBOI YacTO peluaeTcsi BBeAEHMEM
u3okaun. HM3okaunoil Ha3blBaETCSI FeOMETPUUYECKOE MECTO TOYEK, B KOTOPBIX-
KacaTeJibHble K UCKOMbIM MHTErpajibHbiM KPMBbLIM UMEIOT OJHO M TOXE Ha-
Npasnenue. CemeiicTBo u3okinH auddepeHunaibHoro ypasHeHus (1) onpe-
Zienaerca ypaBHeHUEM

f(:l:, y) =k, (2)
rae k — napamerp. lNpunasas napametpy k 6AM3KHE YMCIOBbIE 3HAUEHMS,
nonyyaem AOCTAaTOYHO TYCTYIO CeTb M3OKJIWH, C MOMOLUbLIO KOTOPbIX MOX-

HO MPUGANUKEHHO MOCTPOMTH MHTErpaIbHbIE KpHBble H(GEpPEeHLUATLHOIO
ypasHeHus (1).

3amevanme 1. Hynesas usoxnuua f(z,y) = 0 naer ypaBHeHHE NMHUIA, Ha KO-
TOPbIX MOTYT HaXOAUTBCA TOYKM MAKCHMYMa 1 MHHUMYMA UHTETPATIbHbBIX KPUBbIX.
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[ns 6oAblIER TOYHOCTH NOCTPOEHUS MHTErPANbLHBIX KPHBbIX HAXOAAT TaKXe reo-
METPUYECKOE MECTO Touek nepern6a. 1s atoro Haxomst y" B cuny ypasHerus (1):

n 81 8, 9 24

¥ NpUPaBHUBAIOT ee HyN10. JIMHUSA, OnpenenseMas ypaBHeHUEM

8f 8f _
$+f(z’y)'8—y-o’ (4)

W eCTb BO3MOXHOE FreOMETPHUYECKOe MECTO ToueK nepernba.

Mpumep 1. C NOMOLLbLIO N3OKINH NOCTPOUTL NPUBAUXEHHO UHTErpanbHbie
KpuBble auddepeHumansHoro ypasHenns y' = 2z — y.

Pewenune. Ins nonyyeHus ypaBHEHWs W3OKIWH nonoxum y' = k, k = const

Torna

2z-y=k, wim y=2z—k
W3oknuHamu sBasiloTcs napamnensHbie npsMbie. pu k = 0 nonyyum H3OKIMHY
y = 2z. Ora npsaMas 1eauT naockocTb Oy Ha ABE YacTH, B KaXAOil U3 KOTOPBIX
Npou3BOaHas ¥ WMeeT OAMH U TOT Xe 3Hak (puc.6).

WUHTerpanbHble KpuUBble, mepecekass NpAMylo y = 2z, nepexoasiT u3 obnactu
y6biBaHUs PyHKLUMM Yy B 06nacTb Bo3pacTaHus, U H2O60POT, a 3HAYUT Ha 3TOU NPAMOiA
HaxXoAATCA TOYKH IKCTPEMYMa MHTETPAIbHbIX KPUBbIX, UMEHHO TOYKH MUHUMYMa.

Bo3bMeM elue nBe M3OKINHDI

y=2c+1, k=-1 n y=2z-1, k=1

KacartenbHble, NpoBefieHHblE K WHTErPalbHbIM
KPHBbIM B TOYKAX MEPECEYEHUsI C U3OKJIMHAMU
k= -1 u k=1, obpasyioT ¢ ocbio O yrnbl
B 135° u 45° coorsercrBeHHo. Haiizem nanee
BTOPYIO NPou3BoaHyio y’ =2-y' =2-2z+y.
INpsiman y = 2z — 2, Ha koropoit y" = 0,
SIBASAETCA M30K/IWHON, nonyyaemolt npu k = 2,
W B TO Xe BpeMA WHTerpalbHOW JUHUEH, B 4eM
MOXHO yGeQUTbCs MOACTAHOBKOW B ypaBHe-
Hue. Tak kak npaBas 4YacTb N&HHOTO YypaBHe-
Hust f(z,y) = 2z — y ynoBneTBOpSET YCNO0BU-
SIM TEOpEMbI CYLLECTBOBRHWUA U €1MHCTBEHHOCTH
BO Bcedl naockocTh £Oy, TO OCTaNbHblE HHTE-
rpanbHble KpUBbIE HE NMepeceKkaloT 3Ty U30KIn-
Hy. U3okInHa y = 2z, Ha KOTOPOH HaxoaATcs
TOYKM MUHUMyMa MHTErpaNbHbIX KPUBbIX, pac-
NoNOXEeHa Hall U30KAHHON ¥ = 22 —2, a N03TO-
MY MHTErpaibHbie KPMBblE, NPOXOAsiLIUE HUXeE
M30K/IUHBl Yy = 2T — 2, HE UMEIOT TO4YEK IKC-
Tpemyma,
Mpamas y = 2z —2 aeaut naockoctb 20y
HA 1B YACTH, B OQHOH M3 KOTOpBIX (pacmnono-
Puc. 6 XeHHON Haa mpsMoit) y” > 0, a 3HAUUT MH-
TerpajibHbie KpHBble OGpauleHbl BOTHYTOCTbIO
BBepX, & B Apyro#t y" < 0 W, 3HAYMT, MHTErpasbHble KPUBblE OGPALLEHBI BOTHYTO-
cTblo BHU3, WHTerpanbHble KpHBbie He nepecekaloT npsaMoit y = 2z — 2, 3HaYuT,
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OHA HE ABNAETCA reOMETPUYECKUM MEeCTOM Touek nepern6a. UHTerpanbHble KpuBble
JaHHOTO YPaBHEHHSA HE UMEIOT ToueK neperuba.

TpoBeneHHOE HCCIeN0BaH HE MO3BONAET HaM NPUBIHXEHHO NOCTPOUTL CEMEACTBO
MHTErPATbHBIX KPUBBIX ypaBHeHUs (pHc. 6). >

Mpumep 2. MeTOAOM W3OKIMH MOCTPOUTL MPUBAMKEHHO WHTErpanbHbIe
KpuBble AMddepeHUManbHoro ypasHeHus ' = sin (z + y).
Pewenue. Monaraa y' = k, rne k = const, nonyd4aem YpaBHEHME M3OKIMH
sin(z +y) =k, npuuem —1 < k < 1. Mpu k = 0 nonyuum sin (z + y) = 0, oTKyna
y=-z+7mn (n=0,%1,%2,...). (5)

W HTerpanbHble KpUBbie B TOYKAX MepeceyeHns ¢ ITUMU U30KJIUHAMM UMEIOT FOPH30H-
TaNbHble KacaTe/bHbie,

OnpenennM, MMEIOT M WUHTErpaibHbie KPUBbiE HA M3OKJIMHAX Yy = —Z + 7n
skcTpeMyM. [1s 3TOro HailneM BTOPYIO NMPOU3BOAHYIO:

y" = (1+¢) cos (z +y) = [1 +sin (= +y)] cos (v +y).
Mpu y = —z + n nmeeM
y" = (1 +sinwn) cos (xn) = cosn = (-1)".

Ecan n uyetHoe, To y” > 0, W, 3HAyWT, B TOUKAX MEPECEYEHUS] C M3OKAMHAMM

y=-z+7nz, n=0,%2, +4,..., HHTerpaibHble KPUBbIE UMEIOT MUHUMYM; ECITH XE N
HeyeTHOe, TO y” < 0 M MHTEerpabHbie KPHBbIE B TOYKAX NEPECEYEHUS C U3OKAMHAMM
y=-z+mx, n==£1,%3,..., umeloT MakCUMyM. Haxoaum U30KIUHBI:
T
k=-1, sin(z+y)=-1; y=—z—§-+21m, (6)
. ]
k=1, sin(z+y)=1; y=-—z+5+21m, 7

n=0%l1,%2,....
N3oknnHamu ABnsiotca napauienbHbie NPAMbIMU C YIIOBbIM KO3GMHULHUEHTOM, paB-
HbIM =1, T. €. H30KJIMHbI NepeceKaloT ock Oz noa yrnom 135°, Jlerko y6ennthest B ToM,

T

YTO M3OKIHUHLl §y = —& — 3 +27n, n=0,%1,..., 9B1AI0TCA UHTErPAJIbHBIMU KPH-

BbIMKM NaHHOro AM(depeHUNANLHOro ypaBHeHUA (418 3TOro AOCTaTOYHO MOACTABUTH
T .

ObyHKUMK y = —x - 3+ 27n B ypasHeHue y' = sin (z +y)).

Bo Bcex Toukax nnockoctd Oy npasas 4acTb JAHHOrO ypaBHEHMS, T.e. (ByHK-
uus f(z,y) = sin(z + y), ynoB1eTBOPAET BCEM YCTIOBUAM TEOPEMbl CYLUIECTBOBAHMUS
M €IMHCTBEHHOCTH, & NOITOMY UHTerpaibHble KPUBbIE HE MepeceKaloTes, U, Cenosa-

T
TENbHO, He MepecekaloT U3OKANH y = —& — = + 27n. [poussoaHas y" obpaiwaercs

B Hob npH 1 +sin (z + y) = 0, T.e. Ha usokauHax (6), u npu cos(z +y) =0, T.e.
Ha u3oknuHax (6) u (7). Mpu nepexone (cnesa Hanpaso) uepes U3OKAUHb (7) y”
MEHSeT 3HaK ¢ NJloca Ha MUHYC. Hanpumep, ecan paccMoTpeTb Noocy, 3aKiI04eHHYI0

T
MEXAY U3OKIIMHAMU Yy = —Z U Yy = =2+ T, TO HAa U3OKAUHE Yy = -+ 5 npou3BonHas

¥" =0, npuyem non M3oKkAKHON " > 0. 3HAYMT, UHTErpabHbIE KPHBbIE OGPALLEHbI
BOTHYTOCTBIO BBEPX, & Hal M3OKAMHOI ¥ < 0, 3HAUMT, MHTErPanbHbie KPUBbIE 0Gpa-
LWeHbl BOTHYTOCTbIO BHU3, TAKUM 0BPA30OM, H3OKIKHBI (7) ABNAIOTCA FEOMETPUYECKUM
MECTOM ToueK nepernba MHTErpabHbiX KpuBbIX. [MONyueHHbIE NaHHbIE MO3BOAAIOT
NPUGAHMKEHHO NOCTPOUTD CEMEIHCTBO MHTErPANbHBIX KDUBLIX ARHHOTO ypaBHeHuUs. Ans
Gonee TOUHOrO NOCTPOEHHS CELyeT HAHECTH ellle HECKOMLKO M3oKIMH (puc.7). D
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Mpumep 3. MeToaOM U3OKAMH NOCTPOUTL UHTErpanbHbie KPUBLIE ypaBHe-
ey =y — x> +2z - 2.

Pewenue. TMonoxum y' =k, k = const. Toraa ypaBHeHUe U30KIUH GyreT
y—a:2+2:z:-2=k, v y=1:2—2:z:+2+k.

UsoxnnHaMK ABasiioTCs napabonbl ¢ BEPTUKaNbHOM ocbio cumMerpun z = 1. Cpenn
M30KJIMH HET WHTErpajibHbIX KPUBLIX. B caMoM Jene, moacTaBisis B JaHHOE YpaBHEHHe
y= 22 —2z+2+ku y =2z -2, Gynem nmetb 2z —2 = 2 =2z +2+k—z*+2z2-2,
unu 2z —2 = k. Ho 3T0 paBeHCTBO HY NMPU KaKOM 3HAYEHUU k HE MOXET BbIMOJHATHCS
TOXAECTBEHHO OTHOCHUTEJNIBHO T.

Mycts k = 0. Torna B TOYKAX NEPECEYEHMAA C U3OKNMHON y = &° — 2z + 2
MHTErpaibHble KpWBbie GYAyT MMETb rOPH3OHTalbHbIE KacaTenbHble. M3oinHa y =
2 — 2z + 2 pasbusaer mmockocth £OyY Ha ABe YaCTW: B ORHOH u3 Hux y' < 0
(pewenus y y6biBaiot), a B Apyroit y' > 0 (pemenus y Bospacraior). U Tak Kkak aTa
W30KJIMHA HE ABAAETCS MHTErpabHO KPUBOIA, TO Ha Heil HaxoaATCS TOYKH IKCTPeMyMa
WHTErpajibHbIX KPUBbIX, UIMEHHO Ha TOM YacTH napabonsl y = 22 -2z+2, ez <1 —
TOYKM MHHHMYMa, a Ha pyroii YacTH 3Toit napabossl, rae £ > | — TOYKM MakCUMyMa.
WHTerpanbHan kpusasi, npoxoasiuas yepes touky (1; 1), T. e. yepe3 BeplunHy napaGonbi
y = &% —2z+2, B 3TO/ TOUKE HE UMEET FKCTpeMyMa. B Toukax usoknnH y = 22 —2z+3
(k=1)ny=2x"-2z+1 (k=—1) KacaTeJbHble K UHTErPAILHbIM KPUBLIM UMEIOT
yrnoBbie KO3QGHUUMEHTBI, COOTBETCTBEHHO paBHble | U —1.

Hdns nccnemoBaHWst HampaBl€HWsl BOTHYTOCTUM MHTErpajibHbIX KPHMBBIX Hailnem
BTOPYIO NMPOU3BOAHYIO:

V' =y —2z4+2=y-2’+2-2-2e+2=y—2"
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Ona 0BpalaeTcs B HOMb TO/ILKO B TOYKAX, J€XAUNX Ha napabone y = :c B Toukax
nnockocTH £OY, KOOPAMHATHI KOTOPBIX YAOBIETBOPSIOT YCAOBUIO Y < T°, MHTerpaib-
nbie KPUBBIE BOTHYTH BHM3 (y” < 0), a B Toukax, rae y > z’, oHM BOI‘HYl‘bl BBEpX
(y" > 0). TouKK MepeceyeHns MHTErPaNIbHbIX KPUBBIX C napaﬁo.noﬁ y = z* apasiotcs
TouKaMM neperu6a 3Tux KpuBbix. Mtak, napa6ona y = z? ecTb reOMETPHYECKOE MECTO
ToyeK Nepernéa MHTErpaibHBIX KPUBbIX.

lpaBas 4yacTb UCXONHOTO ypaBHeHUs f(Z,y) = y — & + 2z — 2 BO BCEX TOUKAX
nnockocTd Oy yNOBJETBOPAET YCIOBUAM TEOPEMbI CYIECTBOBAHHMS M €MHCTBEHHO-
cTH, MO3TOMY Yepe3 Kaxylo TOYKY IJIOCKOCTH MPOXOAUT eANHCTBEHHAs MHTErpalbHas
KpuBasi YPaBHEHMUSI.

Hcnosnb3ys nosnyyeHHble CBEAEHUS, CTPOUM NPUGIMXKEHHO CEMENCTBO MHTErpallb-
HBIX KPHUBBIX JIaHHOTO ypaBHeHUs (puc. 8). >

y 2 k=0 k=-—I1

[=)

W

Puc. 8

3ameyanmne 2. Touky nepeceyeHM s ABYX I HECKOJBKHUX H3OKINUH MOIYT GbITh
ocobbimu mouxamu Ouggeperyuansiozo ypaBHeHus (1), T.e. TAKUMU TOYKaMHM,
B KOTOPBIX NMpaBasi YacTb ypaBHeHUs (1) He onpeleneHa.
) .
PaccmotpuM ypaBHeHue ' = =. CeMeiicTBO M30KIMH OMpenensercs
T

Y N
ypaBHeHMeM = = k. DTO ceMeiCTBO MpAMbBIX, MPOXOAAIUMX Yepe3 Haualo
T
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KOOpPIMHAT, TaK YTO B Hayajle KOOPAWHAT NEepeceKaloTesl M30KAWHbI, OTBEYalo-
lLIME Pa3IHYHBIM HAKIOHAM KacaTe/lbHbIX K MHTErpaibHbiM KPUBbIM. HeTpya-
HO yGeauThbCsl, YTO obliee pelueHWe JaHHOTO ypaBHeHUs uMeeT BUA y = Cz
u touka (0,0) ssnseTcst ocoboit Toukoi AubdepeHUNaNnbHOrO ypaBHEHHS.
3nech U3OKAMHDI ABAAIOTCS MHTErPANbHBIMWA KPUBBIMU ypaBHeHUs (puc. 9).

Yy
Y
T
A T
Puc. 9 Puc. 10
Mpumep 4. MeTOQOM M3OKIMH MOCTPOUTL UHTErpanbHLIe KPUBbIe ypasHe-
dy y-—-=z
HUA — = .
dr y+=z

Peuwerue. Monaras y' = k, k = const nony4yaeM ypasHeHHe ceMeilCTBa N3OKIMH
y—-z

= k. TakuM 06pa3oM, W3OKAMHAMMU ABNAIOTCS MpsIMble, MPOXOAsLIME 4epe3

y+x
Hayano koopauHat 0(0,0).
Mpun k = —1 nonyuynum m3okauHy y = 0, npu k = 0 — HU3OKIMHY y = T, NpH

=1 — usoknuny = = 0.
PaccMaTprBas «nepeBepHyTOE» ypaBHEHHE

dz y+z
dy y-z’
HalleM M3OKAMHY Yy = —, BO BCEX TOYKAX KOTOPOH MHTErpabHble KPUBbIE MMEIOT

BEPTUKANIbHbIE KacaTe/bHbIE.
B Touke (0,0) nepecekalorcst Bce M30KIANHLI JAHHOTO ypaBHeHus (ocoGast Touka
ypaBHEHHS).
C NOMOLUBIO NONYYEHHBIX H3OKIHH CTPOMM MHTerpaibHble Kpubbie (puc. 10). >

3apaum ans CaMOCTOSITENbHOrO peLleHns

17. HaiiTh yron a Mexay UHTErpaTbHBIMU KPUBBLIMU ypaBHeHuit ¥ =z +y n ¢ =
z —y B TO4Ke M(2,1).

18. TMon xakum yrnom a nepecekator ocb Oz B Touke O(0,0) uHTerpanbHble TUHUM
ypasHeHus y' =z’ + y? + 1?

19. HaitTi TOuKM 3KCTpEMyMa MHTErpaibHbIX ypaBHeHNs y' = ¢ + 1.

20. Haiiti Touku nepernba MHTErPANbHBIX KPUBBIX YDABHEHMUs § =y — 2.
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MeTOOM U3OKAMH MOCTPOUTh MHTETPAIbHLIE KPHBLIE CieayloWwux audodeperunas-
HbIX ypaBHEHHUIA:

21,y’=alx+]. 22, y=z+y. 28. y=y-=z.

24. y' = E(z—2y+3). 25. ¢ = (y-1)%. 26. y' = (y-1)=.

27. y =z? -y 28. y' =cos(z —y). 29, y =2'+2z —y.
y+1 )_ Tty

30. ¥ =y -z 31. y' = . 32, ¢ =
z -1 T—-y

33, y=1-uz. 34, y =2z -y. 35. y'=ai"+y.

/___2 /- f = —
36. ¥y = . 37. y . 38. y e
39. ¢y =y. 40. y' =4

§ 3. Metop nocnepoBarenbHbiX NPUONUXEHWUIH

MycTb TpeGyeTcs HaiiTh peineHue y = y(z) auddepeHunanbHOro ypas-

HEHUs ,

Yy = f(wa y)) (])
yaoBJACTBOPSsiOLlIeS HAYaJIbHOMY YCJIIOBUIO

y|,=,°= Yo (2

ByaeM npeanosiaraTb, YTO B HEKOTOPOM MPSAMOYTOJbHUKE
D{lz — zo| < a, |y — yol < b}

C LEHTpOM B Touke (&g, Yo) 41 ypaBHeHusi (1) BBINMONHEHBI YCJOBUS a)
u 6) TeopeMbl CYLLECTBOBAaHMS M €LMHCTBEHHOCTH pelueHus 3anaum (1)—(2)
(cM. c.4).

Pewenue 3anaun (1)—(2) MoxeT 6biTb HaliieHo Memodom nocredoeamens-
HbIX npubauxceruil, KOTOPbI COCTOUT B CEAYIOLLEM.

Crpoum nocnenosatenbHOCTh {Y, ()} dyHKUMIA, onpeaensieMbiX pekyp-
PEHTHBLIMM COOTHOLLEHUAMMU

4n(2) = 90 + / flt v ®)dt, n=12,... . @3)

B kauectBe HyneBoro npubnuxeHus yo(z) MOXHO B3AiTb Jio6ylo byHKLMIO,
HENpepbLIBHYIO B OKPECTHOCTH TOYKH & = Ty, B YACTHOCTH Yo(T) = yo —
HavanbHoe 3HaueHue Kown (2). MoxHO noKasaTh, YTO Mpu COeNaHHBIX Nped-
NONOXEHUAX OTHOCHTENBHO ypaBHeHUs (1) nociaenoBateNbHbIE NPUGITUXEHUA
{¥a(z)} cxomatcs k TouHoMy pelueHuio ypasHeHus (1), yIoBaeTBOpAIOLIEMY
ycnosuio (2), B HEKOTOPOM KHTepBale g — h < & < &g + h, rae

. b
h = min (a, —M) M= max |£(c, ) @)
z’y
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OueHKa NOrpeliHOCTH, MONy4aeMoit NIPY 3aMeHe TOYHOrO pellieHUs y(z) n-m
npubauxeHuem y,(z), LaeTcs HepaBeHCTBOM

n—1
lv(@) - va(@)) < 2N

n
n! w

(5)

. MNpuMeHss meton nocienoBatesibHbIX NMPUOAMXKEHHUIH,

rne N =

oy

max
(z,y)eD

C/ielyeT OCTAHOBUTBLCS HAa TAKOM 7, [ KOTOPOTO |Yn41 — Yn| HE mpeBOCXOANT
[ONYCTUMOM MOTPELIHOCTH.

MNpumep 1. MeToaom nocnenosaTenbHbIX NPUBAVXKEHW HANTU pelleHue
d

ypaBsHeHus il yaoosneTsopsiowee HavanbHoMy ycnosuio y(0) = 1.

Pewyjernne. OuyeBuano, 4to 4Ns JAHHOTO ypaBHEHMsl Ha Bcell miockoctu zOy
BbINOJHEHbI YC/IOBUSI TEOPEMbI CYLIECTBOBAHMA U €IMHCTBEHHOCTH pElIEHUs 3aJavu

Kowwu. Ctpoum nocnenosatenbHocTs {y,(z)} byHKuMil, onpenensemMbix COOTHOLLE-
HUsMU (3), NPUHAB 32 HyJeBoe npubanxeHue yo(z) = 1:

yo(’v‘) = l’
z

yi(z) =1 +/yo(t)dt= 1+,

0

z z

yz(z)="+/y.(t')dt=‘+/(1+t)dt=1+m+”2

2
0 0

4 Y ) 22 3
y,(z)=l+/y2(t)dt=l+/(I+t+3)
0

T
d=1l+z+—+

2! 3!
0
BooOuue,

z

2 n
T T z
yn(z)=]+/yn—l(t)dt=|+E+E+...+‘E.
0

fcHo, uTO Y,(x) — €° npu n — oco. HenmocpencreeHHoM nposepkoii ybexnaemcs,
4To pyHKUMsA Y(x) = e pewaer mocTaBIeHHyo 3anayy Kown. >

Mpumep 2. MeTooom nocnegoBaTenbHbix NPUBAMXEHWI HaWTK npubau-

XEHHOe pelueHve ypaBHeHns §' = z? +y2, YyOOBAETBOPSIOWEe Ha4aNbHOMY
yCcnosuio y|z=o= 0 B8 npamoyronbHuke —1 <z <1, -1 <y < 1.

Pewerue. Nmeem |f(z,y)| = 2?4+ 4> <2, 1.e. M =2. 3a h Gepem MeHbluee
b 1 1
n3uucena=1, 7 = 3 re.h=-

5 MocnenosarenbHble NpUGANKEHUS coracHo (4)
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1 1
GyayT CXOLUTBCS B UHTepBATe — > <z< 7 CocTaBnsieM ux:

Yo(z) =

w(z) = /(t+y§)d 3;—

(e) = /[t2+y.<t> e [ (248 a2,

0

) ) tz 2t|0 t|4
y,(m):/[t +y5(t)] dt=/( tstie T 632) dt =
0

0
z} 27 22“ m|5
=3 6T 2079 T 59535

AGCONIOTHAs NOTrPELHOCTb TPETHEro NPUGIMXKEHUS He MPEBOCXOANT BEJUUYNHBI

v -se< 2 (3) 7=+

3nechb

N = max B_f
p |0y

= max |2y| = 2. >
D

3ameyanmne. Dyuxums f(z,y) NONKHA YIOBNETBOPATH BCEM YCIOBUAM Teope-
Mbl CYLUECTBOBAHMSI M €AWHCTBEHHOCTH pellieHms 3anayn Kowm.

Caenylouinii npuMep NokasbiBaeT, YTO OAHOM HenpepbiBHOCTH PYHKLIMU
f(z,y) HemOCTaTOYHO W1 CXOAMMOCTH MOCNEAOBATENbHBIX NPUOIUXEHHIA.
Myctb dyHKkuMs f(z,y) onpesesieHa cieayOWUM 06pa3oM:

0 s z =0, —oo <y < 400,
2 ma 0<z< 1, —00<y<0,
4
2,”_;-’/ wa 0<z<1,0<y<a?,
2z s 0<z< 1, 2} <y< +o.

f(z,y) =

Ha mHoxectBe 0 < ¢ < 1, —0 < y < 400 QyHkuus f(z,y) HenpepbiBHa
W orpaHuyeHa mocTosHHOit M = 2. ins HavyanbHoi Touku (z,y) = (0,0)
nocnenosatesibHble NpubanxeHus npu 0 < ¢ < 1 uMeloT BUA:

yo(a:) =0,

0@ = [ 1(e,w@) d =2,
0

z z "
w@) = [ feate= [ (2022 ) to= -2,
0 0



18 Maga 1. QupdepeHunansHbie ypaBHeHus nepeoro nopsaxa

W BooGLLe . ,

Ym-1(@) =2, ywm(z)=-2°, n=12....
[oatoMmy nocnenoeareabHocts {yn ()} A9 Kaxaoro z # 0 He MMeeT npenena,
T. €. NocjenoBaTeJibHbIE TIPMGJ'IM)KCHMR He cXxoasiTcA. 3ameTum TaKXxe, 4TO

HW OofHa M3 cxolslMxcsa noanocnesosatenbHocTe {Yan—1(2)} u {ym(z)}
HE CXOMUTCA K PELUEHHIO, MOCKOJbKY

' 2
yZn-l(z) =2z # .f(wr z ) = -2z,
] 2
Y () = =2z # f(2, —2°) = 2z.

Ecnu xe nocnenoBatenbHble MPUGAUXEHUS CXOOSATCA, MO NOAY4eHHOe
peuierue Moxcem 0KA3ambCA HeeOUHCMEeHHbIM, KaK MOKa3blBaeT Cleaylolni
npumep: y' = y'/>.

BoabMem HauansHoe yciosue y(0) = 0; Toraa

z

1/3
ve) = [y

0
Bepsi B KauecTBe Hy/JeBoro npubaMxeHust yo dbyHkumio yo(z) = 0, Gynem
UMETb

yl(m) =0, yl(z) =0, ..., yn(w) =0, ...,

TaK YTO BCE MoOcC/enoBaTe/bHble NPUGIMXKEHUST PaBHbl HYJIIO0 U NMO3TOMY OHHU
cxomaTcs K (YHKLWHM, TOXIECTBEHHO paBHOI Hyalo. C apyroit CTOPOHBI,

32
obyHkuus y(z) = (—5-) npeacrasiseT co6oit Takxe pellileH!e 3ToM 3a1auu,

cylllecTBylolllee Ha noaynpsmoii = > 0.

3apaum ana CaMOCTOSTENbHOro peweHns

B crienyiomMX 3aa4ax HAMTH TPH NEPBLIX NOCAEA0BATENBHBIX MPUGIHKEHUS:
a1, y=z"-y%, y|,__, =0. 42, y=z+y’, y|l,_,=0.

3. y'=z+y, y|,_,=1 44, y =2y-227-3, y|,_, =2
45. zy' =2z -y, y|,._, =2

§ 4. YpaBHeHus ¢ pa3pensiowuMmncs
nepemMeHHbIMU U NpusoAfLLUEeCH K HUM
OuddepeHunansHoe ypaBHeHue Buga ¢(y) dy = f(z) dz HasbiBaeTcs

YpaeHenuem ¢ pasoeneHHLIMU NepemMerHbIMU.
YpaBHeHHe Buaa

p1(x)¥1(y) dz = py(z)Pa(y) dy,
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—

B KOTOPOM KO3(hduLMeHTH npu AuddepeHunanax pacnanalotcs Ha MHO-
KUTENH, 3aBUCALLME TOJNBKO OT & W TONBKO OT ¥, Ha3blBaeTCH ypasHeHuem
¢ pa30enRIOUUMUCA NePEMEHHbIMU.
TlyTem DeneHus Ha nipousBefeHue ) (y)p2(z) OHO NpUBOAUTCS K ypaB-
HeHHUIO C pa3ieleHHbIMU NepeMEHHBIMH:
pi() ¥2(y)
de =
pa2(z) $1(y)

O6LwMit MHTErpan 3Toro ypaBHeHUsi UMEET BUJ
pi(z) ¥2(y)
——dz—- | ——dy=C.
/ 0:(a) %)

3amevanne. [enenne Ha 9,(y)p,(T) MOXET NpUBECTM K MOTEPE YACTHBIX
pelleHuit, obpaiualowmx B HoMb NpousseseHue ¥ (y)wa(z).

dy.

OuddepeHunanbHoe ypaBHEHUE BUaa

dy
— = f(az+ by + ¢
7 = 1 Y + ¢),
rae a, b U ¢ — MOCTOAHHBIE, 3aMeHOil NMepeMeHHbIX 2 = az + by + ¢
npeobpa3syeTcs B ypaBHEHUE C Pa3feNsiOLIMMUCH NEPEMEHHBIMMU.
Mpumep 1. PewunTb ypasHeHue
3¢® tgy da + (2 — €%) sec 2y dy = 0.
Pewenue. Pasnenum obe yacTH ypaBHEHHsS Ha npou3BeneHue tgy - (2 — e°):
3e*dz  seclydy
2—-e° gy
MMonyuunu ypaBHeHHe ¢ pasfeeHHbBIMW NepeMEHHbIMU. MHTErpupys ero, Haitnem
-3In|2-€*|+In|tgy| =C,.
[locne noteHunpoBanus noayunum

ltgyl gy
2- :/zp =< wm || =
oTKyna
8y _ ,.c
@-ep
O603Hauan +e€' = C, 6ynem umeth
gy

— _=C wm gy-C2-e)’ =0
a-e) gy — C( )
Mbi nonyymunm obumit MHTErpan NAHHOTO ypaBHEHUS.

MNpu neneHuun na npousseneHue tgy - (2 — e*) npeanonaranocb, YTO HU OAMH
M3 MHOXMTeNlel He obpawaercs B Hoib. [1pUPABHAB KaXiablit MHOXHUTENb HyIIO,
NOAYYUM COOTBETCTBEHHO

y=kr(k=0,%1,%£2,...), c=1In2.
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HenocpencreenHoit NoacTaHOBKO# B UCXOQHOE YpaBHEHUE yOexaaeMcs, 4y1o y =
tkm U = = In2 9BAsIOTCS PELIEHUAMK 3TOrO ypaBHeHHUs. OHU MOryT OblTh GopManbHO
nosnyveHbl u3 obwero uHterpana npu C = 0 u C = oo. [locnenHee o3Hauaer, 4TO

nocrosiiHas C 3aMeHsieTcs Yepes o nocJjie 4ero o6IMil MHTErpal NPUMET BUA
2

1
Y- (2= €)' =0, wm Crgy-(2-e’)’ =0,

[Monaras B nocnenvem paseHctee C, = 0, uto coorBercTByeT C = 00, GyAEM MMETh,
yro (2- e’)3 = 0, oTKyaa 1 nojyyaeM peuwieHue £ = In 2 ucxoaHoro ypaBHeHus. MUrak,

byukunu y = km, k = 0,%1,£2,... u £ = In2 ABNAIOTCA 4aCTHBIMU DeLIEHUAMM
JIaHHoro ypaBHeHUs. [103TOMy OKOHuaTebHbli OTBET OyneT TaKUM:
tgy-CQ2-¢€°)’ =0. >

MNpumep 2. Haittn 4yacTHOe pelueHne ypaBHeHUS
(1+€)yy =€,
yA0BNETBOPAIOLEE HavanbHOMY ycnosuio y|,_o = 1.
Pelwenune. Umeem
(+eWL =
dz ’

Pa3nenssi nepeMeHHbIe, MOy4aem

duy = e*dzx
yay = l+es
Wurerpupys, Haiigem o6wwmii uHTErpan
)
%:ln(l‘+e‘)+C. N

Monaras B (1) 2 =0 u y = 1 6ynem uMetsb
‘ 1 1
5’=In‘2+C, OTKyAa C=§——In2.

Monacrasnss 8 (1) HaiineHHoe 3HaueHue C, MONYYaEM HacCTHOE peleHHE

14+e”\? 1+e\?
y2=l+|n( +e), oTkyra y =% l+|n(_; ),

2

W3 HauanbHOro yciosus ciaeayet, 4to y > 0 (y|z=0 =1> 0) , MO3TOMY Nepea KOpHeM
6epeM 3Hak muoc. MTak, MICKOMOE YacTHOE peleHre

l+ez 2
y=4/1+In 5 . >

Mpumep 3. Halitv YacTHble pelweHns ypaBHeHUs

y'sinz=ylny,
'YAOBNETBOPSIOWNE HAYANbHLIM YCIOBUAM:
a) y|z=1r/2= e 0) y|z=1r/2= L.
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Pewerne. Umeem
dy sin In
—sinz = .
dz yiny

Pa3jensieM nepeMeHHble
dy dz

ylny ~ sinz’
WUHTETPUPYS, HaitneM OGLIMI MHTErpa

z
In|lny| =In|tg 5| +InC.
ocie NOTEHUMPOBAHUS MONYYUM.
T .
Iny=C-tg I e

4TO ABAAETCA OGWIMM DELIEHUEM UCXONHOrO ypaBHEHHUS.
T
a) Monoxum z = -, y = e, TOrma e = ec"(“/4), orkyna C = 1. HUckomoe

yacTHOE peuieHne y = e® ™2,
T
6) Monaras B obwieM peuweHnu T = 7 y = 1, 6ynem umerb | = eCe/y)

orkyna C = 0. Uckomoe yacTHoe pelueHue y = 1.

3ameTuM, YTO B MpoLIECCE MOy4YeHUs obLIero petieHns noctosiiHas C Bxoauna
non 3Hak norapudma, u, 3Hauut, C = 0 ciedyeT paccMmaTpuBaTh Kak MpenejabHoe
3HayeHUe. DTO yacTHOE pellieHue Y = | CONEPXMTCA CpPean Hyneii npou3seneHus
yIn ysin z, Ha KOTOpOe Mbl AeaUAN 06e YacTH JAHHOTO ypaBHEHMS. >

MNpumep 4. HaliTn Takyio Kpusylo, npoxopsilylo yepe3 Touky (0, —2),
4ToObl TAHMrEHC yrnNa HakK/OHa KacaTenbHOW B M0G0 ee ToYKe paBHANACA
opavHate 3TOW TOYKM, YBENMYEHHOW Ha TPy eanHULbL.

Pewenne. Wcxoas u3 reoMeTpuyeckoro cBONCTBA MEPBOI NPOM3BOAHOIM, noay-
yaeM nuddepeHUnaNbHOE YPaBHEHUE CEMENCTBA KPUBLIX, YNOBIETBOPAIOWUX TpeDye-
MOMY B 3ajaye CBOICTBY, a UMEHHO

dy

— =y+3.

dz y
Pasnensis nepeMeHHbIE U MHTErpUpYs, NoayyaeM oblUIee pelleHne

y=_Ce® - 3. (2)
Tak kak uckomast KpuBasi LOJKHA MPOXOAUTD Yepe3 Touky (0, —2), T.e. ylu0 = -2,70

13 (2) npu = 0 nonyyaem —2 = C -3, orkyaa C = |. Uckomas KpuBas onpeneautcs
YpaBHEHUEM

y=¢€e" -3 >
MNpumep 5. Haiitn kpuBylo, obnapaioulylo TeM CBONCTBOM, YTO AMHA ee

Ayru, 3aKNioNeHHOW Mexay Kakumu-nubo asyms Toukamm P u @, nponop-
LUMOHaNbHa pa3HOCTM PacCTOsHUIA Tovek P 1 @ OT HenoaBuXHOM Toukn O.

Pewenune. Ecan dukcuposats Touky P, To ayra QP 6yner u3MeHsThCs npo-
nopuuoHanbHo pasHocty OQ u noctosHHoi OP. BeeneM nonsipHbie KOOPAMHATHI,
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Q  Oeps Touky O 3a nonioc 1 OP — 3a noaspHyio OCb
(puc. 11). AnddepeHunan ayru KpUso# B noAAPHLIX
KOOpAMHATaxX

(ds)? = (dr)? + (r dp)™.

0
/P Orciona s Hawe# 3a1aqu uMeem
Puc. 11 dr
KX(dr)? = (dr)’ + (r dp)?, wan dp = Vk? - | -
Wurerpupys, HaxonuM r = Ce® (norapudmuueckas cnupais). >

Mpumep 6. [onyctvm, 4TO Npu NOCTOSHHOWN TeMnepaType CKOPOCTL pac-
TBOPEHWUs TBEPAOrO TeNa B XMAKOCTM NPONOPUMOHANbLHA KONMYECTBY 3TOr0
BELWecTsa, elle MOrywero pacTBOpuTLCA B XWUAKOCTU A0 HACHILLEHUA
rnocnepHen (npepnonaraercs, Y4TO BeuwlecTsa, BXOAALWME B PacTBOP, XMMM-
Yecky He OeWCTBYIOT ApPYr Ha Apyra, ¥ PacTBop Aafiek ele OT HaCbILEHUS,
Tak Kak MHa4e MHeHbIA 3aKoH AR CKOPOCTH PACTBOPEHUA HENPUMEHUM).
HaiiT 3aBMCUMOCTb KOAMYECTBA PACTBOPUBLLErOCA BEWECTBA OT BPEMEHU.

PeweHue. Myctb P — KONWYECTBO BEWECTBA, NAlOLIEE HAChILEHHbI pacTBOp,
M & — KOMMUECTBO yXe pacTBopuBIUErocsi Bewecrsa. Torna nonyyaem aupdepeHun-
albHOE ypaBHEHUE

dz

—~—=kP~-z

7 = k(P -3),

roe k — W3BecTHbI M3 onbiTa K03(pPHUUHEHT NPONOPUHOHANIBHOCTH, 8 ¢ — BpeMms.

Paznensas nepeMeHHble, HallneM
dz
P~z

= kdt.

WUHTerpupys, nonyyaem
Inlz-P|=InC-kt, otkyma z =P +Ce™.
B HayanbHbii MomeHT t = 0 uMeem z = 0, noatomy C = —P, TaK 4TO
OKOHUaTeabHO
z=P(l-e*). >

Npumep 7. B umnmnapuyeckom cocyae o6semom Vp 3aknioven armoceep-
HbIVi BO3AYX, KOTOPLI agnabatndeckn (6e3 obmeHa Tenna € OKpyxaiolen
cpepoit) cxmmaerca 4o ob6vema V. Buiuuenuts paboty cxarma.

PeweHune. WssecTHO, 4To anuabaTHyeckull NpoLecc XapakTepU3yeTcsi ypaBHe-

HuneM [MyaccoHa )
Vi
2-(3).

rae V; — nepsoHavanbHbil 06bEM rasa, pp — NMepBOHava/bHOE laBAeHME rasa, k —
NOCTOSIHHASA sl ABHHOrO rasa BeanunHa, O603HAuYUM yepe3 V U p COOTBETCTBEHHO
o6beM W 1aBAEHME rasa B TOT MOMEHT, KOra MNOpiUeHb HAXOAUTCA Ha BbICOTE h,
a uepes § — naowaanb nopwHs. Toraa NpH ONYCKAHMW NOPLIHA HAa BENWYWUHY dh
o6beM ra3a yMeHblUHTCs Ha BenuuuHy dV = S dh. Tpu atom GydeT BbinosHeHa pabotra

dW = —-pSdh, wn dW = -pdV. (4)
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Haxons p u3 (3) u noacrasnss 8 (4), nonyuaem audpepeHunanbHoe ypasHeHue
npouecca

_ pW
aw = -Bav.
WHTerpupys 370 ypaBHeHHe, GyleM UMeTb
av Py

W = —po V¢t - +C, k#L (5)

VET k- Ve
COTNacHO HayaIbHOMY YCIOBHIO W|v=vo = 0 u3 (5) nonyuum

2oV
(k-1)

Takum obpa3om, pabota anuaGatuueckoro cxarus (o1 ¥ no V) 6yner

_ Vo [( W\ ]
W"k-l[(v) ok

_ p% [\
w2 (@) 1) >

MNpumep 8. Haiitn peweHne ypasHeHus

C=-

Mpu V = V| nonyyaem

e siny .y =2. (6)
YAOBNETBOPAIOWEE YCNOBUIO
— 12_1'. npu z — oo. 7)

Pewexue. Painensis nepemeHHble W WMHTErpupys, Haiaem oGwuii WHTerpan

ypaBHeHMs (6):
1
cosy = ) +C.
T
Ycnosue (7) naet cos 0 = C, 1.e. C =0, TaK 410 4acTHbIi WHTerpan 6yaeT UMeTb BUA

1
cosy = 2 EMy cootBeTcTByeT GeCKOHEYHOE MHOXECTBO HaCTHbIX PelleHHi BHAa

1
y=arccos — +2rn, n=0,%1,%2,.... (8)

Cpenu 3tMX pelleHnit uMeeTcA TONBKO OZHO, yaosneTsopsiowee ycnosuio (7). 1o
PelleHue HaitaeM, nepexoas K npeneny npu & — oo B paseHcTse (8):

T T
3-=:I:arccoso+21m, WIn T4l

3 2 + 27n,

OTKyna

=x-+2n. 9)

|-

!
2
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1
HetpyaHo Bumets, uto ypaBHeHue (9) mMmeer aBa KopHsi: n = 0 u n = —, npuyeM

1 1
KOpEHb 1t = 3 OTBevalowIM#i 3HaKy MUHYC nepen arccos | — |, He NOAXOAUT (n AOAX-
T

HO GHTb LUeAbIM MK HyneM). Takum 06pa3oM, MCKOMOE YAacTHOE DelueHMe ypaBHe-
Hus (6) Gyzer

1
Y = arccos pet >g

3apaum Ans CaMOCTOSTENIbHOrO pelleHus

[pOUHTErpUPOBaTh ypaBHEHUSI:

46. (1+y’)dz+ (1+2%)dy=0. 47. (1+y?) dz +zydy=0.
48. y'sinz —ycosz =0, y|z=”/2=l. 49. (1+y*)dz ==z dy.

50. v/ 1+ 42 +yy'V1i+22=0. 51. z4/1 —y?dz +yv/1—-22 =0,

y|z=0 =1

52. e¥(1+y)=1. 563. ylnydz+zdy=0, y|z=l=l.
54. y =a®*¥ (a>0,a#1). 55. e¥(1+ 2%) dy — 2z(1 + e¥) dz = 0.
56. 2z+/1-y? =9'(1 + z?). 57. e®sin’y + (1 +e*)cosy-y' =0.
58. y’sinzdz + cos’zInydy = 0. 59. y =sin(z - y).
60. ¥ =az+by+c (a,bc—const). 61. (z+y)’y =a’.
62. y +zy = a(l + zy), 63. (a’ + y%) dz + 2zv/az — x2 dy = 0,

y[z=l/a = —a. y|z=a =0.

T

64. y' +sin(z—y) =sin(z +y), yl::, =3

65. Haiitu Takyio KpuBylo, MpoxofsuLyio uepe3 Touky (0, —2), 4tobbl yraoBoii Koad-
uuMeHT KacaTebHOl B 11060 ee TouKe paBHsJICS OPAMHATE 3TOH TOYKH, YBEIHYEH-
HOil B TPU pa3a.

66. HaiiTu kpuBylo, Ans KOTOpOii uowanb @, orpaHU4YeHHas KpuBOMH, ocblo O
n apymsa opauHataMmn X = 0, X = =z, siBasierca naHHoW yHkuuedt ot y: Q =
a’lIn (y/a).

67. MarepuanbHas TOYKa Maccoil B | I gBMXeTCS MPSAMOAMHEHHO mon NeHCTBUEM
CHJIbl, MPAMO MPOMOPLUOHANLHONW BPEMEHM, OTCYMTHIBAEMOMY OT MoMeHTa ¢ = 0,
M 06paTHO MPONOPUMOHANBHON CKOPOCTH ABMXEHHUsl Touku. B MmomenT ¢ = 10 ¢ cko-
pocTb paBHsinack 50 cM/c, a cuna — 4 auH. KakoBa 6yneT cKOpoCTb CNyCTS] MUHYTY
nocjie Hayajaa aBUXEHUs?

68. [okaszarb, yTo KpuBas, oGjajalolias TeM CBOMCTBOM, YTO BCE €€ HOpPManu
NPOXOAAT Yyepe3 NOCTOSTHHYIO TOUKY, €CTh OKPYXHOCTb.

69. Nyns sxoaut B AocKy TonwuHoi h = 10 cM co ckopocThio vy = 200 M/c,
a BBUIETaET U3 JOCKM, Npobus ee, co cKOpoCThlo v; = 80 M/c. Cuuras, uTo cuna
COMPOTUBJIEHHUS IOCKK NBUXEHHUIO MYJIM MPOMOPLMOHANIbLHA KBAApaTy CKOPOCTHU ABU-
XEHUsl, HATH BpeMsl JBUXEHUS NYJH Yepe3 NOCKy.

70. Kopab6sib 3aMeNsIET CBOE NBUXEHHUE MO AEHCTBUEM CHJIbI COMPOTUBIIEHHS BOIbI,
KOTOpasi MPONOpLHUOHAIBHO CKOPOCTH Kopa6s. HayansHas ckopoctb Kopabas 10 m/c,
CKOpOCTb ero yepe3 5 ¢ ctaHeT 8 M/c. Korna ckopoctb ymeHbiuutes go 1 M/c?
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71. [dokasartb, 4TO KpuBas, yrioBoi koddduUMEHT KacaTelbHOH KOTOpoii B NioGoit
TOYKe NMPONopLUMOHaAJIeH abcuucce TOYKH KacaHusl, ecTb napa6ona.

72. o 3akoHy HbloTOHA CKOPOCTb OXJIaXAEHUsl KaKoro-jiubo Tesia B BO3AYXE Mpo-
NopUMOHaNbHA Pa3HOCTH MeXay Temreparypoil T' Teja U TeMnepatypoil Bo3ayxa Tj.
Ecnu TeMmneparypa Bo3ayxa paBHa 20° C u Tesio B TeyeHue 20 MUH oxylaxaaercs ot 100
10 60° C, TO yepes CKONbKO BPEMEHH €ro TeMreparypa noxusurcs ao 30° C?

73. Haiitu KpuBylo, 115 KOTOPOii yraoBoit KoadduuneHT KacaTeabHOi B Kakoi-a11nbo
TouKe B n pa3 GoJiblue yrioBoro KoapduimeHTa nNpsMoii, COeUHAIOLIEH TY Xe TOUYKY
C Ha4yaJaoM KOODAMHAT.

74. Onpefennts NyThb S, NPONEHHLIN TEJOM 3a BpeMs £, €CIM ero CKOpPOCThb Mpo-
nopUMOHaJIbHA MPOXOAMMOMY MyTH M ecau Teno npoxoaut 100 M B 10 ¢ u 200 M
Bl15c.

75. lHo pe3epsyapa, BMeCTUMOCTb KoTtoporo 300 ji, nmokpsito cojbio. [donyckas,
YTO CKOPOCTb PaCTBOPEHUsI COJIM MPONMOPLMOHAIbHA PA3HOCTH MeXIy KOHLEHTpauuei
B JAHHBI MOMEHT M KOHUEHTpaLMeN HackiueHHoro pacTBopa (1 Kr conu Ha 3 11 Boabl)
M YTO NAHHOE KOJIMYECTBO YMCTOW BOALI pacTBOpsieT 1/3 Kr CONM B OQHY MHHYTY,
HaiTH, CKOJIbKO conu GyneT coaepxatb pacTBoOp Mo MCTeYeHUM 1 4.

76. Hekoropoe KOAMYECTBO HEPACTBOPUMOrO BELLECTBA COAEPXHMT B CBOMX Mopax
10 kr conu. [oxseprasi ero paeiictsuio 90 N BOAbI, HAUUIM, 4YTO B TeyeHue | u
pacTBOPUJIACh NONIOBUHA COAepXaBLuelics B HeM cou. CKONbKO COJIM PacTBOPMIIOCH Obl
B TEYEHHE TOTO XE BPEMEHM, ecnn Gbl KoanyecTBo Boabl Gbl10 yaBoeHO? CKOpOCTb
pacTBOpEHMs] NPONOPLUOHANIbHA KOJIMYECTBY €lli€ HepacTBOPDEHHOM COJIM M PasHOCTH
MeXIY KOHLEHTpalLMeil pacTBopa B AaHHbIH MOMEHT U KOHUEHTPALUE HAChILIEHHOrO
pactsopa (1 kr Ha 3 ).

77. Haiitu KpuBylo, 06naaaloulylo TeM CBOMCTBOM, YTO OTPE30K KacaTeNbHOM K KpH-
BOi1, 3aKJIIOYEHHbII MEXAY OCAMU KOODAWHAT, IEJIUTCA B TOYKE KacaHus Morojam,.
78. Hekoropoe KOaMYeCTBO BellleCTBa, coiepxalliee 3 Kr Biaru, 6bU10 NMOMeUIEHO
B KOMHare BMecTtumocTbio 100 M’, BO3yX KOTOpOM MNEpBOHa4yaJlbHO MMEN BiaXx-
HocTb 25 %. HachlilueHHbIH BO3AYX npu TOi Xe TeMnepartype coaepxur 0,12 Kr Bnaru
Ha 1 M>. EciM B TeueHMe MepBBIX CYTOK BELIECTBO MOTEPSIO MONOBUHY CBOEH Biary,
TO CKOJILKO BJIark B HEM OCTaHETCsl M0 UCTEYEHUM BTOPHIX CYTOK?

Yka3aHue. Bnara, conepxallasics B MOpUCTOM BELIECTBE, MCMApSIETCS B OKPY-
Xalolllee NPOCTPAHCTBO CO CKOPOCTbIO, MPOMOPLUOHANILHOW KOJMYECTBY BAAaru
B JaHHOM BELIECTBE, @ TAKXE NPONOPUMOHAIBHOM PasHOCTH MEXIY BAaXHOCTHIO
OKpYXaIoLLEero Bo3yxa M BAXHOCTbIO BO3yXa HACBILLEHHOrO.

79. HekoTopoe KOAMYECTBO HEPACTBOPUMOTO BElECTBA, ColepXKalliee B CBOMX Iopax
2 kr conu, noasepraerca neiicteuio 30 i Bonbl. Yepes 5 MuH 1 Kr conm pacTtso-
paercs. Yepe3s ckonbko BpeMeHM pacTBoputcsi 99 % mnepBoHayanbHOro KOJIMYECTBa
conu?
80. Kupnuunas creHa umeer tonmuuuy 30 cm. HaiiTv 3aBucuMocTb TeMmepaTyphbl
OT pacCTOAHUs TOMKM OT HapyXHOW MOBEPXHOCTH CTEHBI, €CNM TeMMepaTypa pas-
Ha 20° C Ha BHyTpeHHe#t u 0° C Ha BHelUHeil MOBEPXHOCTH CTeMbl. HailTu Takxke
KOMYecTBO Temla, KOTopoe cTeHa (Ha | cM2) OTHAeT HapyXy B TeUEHUE CYTOK.
Ykasanue. B cuny 3akoHa HblotoHa ckopocTh @, ¢ KOTOpOji Tersota pac-
NpocTpaHsieTcs yepe3 nowanky A, neprneHaukyaspHyio ocu Oz, paBHa Q =

d
—IcS—d?, rae k — koadduLKEHT TENNIONPOBOAHOCTH AaHHOro Bewectsa (k =
0,0015), T — Temneparypa, ¢ — BpeMsi, S — mowanp A.

81 By _ ¥
. Mokasats, 4To ypaBHeHMe 25 = g I'PH HAUAIBHOM YCIOBHU Y|, = 0 umeer
T T -

Beckoneunoe MHOXeCTBO pelieHmit Buna ¥y = Cx. DTo Xe ypaBHEHME NP HAYaIbHOM
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yCNOBUH y|
KpHBbIE.

=0 = %0 # 0 He MMeeT HU OfHOro peuieHHs. [10CTPOUTL UHTErpaibHBIE

z=0 = 0 MMeer, no kpaiueii mepe, nBa
pewenus 11 0 < @ < 1 u ogHo ans a = 1 [locTpoUTb MHTErpaILHBIE KPUBbIE LIS

d;
82. MNokasaTb, 4TO 3apaya ﬁ =9 y

a=§,l.

d;
83. Haiitu pelwenne ypaBHenus ﬁ = y|Iny|*, a > 0, yaornersopsiowiee HaYaNb-

HOMY YCJIOBHIO y|z o = 0. Ina xakux 3HaueHMit a 3ajnaya UMEET EAMHCTBEHHOE
pelueHue?

84. [Moka3arb, uTO KacaTejibHble KO BCEM MHTErpajibHbiM KpUBbIM AnddepeHunans-
HOro ypaBHeHus y' + ytgz = ztgz + 1 B TOuKax nepeceyeHust ux ¢ ocbio Oy
napauiensHbl. OnpeaennTb yroji, noj KOTOPbIM MHTErpajbHble KPUBble MeEpeceKaloT
ocs Oy.

IMpouHTerpuposats ciepyowme auddepeHumansHble ypaBHeHUS:

85. cosy' =0. 86. e =1. 87. siny' ==z. 88. Iny' ==z.
89. tgy' =0. 90. ¢ =1z. 91. tgy ==.

B cienylownx 3ana4yax HaiTH peLueHMsl YpaBHEHUH, YAOBIETBOPSIOWIMX YKA3aHHLIM
YCNOBUAM:

16
92, z’y'cosy+1=0, y— 3T & oo,

10
93. 2%y +cos2y=1, y— 37 8= +oo.
94. 2’y —siny=1, y— 57,  — oo.
1 7
95. (l+zz)y’—5cosz2y=0, y = 37, & = o0,

96. &' = e"y’ +1, y OrpaHMYEHO NpU & — +00.
97. (zx+1)y'=y—1, y orpaHuyeHo npu z — +00.
98. y =2z(m +y), y OrpaHMYeHO Nnpu T — 0.

1
99. z%y' +sin2y=1, y— 7™ & = +oo.

§ 5. YpaBHeHus ogHopoAaHbIe
¥ NpUBOASLLMECH K HUM

1°. OpHOpoAHbIe ypaBHeHUsl. PyHkuus f(z,y) HasbiBaeTcs 00-
HOpOOROU @yHKYUeli CBOMX apryMEHTOB W3MEpPEHUS 7T, €CIU CNpaBeAIUBO
Toxaectso f(tz,ty) =t"f(z,y).

Hanpumep, byHKuns f(z,y) = &* + y* — 2y ecTb onHOponHas byHKUMSA
BTOPOro M3MepeHHus, Tak Kak f(tz,ty) = (tz)* + (ty)? — (tz)(ty) = t3(z? +
v’ - zy) =2 f(=z,y).
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IMpu n = 0 umeem dyHKUMIO HyneBoro u3MepeHus. Hanpumep, f(z, y) =

2_ .2
T — ;’2 €CTb OHOPOAHAasA (hYHKLMS HYIEBOrO U3MEPEHHUs, TaK KakK
(te)’ - (ty) _ £’ -y) _2' -
)+ @) @ +y) 22+

2

(e, ty) = = f(z, y).

d
HuddepeHunansHoe ypaBHeHHE BUIA Eg = f(z,y) HasbiBaeTcsl 0dHO-

pOOrbIM OTHOCHTENBHO T U Y, ecin f(,y) ecTb oAHOpOAHAsA DYHKLMS CBOMX
apryMEHTOB HyJeBOro M3MepeHus. ONHOPOIHOE ypaBHEHWE BCEria MOXHO

npeacTaBATh B BUIE
dy y
o). 1
=Y (z) (1

: Y
BBoasi HOBYIO MCKOMYIO QYHKLUHIO ¥ = z’ ypaBHeHue (1) MOXHO mpu-
BECTH K YPaBHEHMIO C pPa3feNaolUMHU epeMEHHbIMMU:

o= o(u) - u.

Ecam u = uy ecTb KopeHb ypaBHeHUs ¢(u) —u = 0, To pelueHue
OHOPOJHOTO ypaBHEHMs GyleT ¥ = Uy MU Y = oz (npsaMas, npoxoadiuas
Yepe3 HAYaIO KOOPAMHAT).

3amevanme. Tpu pelteHUH OIHOPOAHBIX YPABHEHMWii HeoGs3aTe/IbHO NpHMBO-
AMTb ux K Buay (1). MoXHo cpa3y fenaTb NOACTAHOBKY y = uz.

Mpumep 1. Pewnts ypasHenne zy' = /% — y> + y.

Peuwenne. 3anuuiem ypaBHEHUe B BUIE

2
1= (¥ y
=y (z) T

TaK 4TO JaHHOE YpPaBHEHHME OKa3bIBAETCS OMHOPOAHBIM OTHOCHTENBHO & W Y. [Tonoxum
U=, Wiy =us. Torza y' = zu' + u. IoncTasnss B ypaBHEHMe BLIPAXEHHUA AN Y
1 y', nonyuaem

du [
ﬂ}d—' = 1—ul.
z
Pasnenas nepemenubre:

l-u T
Orcioga MHTErpUPOBAHUEM HaXOAUM

arcsinu =In|z|+InC, (C; > 0), unau arcsinu = In Cy|z|.
Tak kak C\|z| = £C,z, 10, 0603Hayas =C, = C, nonyyaem arcsinu = InC,, rae

T
[InCz| < 7 Wm e"/? € Cz < e™/?. 3amensn u Ha = » GyneM uMeT, o6uni uHTerpan

arcsin y =InCz.
z

Otciona obwee pewenue: y=asin InCz.
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MNpu paspeneHnn NEPEMEHHBIX Mbl IEJUIM

o6e 4acTH ypaBHeHUs Ha npousseneHue V1 — u?,
MO3TOMY MOIJIH MOTEPATH PELlEHUE, KOTOPbIE 06pa-
LAIOT B HOJb 3TO MPOU3BENEHHE.

Monoxum Tenepp z = 0 u V1—u? = 0.
Ho = # 0 B culy NOACTaHOBKY u = 2, a U3 CooT-
T
y?
Howenusa V1 — u2 = 0 nonyyaeM, yto | — == 0,
T

otkysa y = xz. HemocpeactseHHoit mpoBepkoit
ybexpaemcsl, 4TO GYHKLMUS Y = —Z U Y = T TaKXKe
SABJSIIOTCA PELUCHUAMMW AAHHOIO YPaBHEHUSA. >

Mpumep 2. PaccMOTpeTb CEMENCTBO UH-
TerpanbHblXx Kpuebix C, ORHOPOLHOrO

ypaBHeHus
=(2)
y=e(7)

Y
C,,
M
C
] i s X
M/
Yy . :
B z o e
Puc. 12
2

Moka3aTk, YTO KacaTenbHbIe B COOTBETCTBEHHbIX TOUKax ) K KpuvBbIM, Onpe-
henseMbiM OQHOPOAHLIM AnddepeHumansHbiM ypasHeHneM (2), napan-

nenbHbl Mexay cobon.

Pewerune. Mo ONpeaACJEHUIO COOTBETCTBEHHbIX TOYEK UMEEM

B cuJly caMoro ypasHeHus (2)
¥ =y,

8|

Y
= —, TaK 4YTO
)

rme ¥ My, — yrnosbie Ko3hdUUMEHTbl KacaTeNbHbIX K MHTErPaibHbIM KPUBbiM C,

u C,, B TOuKax M u M, COOTBETCTBEHHO (pnc. 12).

3apaum AN CaMOCTOATENIbHOrO peLleHus

>

[pONHTErpUpOBaTh CJIENYIOLLNE YPAaBHEHUS:

100. a:y'=y+wcosz-f;. 101. (z—y)dz +zdy =0.
102. zy' = y(lny — Inz). 103. z?dy = (y* — 2y + 2?) dz.
104. zy' = y+ /y? — 22. 105. 22%' = z? +y%.

106. (4z - 3y)dz+ 2y —3z)dy=0. 107. (y—z)dz+ (y+z)dy=0.

2°. YpaBHeHuUs, NPUBOASALLNECS K OQHOPOAHBIM.
A. PaccMotpuM nuddepeHumnanibHoe ypaBHEHUE BUaa

dz ~

dy _ ( az+by+c
az+by+c

)

©)

2 ByneM Ha3biBaTb COOMEeMCcmeeHHsIMU T€ TOYKHM Ha KpUBbIX Cq, KOTOpbI€ JIEXAT Ha OAHOM

Jiyye, BbIxoasieM U3 Hayana KOOpAHMHaAT.
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roe a, b, ¢, a), by, ¢, — nocrosivHble, a f(u) — HenpepbiBHas GyHKUUSA
CBOETO apryMeHTa u.

Ecim ¢ = ¢ = 0, To ypaBHeHue (3) sBASIETCS OAHOPOLHLIM W ‘OHO
WMHTErPUPYETCH, KaK YKa3aHO BbIlLIE.

Ecjiu x0T 6b1 04HO M3 UUCEN C, ¢, OTIIMYHO OT HyJisI, TO ClleAyeT pa3nuyaTh
[Ba ciyyasi.

a b
1) Onpegenntens A = jal b, ‘ #0.

BBonsi HoBble nepeMeHHble £ W ) o dopmynam = =€+ h, y =1+ k,
rae b M1 k — noka HeonpeaeneHHbIE [IOCTOSIHHLIE, IPUBEAEM ypaBHeHKe (3)

K BUOy
dn_f( a +bn+ah+bk+c )
¢ "\ab+bn+ah+bk+c /)
Buibupasi h ¥ k Kak pellleHWe CUCTEMbl IMHEMHbIX ypaBHEHUIH
ah + bk + ¢ =0,
{a.h+b1k+c| =0 (A;é())’ (4)

rnojiyyaeM OJHOPOAHOE ypaBHEHHE

dn _ f( aé + by )
¢ a+bin/)
Haitna ero o6wnit MHTErpan u 3ameHuB B HeM £ Ha £ — h, a ) Ha y — k,

nonyuaem o6wKil uHTerpan ypasHeHus (3).
a b

2) Onpegenutens A = ‘ a b | =0
1 o
Cucrema (4) B obLLEM cyyae He MMeEET peLleHHA U U3JOXEHHbIH Bbi-
a _ b
e METON Henpumenum, B 3TOM Cllydae — = 3= A, W, cnenosaTeNbHO,
a

ypaBHeHMe (3) UMeeT BUA
dy ar +by+c
dz "\ Maz+by)+¢ /)

MoxctaHoBKa z = ax + by NPUBOAUT €ro K YPaBHEHMIO C pa3fesIOILMMHUCS
nepeMeHHbIMH.

Mpumep 3. PewnTb ypasHeHue

z+y-dz+(x—y+4)dy=0. (5)
Pewerne. PaccMOTpuM cHUcTeMY AHMHERHBIX anrebpanuecKux ypaBHeRuii
z+y-—-2=0,
z—y+4=0.

Ornipenenutens 3toit cuctembl

o
A—Il _]’_ 2#£0.
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CucTema MMeeT eaMHCTBEHHOE pelueHne 2o = —1, yp = 3. Jenaem sameny ¢ =§ — |,
y = n + 3. Torna ypasHeHue (5) npumer Bua
€+mdé+(E-ndn=0. (6)

YpaBHenue (6) sunsieTcs OAHOPOAHBIM YpaBHeHUeM. TMonaras 7 = ug, nonyyaem
(§ + €u) d§ + (€ — §u)(¢ du +u df) =0,
oTKyaa
(1 +2u — u?) d¢ + £(1 - u) du = 0.
Pa3nensieM nepemMeHHbie
d¢ 1-u

e T

WUHTerpupys, Haluem
1
Infg]+ 3 In]1 +2u-u=InC, um €(1+2u-u’)=C.
Bosspaluaemcsi K nepeMeHHbIM Z, Y:

-3 -3)?
(z+l)z[l+2-:?—gT];2-] =C|’

o
2’ +2ey-y' -4z +8y=C (C=C +14). >
Npumep 4. Pewnts ypasHenne (z+y + 1) dz + 2z +2y — 1) dy = 0.
PeweHne. Cuctema nuHeliHbIX anre6panyeckux ypaBHeHU R
{ z+y+1=0,
e+2y—-1=0

HecoBMecTHa. B aToM ciyyae Meton, NpUMEHEHHBI! B MpeablayLleM NPUMEPE, He noa-
XoAuT. [N WHTErpMpOBaHMS YpaBHEHUsl MpPUMEHAEM MNOACTAHOBKY & + y = z,
dy = dz — dz. YpaBHeHWe NPUMET BHA

(2-2)dz+(2z-1)dz=0.
Pasgensis nepemMeHHbie, MOay4YaeMm

22-1
dz - : 5 dz=0, orciona z-2z-3Injz-2|=C.
Bosspawasich K NepeMeHHbIM &, Y, NOjJy4yaeM OGLUNI MHTErpan JaHHOrO ypas-
Heuus 2+ 2y +3Injz+y—-2|=C. >

3apnaum ans CaMOCTONTE/IbHOrO peLueHUs

PewuTb cenyiowine ypaBHEHHs:

108. z+y—-2+(1-2z)y =0.

109. (3y-7z+7)dz - (3z -7y —3)dy =0.
110. (z+y-2)de+(z-y+4)dy=0.
111, (z+y)dz+(z~y-2)dy=0.

112, 2z +3y-5+(3z+2y-5)y =0.
113, 8z +4dy+1+(dz+2y+ 1)y =0.
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114.} —1)dz + (3z - 6y +2) dy = 0.
115. z+ygd:c+(z+y—l)dy=0.

B. UHorna ypaBHeHWe MOXHO NpPUBECTH K OJHOPOAHOMY 3aMeHOM me-
peMeHHoro y = 2%, DTo MMeeT MecTo B TOM cayuvae, Koraa B ypaBHEHHM
BCE WIEHbl OKa3biBalOTCA OAMHAKOBOrO W3MEPEHMs, €CAU MepeMeHHOMY I
npunucarth U3MepeHue 1, NnepeMeHHOMY ¥ — H3MepeHUe ¢ ¥ IPOU3BOAHON

ég — namepeHue a - |,
de

Mpumep 5. Pewntb ypaBHeHue
(x*y? - 1) dy + 2z9° dz = 0. ()

PeweHne. [lenaem noactanosky y = z°, dy = az®"' dz, rie a noka npous-
BOJIbHOE YMCJI0, KOTOpoe Mbl BhiGepeM no3xe, [loacTaBnsia B ypaBHEHUE BbIpaXeHUs
s y 1 dy, nony4uum

(2222 = 1)az*"" dz + 222°* dz = 0,
i 2_Ja-1 _ ,a-I 3

(2°2°%7 = 2°"adz + 2227 dz = 0,
3amemm, yto 222°%~! umeer usMepenmne 2+3a—1 =3a+1, 2 uMeer uaMepeHue
a—1, 22° umeeT nameperue 1+3a. MonyueHHOe ypaBHeHHE ByeT ORHOPOAHbIM, ECITH

M3MEPEHUS BCEX YJIEHOB OAMHAKOBHI, T. €., €C/IH BbINONHAETCS ycnosue 3a+ | = a—1,
win a = -1,

1
Monoxum Yy = —; UCXOHOE ypaBHEHWE NPpUHUMAET BUL
F4

2
(;'7— ‘”—) dz+2—-dz—0
Un
(2" = 2%) dz + 22z dz = 0.
[MonoxuM Tenepsb z = uz, dz = udz + = du. Toraa 3T0 ypaBHeHUE NPUMET BUA
(u? - 1)(udz + z du) + 2u dz = 0, oTkyna

u(u? + 1) dz + z(u’ = 1) du =0
Pa3nensieM nepemMeHHbIE B 3TOM ypaBHEHUMU

de  ul-1
—+ uJ du = 0.
T U+ u
WnTerpupys, Haitaem
2
T 1
Injz|+m@ +1)=Inju=InC, uwm (Lutl =C.

1
3aMeHsn u yepe3 z_y' noayyaem obuinit UHTErpan JaHHOro ypaBHEHUA

1+ 2% = Cy.
YpasHenue (7) umeer ewle oueBuaHoe peleHue y = 0, KoTopoe nonyqaeTcn

(L+2%) )
3 oGwero uHTerpana npu C — 00, eciu MHTErpan 3anucatb B BUle y =

A 3ateM nepeiiTu K npeneny npu C — oo. Takum obpasoM, byHKuUKa y = 0 sasnsercs
HACMHbLIM PELLIGHUEM UCXOAHOrO YpaBHEHHUA. >
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3apaumn gns caMOCTOATENIbHOTO peLlueHus

[MpounHTerpupoBath cienyioline ypaBHeHUS:

116. 2zy'(z—y?) +y* = 0. 117, 4y® +2° = 6zy°y'.

118. y(1 + /=2y + 1) dz + 2zdy = 0. 119. (z+y’)dz + 3(y* — z)y’ dy = 0.
120. Haiiti kpuByio, 061aaloLLyI0 TEM CBOACTBOM, UTO BEJIMYMHA MEepNeHAUKYAsipa,
OMYILEHHOro U3 Havyala KOOPAMHAT Ha KacaTe/bHYI0, paBHa aGCLMCCE TOYKU KAaCaHHS.
121. OnpeaenunTsb KpHBYIO, ¥ KOTOPOit OTHOLLIEHUE OTPE3KA, OTCEKAEMOTO KacaTebHOIH
Ha Oy, K paanycy-BEKTOPY PaBHO MOCTOSIHHO! Be/liMYUHe.

122. Monb3ysich NpsMOYrofibHbIMW KOOpAMHATaMM, HaiiTu (opMy 3epkana, oTpaxa-
I0LIEero napauiefibHo 1aHHOMY HanpaB/leHHUIO BCE JIyYH, BbIXOASIILKE U3 JaHHON TOYKH.
123. Haiitu Kkpusylo, 418 KOTOPOi ANMHA OTpe3Ka, OTCEKAEMOro Ha OCH OpAMHAT
HOPMaJlblo, NMpPOBeJEHHO! B Kakoi-HMOyAb TOuke KpUBOW, paBHa PacCTOSAHUIO ITOM
TOUKM OT Hayajlla KoopaAWHaT.

124. Haiitu KpuBylo, 11 KOTOPOM npousseneHue abcuMUCChl Kakoii-HUByab TOYKU

Ha BeJWYUHY OTpe3Ka, OTCEKaeMoro HopMaibio Ha ocu Oy, pPaBHO YABOEHHOMY
KBaApaTy PacCTOAHUs OT ITOW TOYKM A0 Hayana KOOPAMHaT.

§ 6. JIvHeiiHble ypaBHEeHUs NepBoro nopsaka.
YpaBHeHue bepHynnu

1°. JlnHeitHbie ypaBHEHUS NEPBOro NOPaAKa. Juneinoim dug-
depenyuanbHLIM ypasreHueM nepeozo nopaoka Ha3biBaeTCsl ypaBHEHWUE, JIMHEH-
HOE OTHOCHUTENBHO HEN3BECTHOM DyHKUMM 1 ee Npon3BoaHOi. OHO MeeT BUA,

2 4 ple)y = a(a), (1

rae p(z) u g(z) — 3anaHHble QYHKUMU OT T, HeMpepbiBHbIE B TOi obacTy,
B KOTOpOI#i TpebyeTcsi NPOMHTErpUpoBath ypasHeHue (1).

Ecan q(z) = 0, To ypasHeHune (1) Ha3bIBaeTCs AUHEHHLIM OOHOPOOHBIM.
OHO SIBJISIETCS YpaBHEHMEM C pa3felisioLMMUCs MepeMEHHBIMU M UMeeT obLiiee
peuleHue

y=Ce 1P

O6liee pellieHUE HEOAHOPONHOTO ypaBHEHWSI MOXHO HaiTW Memodom
eapuayuy npou3goNbHOU NOCMOAHHOU, KOTOPbIfi COCTOUT B TOM, YTO pellieHUe
ypaBHeHus (1) uuietcs B BUIe

- d
y=Cla)e /7%,
rae C(x) — HoBas Hen3BecTHas ByHKLMs OT .

Mpumep 1. PewnTb ypaBHeHue

Y +2zy = 2we™? )
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Pewenue. TlpumeHUM MeTOA BapUalMKM NOCTOAHHOI. PaccMoTpuM oaHopoatoe
ypaBHeHHe ,
y +2zy =0,
COOTBETCTBYIOLIEE JaHHOMY HEOAHOPOAHOMY YPaBHEHWIO. DTO ypaBHEHUE C pa3aensi-
olMMHUCA nepeMeHHbIMU. Ero obiuee peuleHne umeer Bua
2
y=Ce ™.
O6liiee pelieHHe HEOTHOPOIHOrO YPaBHEHUS WIIEM B BUJE
g
y=Clz)e™, ()
rae C(z) — nenssecTHas dyHKums ot z. [Moacrasnss (3) 8 (2), nonyyaem C(zx) = 2z,
otkyaa C(z) = z? + C. UTak, obiiee pelieHe HEOTHOPOIHOO ypaBHeHus Oyner

)
y= (zz +C)e™™,
roe C — MOCTOsIHHAsi UHTErPUPOBAHUSL. >
3ameyaHue. Moxer oka3aThesi, uTo AMDbEPEHUKATBHOE YPaBHEHUE TUHEHHO
OTHOCUTENIBHO T KakK (byHKLlMiI oT y. HOpMaJ'leblﬁ BUA TaKOro ypaBHCHUA
dz
— +r(y)z = .
ay ¥)z = ¢(y)

dy 1
NMpumep 2. Pew aBHeHUe — = —m—————,
pumep e ¥p dz  zcosy+sinly

Peuenve. laHHoe ypaBHEHUE SIBSETCS IMHENHDBIM, €C/IM PaCCMATPUBATL T KakK
dyHKUHIO OT ¥:
dz
— —zcosy = sin 2y. 4
™ y y 4
[prMensem MeToa BapHaUMKU NPOM3BONbLHOM NOCTOAHHOIK. CHauana peulaeM COOTBET-
CTByIOLllee OJHOPOAHOE YpaBHEHUE
dz 0
— —ZTcosYy=
dy ) s

KOTOPOE sIBJIAETCA YpaBHEHHEM C pa3fenfioiumucs nepemeHHbiMu. Ero obuiee peLe-
HUE UMeeT BUa

z=Ce™, C =const.
O6uiee peweHne ypaBHeHus (4) uileM B Buae
z = C(y)e™”, )

rie C(y) — HeussecTHas ¢yHKuus ot y. Moacrasnssa (5) B (4), nonyyaem
C'(y)e™? + C(y)e™? cosy — C(y)e*™? cos y = sin 2y,

uau .
C'(y) = e *"¥sin2y.
Otciona, uuterpupyst no yactaim, Gynem uMeTb

C(y)=/e'5i"ysin2ydy=2]e"i"”cosysinydy=

=2/sinyd(—e‘““”)=2(—sinye"‘i"”+/e"5i"ycosydy> =

=2(—sinye " —e ") 4 C,
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WTak, .
C(y) = =2¢"""¥(1 +siny) + C. (6)
Moactasnsas (6) B (5), nonyuaem obuiee peleHne ypasHeHus (4), a 3HaYuT, U AAHHOTO
YPaBHEHHUA: !
z=Ce"Y-2(1 +siny). >
VYpasHeHue (1) MOXeT GbiTb MPOMHTErPUPOBAHO TAKXKE chelylowuM o6padoMm.

Monaraem
y = u(z)v(z), ()

rae u(z) u v(z) — HeusBecTHble DYHKLUMUU OT &, OAHA M3 KOTOPBIX, Hanpumep v(z),

MoxeT GbiTb BbiGpana mpoussonbHo. lMoacrasasa (7) B (1), nocne npeo6pasoBaHus
nonyvyaem

vu' + (pv + v')u = (). (8)

Onpeaenss v(z) u3 ycnosus v’ + pv = 0, Haitaem 3atem u3 (8) dyHkumio u(z),

a CIef0BaTeNbHO, U pelleHue y = uv ypaBHeHus (1). B kauectse v(z) MOXHO B3sITh

nio6oe yacToe peuieHne ypaBHeHUst v' +pv =0, v £ 0. >

Mpumep 3. Pewuts 3apavy Kowwm:

z(z - 1)y +y=2*Qz - 1), )
Yle=2 = 4. (10)
Pewenue. WUwem obuiee peuteHue ypasHenus (9) B Buae
y = u(z)v(z);

umeem y' = v'v 4+ uv'.
Monctasnss eipaxenne s y u y' B (9), Gyrem umerhb
z(z - )W + uv') + uv = 222z - 1),

unu
z(z — )ou' + [z(z — 1)V +v]u =2’z - 1). (11)
®ynkunio v = v(z) naxoaum u3 ycnosus z(z—1)v'+v = 0. Beps no6oe yactHoe

pelleHME NOC/ENHEro ypaBHEHNA, HAMpPUMEDp ¥ = = , W noacraenas ero B (11),

-1
nonyuaem ypasHenue u' = 2z — |, U3 KOTOPOro HaxoduM dyHKkuuIo u(z) = 2’ -z +C.
Cnenosate/ibHo, obuiee pewieHne ypasHeHus (9) Gyaer

Cz
z-1
WUcnonb3ys HauanbHoe ycnosue (10), nonydaem mns HaxoxaeHuss C' ypaBHeHue
4=C
2-1
Gyner

+2

y:uv:(zz—z+0)%, wiu y=

+ 22, otkyla C = 0; TaK uyTo pelueHueM MocTaBleHHOH 3azaun Kouwu

y=a:2. >

Mpumep 4. N3BECTHO, 4TO MeXDy CUNOI ToKa i W 3NEKTPOABMXYLIEN
cunoii E B uenu, umerowein conpotvenedve R u camouHpykumio L,

d
cyuiecTtsyer 3aBucumocTs E = Ri +Ld_: rae R u L — nocroskHble. Ecau
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cumrate E PyHkumelh spemeHn t, TO NONy4Um NuHeliHoe HeoaHOPOAHOe
ypaBHeHWe gNa cunbi ToKa &:

dit) R, . E(
T Lz(t) =7

Haittn cuny Toka i(t) ana cnyyas, koraa E = Ey = const v i(0) = Io.

Peuwervne. Umeem

d R, E
AR A (12)
i(0) = I,. (13)

O6utee peweHue ypasHeHus (12) umeem Bua
it) = % + Ce R/EX, (14)

E,
WUcnonbaya HavansHoe ycnosue (13), nonydaem us (14) C = I - fo’ TaK 4TO HCKOMOE
pelueHue Gyaer

Ey Eo\ _(a/oy
i(t) = — + I__.e(/)_
®) R (0 R
Orciona BUAHO, 4TO MpU ¢t — +00 cula Toka i(l) CTPEMUTCH K MOCTOSAHHOMY

3HAYEHUIO By >
HaYeHUI0 — .
R

Mpumep 5. OaHo cemeiicteo C, UHTerpanb-
HbIX KPUBBLIX NIMHENHOrO HEOAHOPOAHOrO Ypas-
Henus ' + p(z)y = q().

MNoka3artb, 4YTO KacaTefbHble B COOTBET-
CTBEHHbIX TO4YKax K kpusbiM C,, Onpepense-
MbIM IMHEHBIM YpaBHEHWEM, NepeceKaloTcs
8 0AHOM To4ke (puc. 13).

Pewetue. PaccMoTpUM KacaTeNbHYI0 K KaKoii-
anbo kpusoii C, B Touke M(z,y). YpaBHeHue kaca-
TeabHOM B Touke M (z,y) uMeer Bul

1= 9(=@)(¢ - 2) = y[1 - p(=)(€ - 2)],
rae §, 7 — TeKylue KOOPAUHATbI TOYKK KacaTebHOM.
o onpeaeneHunio, B COOTBETCTBEHHBIX TOYKAX T SBAS-
€TCA MOCTOAHHbLIM, a y nepeMeHHbIM. Beps niobbie nBe kacarenbHbie K JuHUAM C,
B COOTBETCTBEHHbBIX TOYKAX, MUISi KOOPAMHAT TOYKW S WX MepeceyeHus, nony4aem

1 q(z)
—, n=+I% (13)
p(z) p(z)
Ortclona BUAHO, YTO BCe KacaTelbHble K KPUBbIM C, B COOTBETCTBEHHBIX TOYKaX (z
(UKCUPOBaHO) MepecekaloTCs B OAHOM M TOM Xe Touke

S<z+$, +%§:—;)

Hciiouas B cucteme (15) apryMeHT &, nonyyaeM ypaBHEHUE reOMETPUYECKOTO
Mecta Touek S: f(€,n) = 0. >

Puc. 13

=z +
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Npumep 6. HaitTn pewenne ypasHeHnsa y' — y = cos  — sin z, ynosne-
TBOpPSAIOLLEE YCAOBUIO: Y OrPAHUYEHO NPU T — —+00.

PelweHue. Obiuee pelieHe QaHHOTO YPaBHEHUs!
y=Ce® +sinz.

Jlioboe peulenue ypasHeHMs, nonysaemoe u3 obiuero peweHus npu C #
0, Oyner HeOrpaHWU4YEHO, TaK KaKk NpU T — +00 GYHKUUA SinT orpaHMYeHa,
a € — +00. OTcioaa cllielyeT, YTO AAHHOE YpaBHEHUE UMEET EAMHCTBEHHOE PELLIEHHE
y = sin zb OrpaHHUYEHHOE NMPU T — 00, KOTOPOE MOJy4yaeTca M3 obliero peweHus
npu C =0. >

3apaum ans CamMOCTOATENbLHOrO peweHunsn

Pewwutsb crnenyioiue nuHeiinbie ypasHeHus. Pewnts, rae ykasaHo, sagauy Kouiu:

125. y +2y=e"". 2 126. o’ +2y' =y, zy]z=l=0.
127. y - 2zy = 2z€® 128. y +2zy =€
129. y'cosz —ysinz =2z, y|,_, =0. 130. zy -2y =z’cosz.
|

131. ¢y —ytgz = =0. Y —y=32Inz.
31. ¢y —yigz i’ Y|,.o=0 132, yzinz-y=32"Inz
133. 2z -9y = 2. 134. y +ycosz =cosz, y|,_,=1.
135. yy = ——————. 136. (eV'/2 - —dz=0.

y Whyty—=2 36. (e zy)dy—dz =0
137. y — ye* = 2ze”. 138. y + ze’y = e~

139. Haiitu cuny Toka i(t) npu ycnosuu, uto E(t) = E, sin 2wnt, 1(0) = Iy, rae Ey,
I, = const.

140. KoHzaeHcaTop, eMKOCTb KOTOPOFO paBHa @, BKJIIOYaeTCs B LEMb C HaNpsAXeHU-
em E u conporusnenvem R. OnpenenuTb 3apsid ¢ KOHAEHcCATopa B MOMEHT ¢ mocne
BKJIIOYEHUS.

141. Touka Macchl m ABWXETCA MPAMOJMHEHHO MOa AEHCTBUEM CWIbI, MPONOPLH-
OHaNbHOM BpemeHun (KosddbuuueHT nponopunoHanbHocT k). Kpome Toro, Touka
MCTILITBIBAET COMPOTHBAEHUE CPEAbl, MPOMOPLHOHATBHOE CKOPOCTH (K03dduuueHT
NpONOPLMOHANBLHOCTH k;). HaitTh 3aBUCMMOCTb CKOPOCTH OT BPEMEHH, CUUTast, YTO
B HauyaabHblit MOMEHT CKOPOCTb paBHa HYyJIO.

142. HaiiTu KpuBble, 061a1a0LIME TEM CBOICTBOM, YTO OTPE3OK, KOTOPbIit KacaTerb-
Hasi B 10060 TOouKe KpHUBOM oTcekaeT Ha ocu Oy, paBeH KBaapaTy abGCUMCCHI TOYKMN
KacaHMs.

143. Haiitu xpusyio, y KOTOPOii OTPE30K, OTCEKaeMbiii KacaTeNbHOI Ha OCH OpAUHaT,
paBeH MOJyCyMMe KOOPAMHAT TOYKU KacaHMUsl.

144. Haiitu obuiee pelieHWe THHEHHOTO HEOAHOPOAHOTO YPaBHEH WA NEPBOro nopaa-
ka § + p(z)y = q(z), ecau usBecTHO onHO yacTHoe pewieHue Y (z).

145. Haiitu obuiee pelieHHe AMHEIRHOrO HEONHOPOLHOIO YPaBHEHHA NEPBOro nopsia-
Ka ¥ + p(x)y = q(z), ecnu u3BeCTHLI ABa YACTHBIX ero pewieHus Y () U y(z).

146. Tloka3saTb, 4TO NMHENHOE YpaBHEHHME OCTAETCs JIMHEHHbIM MPH N1060H 3amene
He3aBUCUMOIi NepeMeHHOM & = (1), rae ¢(t) — anddepenuvpyemas GyHKUUS.
147. Moka3zaTh, YTO JUHEHHOE ypaBHEHUE OCTAETCs JIMHEMHBIM NIPU I0GOM JInHeii-
HOM fipeoGpa3oBanuu uckoMoii dyHkuuu y = a(z)z + B(z), e a(z) u f(z) —
npou3BobHblE AuddepenLnpyeMble GyHKUNH, pryeM a(z) # 0 B paccMaTpuBaemom
WHTEpBane.
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B cheayiowmx 3amayax HaiTu pellieHWUst YPaBHEHHUid, YNOBIETBOPAIOILME YKa3aHHbIM

YCNOBUAM:

148. y' —yIn2=2""*(cosz — 1) In2, y orpaHnyeHo npu = — +00.

149. y —y=-2¢%, y— 0 npu z — +oo.

sin 2z
72

150. y'sinz —ycosz = — , y— 0 npu ¢ — co.

1
151. zzy’cos;—ysin; =-1, y— 1 npn z — oo.

152. 2xy’—y=l—72—5, y— —1 npu £ — +o0o.
153. 2’y +y = (¢ + 1)e*, y— | npu £ — —co.
154. zy' +y = 2=z, y orpanuyeno npu z — 0.

1565. y'sinz + ycosz =1, y orpanuyeHo npu z — 0.

156. y' cosz — ysinz = —sin2z, y— 0 npu z — 12_r

2°. YpasHeHue BepHynnu. Ypasueuue BepHyniu nmeet i

dy n
— z)y = q(z)y",
7z TP@Y = a@)y
rme n#0,1 (npu n =0 1 n =1 3T0 ypaBHeHHe ABAETCS JIMHERHBIM).
1
C nomoulblo 3aMeHbl MepeMeHHOM z = —— ypaBHeHWe BepHyun
Y

NPUBOANTCH K THHEAHOMY YPaBHEHUIO 1 MHTETPUPYETCA KaK JIMHEHHOE.

Npumep 7. PewnTs ypasHeHne Bepuynv o' — zy = —zy°.

Peuuenue. Jenum obe 4acTH ypaBHEHUs Ha y:

!
1
23 - .'t—i = —-2.

y y
! 2y Y 1,
llenaeM 3aMeHy nepeMeHHOW — = z, —— = 2z, oTkyla — = ——z . [locne
Y vy’ ¥ 2
NOACTAHOBKH MOC/iefHee ypaBHeHWe 06paTHTCA B JIMHEHOE ypaBHEHHE

1
_EZ, —~zz=-z wwm 2 +2zz=2z,
obluee peuieHHe KOTOPOro
—l
z=14Ce™".
OTcioaa nosy4yaeM oGILWi UHTErpan AaHHOTO ypaBHEHUA

1
” =1+Ce™ um ¥ (1 +Ce"‘z) =1. >

3amevanue. YpasHenve BepHymin MOXeT ObiTh NMPOUHTErPUPOBAHO TaKXe
METONOM BapuauMM MOCTOSHHOM, KaK M JIMHEHOEe ypaBHEHHE, U C MOMOLLbIO
noacranosku y(z) = u(z)v(z).
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NMpumep 8. Pewntb ypasHeHne BepHynnu

2y +y=vy’Inz. (16)
Peiwenne. MMpumeHM MeToa BapuHauMu NPOU3BONLHON NOCTOsiHHONM. O6Liee

pellieH e COOTBETCTBYIOLIEro OAHOPOAHOrO YpaBHeHus Ty’ +y = 0 umeeT BUA y = —
O6uee peutenune ypasHeHus (16) uwem B Buae

C(z)
= 17
y=—, (17)
rie C(z) — HoBasA HeusBeCTHas QYHKUMSA.
Moacrasnss (17) B (16), Gyaem umetb

Inz

C'(z)=C(z )5
Ina HaxoxaeHus GyHkunn C(z) nonyyum ypaBHEHHE C pa3fensloMMUCS epeMeH-
HBIMM, U3 KOTOPOTO, pasfensis NMepeMeHHble U UHTErPUpYs, HallneM
1 Inz 1 z
Cz =z = “T+Cz+nz
OGluee peweHue ypaBHeHus (16)
1

1+Cz+Inz’ >

y=

HekoTopble HeanHeitHble ypaBHEHUSA MepBOro Nopsiika ¢ MOMOLLbIO yaay-
HO HalJeHHO 3aMeHbl MepeMeHHbIX CBOMSITCS K NTMHEHHbIM YPaBHEHUAM UAKN
K ypaBHeHUsiM BepRHyanu.

Mpumep 9. PewnTs ypasHenue y' +siny +zcosy +2z = 0.
Peienne. 3anuviueM JaHHOe YpaBHCHHWEC B BUIE

y y ¥

y +2sm§cos5+:i:2cos’2 =0.
Jens obe yacTy ypaBHEHUS Ha 2 coszg-, nonyvyaem
y y

—_— =0.

2cos X(y/2) + 832 te
3ameHa t Y o z d_z = _y_’____ NPUBOAMT 3TO YPaBHEHUE K JUHEHHOM

MEHA 83 T 5 & T Zcosi(yj2) ¥ yp y

dz

iz + z = —z, ofluee pelueHHe KOTOPOro

z=1-g+Ce™"
3ameHsin z ero BuIPaXEHHEM Uepe3 Y, nonyyaeM OBLIMit HHTErpal JaHHOrO ypaBHeHus

tg%:l—:c+Ce'”. >
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B HekoTOpbIX ypaBHEHMSIX MCKOMasi GYHKUMSI y(Z) MOXET HaxooMThbCs
nol 3HakKOM MHTerpana. B aTux cnyuasix uHoraa ynaercsi nyrem aucdgepeHun-
pOBaHUS CBECTH AaHHOe YpaBHeHMe K AnddepeHUnanbHOMY.

Mpumep 10. Pewutb ypasHeHue

z T
a:/y(t) dt = (o + l)/ty(t) i, >0,
0 0
Pewenne. AunddepeHunpys obe yacTu 3TOro ypaBHeHUs Mo z, MojyyaeM

z z

/ y(t) dt + zy(z) = /ty(t) dt + (z + )zy(z),
0 0
i . .

y(t)dt = [ ty(t) dt + z’y(z).
[roe-]

OnddepeHunpysa ewe pa3 no z, 6yaeM HUMETb JIMHEHHOE ONHOPOAHOE ypaBHEHUE
oTHOcHTENbHO y(z):

y(@) = 2y(2) + 2’y (2) + 2ay(2),
WK
2%y () + 3z - 1)y(z) = 0.
Pa3genss nepemMenHbie U MHTErpUpys, Haltaem

1 .
y=C—e e,

DTO pelueHue, Kak JIErko NPOBEPUTD, YAOBNETBOPSET UCXOAHOMY YPaBHEHHUIO. >

3anaun AN CaMOCTOSTENbHOro peweHusn

Pelunth cnenyiowimne ypasHeHus BepHynau:
1.

157. y' + 2zy = 2zy>. 158. 2y -y = -!-J-e .

159. (2° + e')y’ = 32 160. y' + 2zy = yle®.

161. o' — 2ye® = 2,/5€". 162. 2y'Inz + % =y~ cosz.
163. 2y'sinz +ycosz =y’ sin’z. 164. (2’ +y*+ 1) dy + zy dz = 0.

165. y' —ycosz =y cos z.

Cnenyioline HelMHeHble YPaBHEHUA C MOMOLUBIO 3aMEeHbl NMEPEMEHHbBIX CBECTH K /-
HeMHBIM UIM ypaBHEHUAM BepHyaIn u pelnTs ux:

1
' = e —o. L = 2 )
166. y —tgy=e cosy 167. y =y(e® +1Iny)
168. y' cosy +siny==z+ 1. 169. yy' +1=(z - 1)eV2,
170. y + z sin 2y = 2ze™® cos?y.
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C nomouibio AucdepeHLIMPOBAHUSA PELWINTh CAELYIOILUE YPABHEHUSL:

171. jty(t) dt = 2y(z). 172. () = [y(t) dt + .
0
173. jz'ty(t) dt = 2? + y(z). 174. fy(zt) dt = ny(z).
a 0

§ 7. YpaBHeHus B nonHbix guddepeHumnanax.
UHTerpupylowmii MHOXUTENDb

1°. YpaBHeHus B nonHbix auddepeHumnanax. duddeperum-
aJllbHOC€ ypaBHE€HWE BUIA

M(z,y)dz + N(z,y)dy =0 0]

Ha3bIBAETCSA YpaeHeHueM 6 NOAHbIX Ouggpepenyuasax, e€civ ero Jiesas 4acTb
npeacTasset noaHulit anddepeHunan Hexotopoit dyHkuuu u(z, y), T. €.
du du
Mdx+ Ndy=du=— de+ — dy.
oz dy
Teopema. /[is mozo, umoGe: ypasrenue (1) agaanoce ypasHeruem 8 noaHbix
Oughpepenyuanax, Heobxo0umo u docmamouHo, 4mobsl @ HeKOmMopoli 00HO-
ceasnoll oonacmu D usmeHeHUss nepemeHHbIX T U Y GbINOAHANOCH YCAOBUE

oM 9N
—_—= . ()
9y oz
O6wmit unTerpan ypasHenus (1) umeet sun u(z, y) = C uau
/M@wM+/Nww@=a 3
Zo

Mpumep 1. Pewutb audpdepeHunancHoe ypasHeHne
(sin zy + zy cos zy) dz + z° cos zy dy = 0.

PeweHue. TpoBepuM, YTO NaHHOE ypaBHEHUE SIBISIETCA YPaBHEHHEM B MONHBIX
nudpPepeHunanax:

oM i/
By = —(sm zY + Ty cos TY) =
=z cos zy +  cos Ty — T’y sin Ty = 2z cos TY — z Y sin TY,
ON
o —(z cos zy) = 2z cos zy — £’y sin zy,

TakK 41O
oM _ ON

oy ~ oz’
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T.e. ycaosue (2) soinonHeHo. Takum 06pa3oM, aHHOE YpPaBHEHWE €CTb YpaBHEHHE
B NonHbix AnddepeHunanax u

du . ou
M= 72 =sinzy + zycoszy, N = 8_y =:c2cos:cy,

Nno3ToOMYy
u(z,y) = / (sin zy + zy cos zy) dx + ¢(y),

rae ¢(y) noka HeonpeneneHHas GyHKLUS.
WUnrerpupys, nonyyaem

u(z, y) = zsinzy + p(y).
du

9y

2

YacTHas npou3BogHas HaiigeHHON GyHKUMK u(E, y) NONXKHA PABHATBCA T~ COS TY,

4yTO AaeT
z’ coszy + ¢'(y) = &’ cos zy,
otkyna ¢'(y) = 0, Tak uto p(y) = C. Takum obpasom
u(z,y) = zsinzy + C.
OO6uwmnit UHTErpan ucxoaHoro auddepeHnaNbHOrO ypaBHEHUSA
zsinzy = C. >
[1pu nHTErpMpoBaHMM HEKOTOPbLIX AU depeHLIMANTbHbBIX YPABHEHH I MOX-

HO TaK CTpPYNMMPOBaThb YJIEHbl, YTO MOJYYAlOTCS JIETKO MHTErpUpyeMbie KOM-
OuHauuu.

Mpumep 2. Pewnts guddepeHunanbHoe ypasHeHue

(& +2y)) de + (2’y +y°) dy = 0. 4)

iz
cnejoBaTeNbHO, JAHHOE YPaBHEHHE €CTh ypaBHEHHE B NOJHbIX AnddepeHunanax. 3To
ypaBHEHHE Nierko npuBecTH K Buay du = 0 HenocpeacTBEHHO! IpynnUPOBKO# ero
unenoB. C 3T0i1 LenblO NepenuileM ero Tak:

oM
Pewenne. 3pecb -53/— = 2zy, — = 2y, TaK 41O ycaoBue (2) BHIMONHEHO U,

&’ dz + zy(yde + zdy) +y’ dy = 0.
OueBuaHo,

4 2 4
m’dz:d(%), :cy(yd:c+zdy)=myd(zy)=d(@), y’dy:d(%—).

MoatoMy ypaBHeHue (4) MOXHO 3anucath B BHAE

o)) ()

¢ (a9’ ¥
d[T+_2‘+-4—:|—0.

Hin

CnenosartenbHo,
zt +2zy)’ +y' =C
ecTb o6LMit MHTerpan ypasHeHus (4). >
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3apaun AnNA CaMOCTONTENbHOro pewexnsa

MponHTErpUpoBaTh ypaBHEHHUs B MOAHLIX AU depeHuranax:
175. z(2z? + %) + y(z* + 2y2)y’ =0.
176. (3x? + 6zy?) dx + (62°y + 4y°) dy = 0
T 1
177. (————+ )dz+( )d 0.
Jorg z Vet v ) ®T

23 2
178. (3::: tgy-i) dm+(z sec 2y + 4y° +slz) dy =0.
z
2,2 1.2
179, (zx+’” J{”) p=21Y gy,
zy

. )

180. (s'"yz’” +:c) dz + (y - s";,””) dy = 0.

181, (322 -2z -y)dz+ 2y -z +3y*) dy =0.

182. (ﬁ%+22y"%)dz+(\/l+m’+mz—lnm)dy=0.
a:dz+ydy+mdy-ydz
Val+yl @

1
184. (siny+ysinz+;> dz + (zcosy-cosz+ y) dy=0.

188. =0.

: 2
185.Wd +( 7 +siny>dy=0.
cos 2zy cos 2zy
2z d ?-3z%)d
168, 28 W INdy o o,

y
187. y(z? + y* + a®) dy + z(2? + y* — a?) dz = 0.
188. (3z’y + ¢°) dz + (z° + 3zy?) dy = 0.

2°. WHTerpupyiowmiti MHOXUTeNb. B HekoTopbIx cydasx, Koraa
ypaBHeHue (1) He ABAseTCsi ypaBHeHMEM B MOJHbIX AuddepeHumManax, yaaercs
nono6patb GyHKUHMIO 4(Z, ¥), NocNe YMHOXEHHUS Ha KOTOPYIO JieBast YacTb (1)
npeBpaLuaeTcs B noaHbiit anddepeHuman

du = pM dz + pN dy.

Takas dyHKUMs w(Z, y) HA3LIBAETCH UKMezpUpylowum mroxcumesem. 113 onpe-
HeJleHUsI UHTErpUpYIOLLEro MHOXUTENS! UMeeM

;,%(uM) = 2 (uN)

ni 9 oy (OM ON
# ll'
N&z M&y ( 8y Oz )
OTKyna 5 M eN
N&lnp_M 1n;4=_0____8__ 5)

oz dy dy oz’
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Mbl noayyunu 4 HaxoXAEHUSi WHTErPUPYIOLLEro MHOXMUTENS ypaBHEeHHe
B YaCTHbIX MPOM3BOAHBIX.

OTMeTHM HeKOTopble YacTHBIE cllyyau, Koraa yaaeTcsi CpaBHUTENbHO Jier-
KO HalTH pelueHue ypaBHeHusl (5), T.e. HANTH MHTErPUPYIOLLMA MHOXHTEND.

1. Ecam p = p(z), T %s = 0 1 ypaBHeHue (5) npumer BUI

dinp _ (0M/dy) — (8N/dz) (6)
de N '
JInst cyluecTBOBaHMS MHTETPUPYIOLLETO MHOXUTENS, HE 3aBUCSILLETO OT ¥,

Heob6X0OUMO U 1OCTAaTOYHO, YTOGLI MpaBasi YacTb uacTb (6) Gbina yHkuMen
TOAbKO Z. B Takom ciyuae In p Hailnetcs kBaapaTypoid.

Npumep 3, PewnTsb ypasHeHue (z + yz) de - 2zydy = 0.
Pewenne. 3neck M =z +y?, N = =2zy. Umeem
(OM/dy) - (ON/8z) 2y+2y 2

- )

N T -2y z

CIENOBATENbHO,
dinp 2 1
i Ing=-2In|z|, B=
YpaBHeHue
2
z+y Ty
2 de - 2? dy=0

eCTb ypaBHeHWe B MONHbIX AuddepeHunanax. Ero nesyio 4acTb MOXHO NpeaCTaBUTDb
B BUOE

dz  2zydy-y’d 2
e M =0, oTKyaa d(ln || - l-) =0
T T T
1 oOwui UHTEerpaj JaHHOro ypaBHEHMUA
e=C.e'", >
2. AHaJOrM4HO, ecau ON oM\ | ecTb QYHKUMS TOJbKO TO
: ’ oz Oy /M yRKU v

ypaBHeHMe (1) MMeeT MHTerpupylolMit MHOXUTENb p = u(y), 3aBUCALUMI
TO/BLKO OT Y.

Npumep 4. PewnTs ypasHenue 2zy Iny dz + (z? + y*/y? + 1) dy = 0.

Pewenne. 3neck M =2zyiny, N =2? + y?\/y? + 1. Umeem
(6N/8z) - (0M/8y) 2z —2z(Iny+1) _ 1!
M - 2zyiny Ty

)

CjlenoBsaTenbHo,

Q
<
<
< | —
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YpaBHeHHe

2zy Iny dz N 2+ 93y + |
Y Y
SIBNSETCA YpAaBHEHMEM B MONHbIX AudodepeHunanax. Ero MOXHO 3anucaTb B BMIE

d(z*Iny) + y/y? + 1 dy = 0, oTkyna

1
leny+§(y2+l)3’z=0. >

dy=20

Npumep 5. Pewwnts ypasrenve (3z+42y+y?) dz+ (z+4zy+5y?) dy =0,
€CNW €ro MHTErpupyIoLLMIA MHOXUTENb MMeeT BUA 1 = ¢(z + ¥°).
Pewenne. Monoxum z = x + y°, Torna g = p(z), M, CENOBATENBHO,
Olnp dinp 9z dinp 6Inp_dlnp.az_8lnp.2
9z  dz o0z dz ' 8y  dz Oy dz y
YpaBHeHHe (5) 15t HAXOXAEHUS! MHTEFPUPYIOLLETO MHOXHKTENS BydeT MMETh BUA
dinpg  8M O8N dinp  (0M/dy) - (ON/0z)
dz oy oz’ "™ Taz N-My
Tak kKak M =3z + 2y +y*, N = 2 +4zy + 59°, 10

(N -2My)

(OM/dy) - (8N/dz) 1 1
N -2My T x4y 7
dinp )
W, 3HAYHUT, az = ; ,OTKYla =2, T.€C. p=2 + Y. YMHOXas JaHHOE ypaBHEHUe

HA p=2a+ yz, noayymm
(32 + 2zy + 4z’ + 2y + v') dz + (27 + 42’y + 6zy’ + a2y’ + Sy') dy = 0.

3To ecTb ypaBHEHHE B NOAHBIX A beEPEHLMANAX M ero OBLIKI MHTErpan cornacHo (3)
6ynet

z Y
/ (3z% + 2zy + 4zy’ + 29" + y') dz +/ (22 + 4zdy + 620y + 40y’ + 5y') dy = C,
z0 Yo
nan ~

z + a:zy + 2:1:2312 + 2:1:3,/3 + zy4 + y5 =C,
re _

C = C + zlyo + 281 + 2z0s + Toys + Yo + To-

Mocne HecoXHbIX NpeoGpasoBaHuil GyneM UMeThb

(z+y)(e+y)’' =C. >

3apaum ana caMOCTOSITENIBHOIO peLueHus

[MpouHTErpHpoBaTh CledyioIUe YyPaBHEHUS:

189. (1 - z?y)dz +z*(y —z)dy =0, p= ().
190. (¢’ +y)dz —zdy=0, B =p(z).
191. (z + y?) de — 2zy dy = 0, 1= p(@).

192. (2z%y +2y +5)dz + (2z° +2z)dy =0, p=p(z).
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193. }m“ Inz - 2zy’) dz + 32y  dy = 0, p=<p}m).
194. (z +sinz +siny)dz +cosydy =0, n=p(z).
195. (2zy* - 3y’) dz + (7 — 3zy’) dy = 0, u=p(y).
196. (3y’ — z)dz + (2y° — 6zy) dy = 0, p=p(z+9).
197. (¢’ +y* + 1) dz - 2zy dy = 0, p=p(y - z?).
198. zdz + ydy + z(z dy —y dz) =0, u=pz?+y).

§ 8. AnddepeHunanbHblie ypaBHEHUN
nepBoOro nopsaka, He pa3peLueHHbie
OTHOCUTENbHO NPOU3BOAHOIA

1°. YpaBHeHMs nepsBoro nopsaka 7n- CTEneHn OTHOCU-
TenbHO y'. [Myctb MMeeM anddepeHLnaIbHOE ypaBHEHNE

@) + 212, 9)E)" ™ + ..+ Paci(2,9)Y + Pal@, ¥) = 0. (1
Peiuaem 3To ypaBHeHue oTHocuTenbHo y'. Tyt
yl=f|(m)y)7 yl:f2(m)y)) ceey ylsz(w:y) (k<n)

— BelUeCTBEHHbIE pelleHus ypaBHeHust (1).
OGwmit uHTerpan ypasHeHus (1) BbIPa3UTCs COBOKYTHOCTbIO MHTETPAJIOB:

QI(a")y7 C) =0) ¢2(myy7 C) :O) ceey Qk(w) Y, C) =0)

rae ®;(z,y, C) = 0 ectb unterpan ypasHenus y' = fi(z,y) i =1,..., k).
TakuM 06pa3oM, uepe3 Kaxayro TOUKy 061acTH, B KOTOpOi y' NpUHUMaeT
BeLLECTBEHHbIE 3HAYEHUSA, IPOXOAUT K MHTETPAIbHbIX JUHUIA.

Npumep 1. Pewuts ypasHenve y(y')’ + (¢ — y)y' —z = 0.

PeweHue. Paspewnm 310 ypasHeHME OTHOCHTENBHO Y':

,_y-zx (m_y)2+4zy‘ " r_ T
Yy = 2y 5 y—]’ y—-g)
oTKyIa
y=z+C, y +2'=C. >

Npumep 2. PewuTs ypasHenve 2(y')? — 2zy’ — 2y +2° = 0.

PeweHue. PaspeiinM ypaBHeHME OTHOCHTENBHO y:
2 ' a’
y=0) -2y + .
Monoxum y' = p, rne p — napameTp; Toraa noay4num
] o
y=p'-ap+ . 2
Ondoepenunpys (2), Haitnem

dy =2pdp—pdz —xdp+ zdz.
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Ho Tak kak dy = p dz, To 6yaem umerb
pdz =2pdp — pdz — x dp + z dz,
nim
2pdp-2pdz~zdp+adz =0,
2p(dp - dz) — z(dp - dz) =0,
(2p - z)(dp — dz) = 0.
PaccMoTpuM aBa cayuas:

1) dp~dz =0, oTkyna p = z + C, rae C — npou3BosibHas MOCTOAHHASA.
MoncraBnas 3HaueHne p B (2), nonyyaeM obluee pelieHHe JAHHOMO YPABHEHHA:

2
y=Cz+C2+%. (3)

B paBeHcTBe p = z + C He/b3d 3aMEHUTb p Ha ¥ W UHTETrPUPOBATH MOTyYEHHOE
ypaBHeHHe y' = z+C (TaK KaK NPy 3TOM NOABHTCA BTOpast NPOM3BONbLHAA MOCTOAHHAS,
4ero He MoXeT ObiTb, MOCKONbKY paccMaTpuBaeMoe auddepeHUHaNbHOE ypaBHEHUE
AIBNAETCA YpaBHEHHEM MepBOro Nopsaka).

z
2) 2p~z=0,0TKyra p= 3 Moacraensas B (2), nony4nM el ooHO peLueHHe

22

y="2 0)

[MpoBepuM, HapylIUTCH AU CBOMCTBO €NMHCTBEHHOCTH B KaXIO# Touke pelue-
Hua (4), T.e. aBaseTca au oHO ocobbiM (cM. § 11). Ina 3TOro BO3bMEM Ha MHTe-

2
x
rpaibHOit Kpuso#t (4) npoussonbHylo Touky Mo(o, Yo), rae Yo = —49 Bynem Teneps
MCKaTb PelleHne, KOTOpoe colepxutcs B obiem peweHuu (3) u rpadmk Kotoporo
2
To

NMPOXOAUT 4epe3 TOUKY My (:co, T)' MoncraBnss KoopaMHATbl 3TOH ToukH B obLuee

peuenue (3), Gyaem umeTb
2 2 2
7
%‘3=030+02 S (C+£9-) =0,

2’ 2
@
orkyna C = —=2. Bro 3HaueHue nocTosHHOH C NOACTABUM B (3). Toraa nonyuum
YyacTHOe pelueHHe ) \
z 0 T
== —t— 5
) 2 2 + 2’ ( )

KoTopoe He coBnaaaer ¢ pewenue (4). [na pewennit (4) u (5) MMeeM COOTBETCTBEHHO
z To
' = 7 y=z- 7 Mpu & = x, o6e npou3asoaHble cosnanaior. CnenosarenabHo,

B Touke M, HapyluaeTcsi CBOACTBO €AMHCTBEHHOCTH, T. €. Yepe3 3TY TOYKY MPOXOAAT
J1Be MHTerpa/ibHble KpUBbIE C ORHOI U TOH Xe KacaTenbHo#. Tak Kak o NPOM3BONBHO,
TO eAMHCTBEHHOCTb HapyLIaeTCA B Kaxaol Touke pelueHus (4), a 3T0 o3HauaeT, YTo
OHO ABNAETCHA OCOOLIM. >

3apaun Ans CaMOCTOATENIbHOro pewexHnsa

TMponHTErpMpPOBaTh CNEAYIOLME YPABHEHMS:
199. 4(y')’ - 9z =0. 200. (¥)*-2yy = yi(e* - 1).
201. (y)* - 20y’ - 82’ = 0. 202. z(y')? + 3zyy +2y* =0.
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203. ()’ -(2z+y)y +2* +zy =0. 204. (')’ + (z +2)e? =0.
205. (v)’ - y(y)* - 2’y + 2’y =0. 206. (v)* - yy' +e* =0.
207. (v')* - 4ay' +2y+22* =0.

2°, Ypasuenus suna f(y, yY)=0n f(z,y) = 0. Ecam
ypaBHenus f(y,y') =0 u f(z,y’) = 0 nerko paspelinMbl OTHOCUTENbHO ¥,
TO, pa3pellias UX, NMONYYUM YpaBHEHHS C pa3feNSIOLIMMHUCA NEePEMEHHBIMH.
y,PaCCMOTpMM cllyyau, Koraa 3TH ypaBHEHUsl He pa3pelinMbl OTHOCHTENb-
HO

A. VpasHeHnue Buaa f(¥,y') =0 paspelinMo OTHOCHTENBHO Y:

y=0(@y).
MonaraeM y' = p, Toraa y = ¢(p). AuddepeHLUpYA 3T0 ypaBHEHHUE U 3aMEHAS
dy Ha pdz, noayuyum
pdz = ¢'(p) dp,
oTKYIa

de = ‘p(P)dp U a:—/¢(P)dp+C

[TonyyaeM obluee pellieHUe ypaBHEHUs B napaMeTpuueckoit dopme
/
¢'(p)
w=f—r(,p-dp+0, y = p(p). (6)

dy

3
;1;) (a, b — nocro-

du\ 2
Mpumep 3. Pewuth ypasHeHne y = a(ﬁ) + (
fIHHBIG).

d
Pewenue. Monoxum &% = p, Toraa y = ap’ + bp®, dy = 2ap dp + 3bp’ dp,

unn p de = 2ap dp + 3bp? dp. Otciona dz = 2adp + 3bpdp v = = 2ap + %bp2 +C.
O6wuM pelueHueM 6yner

3
z=2ap+ -z-bp2+C, y = ap’ + bp’. >

B. Ecau ypasHeHue Buga f(y,y’) = 0 Hepasperumo gmm TPYAHO pa3-

PEIIMMO) KaK OTHOCHUTENBHO ¥, TAK M OTHOCHMTENbHO ¥, HO AOMyCKaeT
BbIpaXeHHe y U ¥’ yepe3 HeKOTOpblit napamerp ¢:

d
y=o), p=1yt (p d:)
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TO nocTynaeM ciaenyolium obpasoM. Umeem dy = p dx = y(t) dz. C npyroi

cTopoHsl, dy = ¢'(t) dt, Tak uto Y(t) dz = ¢'(t) dt n dz = (';T()) dt; otciona
AU

¢(t)

Takum obpasom, noayvyaem obuice pelleHUe gaHHOTO ANddepeHUNATb-
HOro ypaBHeHUs B napameTpuyeckoi popme

¢'(t)
»(t)

Npumep 4. Pewnts ypasrenne ¥ + (y')¥° = 1.

at+C, y=op(t)

Peuenve. Monaraem y = cos’t, p =sin’t,
eLenne. Y P

o — dy —3cos’tsintdt cos’t
T p sin 3 T Tsin2
Ortciona
3
m:/ (3- ———2—) dt =3t +3cigt + C;
sin %t
obuiee pelieHue
z=3t+3ctgt+C, y=cos’t. >

B. YpasHenue Buna f(z,y’) = 0. [lycTb 3TO ypaBHEHME pa3pelIMMoO
OTHOCHUTEJILHO Z:

z = p(y).

d
Monaras ¥ = p, nonyuum dz = ¢'(p) dp. Ho dz = ;y 1, Clef0BaTe/bHO,

d
_pg = ¢'(p) dp, Tak utO

dy=pyp'(p)dp n y= /W'(p) dp+C.
Takum oGpasom
c=p0), v=[ @ ap+c )

— ofLuee pelueHMe ypaBHEHUS B napaMeTpuyeckon popme (p — napamerp).
3ameyanne. B popmynax (6) u (7) Henb3s paccMaTpUBaTh P KaK MPOU3BOLHYIO.
B HUX p ABAAETCS NPOCTO NMapameTpoM.

dy dy
Mpumep 5. Pewnts ypasHeHue aa—- +b Iz =z.
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d
Pewenue. Monoxum :i% = p, Toraa
z=ap+bp’, dz=adp+2bpdp,
a 2
dy=pde=apdp+2bp’dp, y=3p'+3bp’ +C.

UTak,

2
T=ap+ bpz, y= %pz + Ebp3 + C — ofuwee pelieHue. >

AHaIOrM4HO ciiyyaio B MOXHO MbITaThes peluath ypaBHeHue f(z,y') =0
METOAOM BBEleHMs MnapameTpa t.

3apaum ANs CaMOCTOSATENBHOIO peLueHus

[MpouHTErpHpOBaTH CEAyIOLINE YPABHEHUS:

208. y = (y')%". 209. y =eV/v.

210. z=Iny +siny'. 211, z=(y')* -2y +2.

212. y=y' Iny. 213. y=(y - 1)e’.

214. (y)z=¢". 215. z(1 + (¥))*? = a.

216. y*° 4+ (y')¥5 = a?. 217. z =y +siny’.

218. y=¢'(1 + ¢ cosy). 219. y =arcsiny’ + In (1 + (¥')?).

3°. YpaBsHenus Jlarpanxa v Knepo. Ypasuenue Jlarpatxa ume-

€T BUI
y=2p(y) + ().

MNonaras y' = p, auddepeHunpys no z u 3ameHss dy Ha p dx, NPUBOAUM
3TO ypaBHEHME K JIMHEHOMY OTHOCUTENbHO & Kak pyHKunu p. Haxoas pe-
LLIeH e 3TOTO Moc/ieaAHero ypasHeHus = r(p, C), nonyyaem obliee peleHue
MCXOJHOTO YpaBHeHUs B napameTpuyeckoii popme:

T= ‘I'(p, C): y=r(p, C)‘P(P) + "/’(P) (P _"apaMeTp)'

Kpowme Toro, ypaBHeHue Jlarpatka MOXET MMETb elue 0cobble peLueHus
(cm. § 11) Buna y = p(c)z + ¥(c), rae ¢ — KopeHb ypaBHeHuUs ¢ = p(c).

Mpumep 6. NpounHTerpuposatsb ypasHexve ¥y = 2zy' +Iny'.
Pewenue. Monaraem y' = p, Torna y = 2zp + In p. Anddeperuupys, Haxoaum

d
pdx =2pdz + 2z dp+ ;p’

dz ) 1 dz 2 1
OTKyla p— = -2 — — W — = —-—T — —.
dp P dp p P
Monyunnyu ypaBHeHUE nepBOro Mopsaka, JMHEAHOE OTHOCUTENBHO ; pellas ero,

HaxoanM
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Moacrasnsisn HallaeHHOE 3HaYeHUE T B BblpaXeHue s y, nofyyuM OKOHYaTENbHO

z= E ! y=np+ e 2 >
Py P
YpaBHenue Knepo nmeet Bua

y=2ay +9().
MeToa peilleHHsi TOT Xe, 4YTO U asi ypaBHeHua Jlarpanxa. OG6luee
peieHue ypaBHeHus Kiepo umMeet Bua
y = Cz +9(C).

YpaBHeHHMe Kiepo MoXeT MMeTb ellle ocoGoe pelleHue, Kotopoe foy-
yaeTcsl UCKITIOYEHHMEM P W3 ypaBHeHWN y = zp + P(p), = + qb’(p) =0.

Npumep 7. NpouHTerpuposaTth ypasHeHue y = zy' + T (a = const).

Pewenne. Monaras y' = p, nosnyuaem Y
y=ap+ 5= 2p

OuddepeHunpys nocnenHee ypaBHeHUe U 3aMeHss
dy Ha pdz, Hailaem

pda:—pdz+zdp—2—P2dp

0 T
dp(z— 2p2) =0.

[MpupasHuBas Hy10 NepBblit MHOXHUTEND, NO-
NyyaeMm dp = 0, orkyaa p = C u obluee peuieHue

MCXOIHOrO ypaBHeHus ecTb y = Cz+ ' ofHoMa-

paMmeTpuyeckoe cemeiicTBo npsiMbix. [1pupaBHuBas
HYN10 BTOPO# MHOXMHTENDb, GyaeM UMeETb

oTKy#a

Puc. 14
a
T=—.
2p?
a
Uckniouas p U3 aToro ypaBHEHHUS U U3 YPaBHEHUS Y = TP+ 5;, nonyuum y* = 2az —

3TO TOXE pelueHUe Hallero ypasHeHus (ocoboe peuieHue).

C reoMeTpH4eCKON TOUKH 3peHUsl Kpusas y2 = 2az ecTb orubaioluas cemeiicrea
npAMBbIX, AaBaembix o6wnM peweHuem (puc. 14). >

3anaun ANs CaMOCTORTENIbHOIO PeLUeHns

MponHTErpHpoBaTh CAEAYIOLLHE YPABHEHHUS:

220. y=12zy +Iny'. 221, y=z(1+y)+ @)
1

222, y=2zy +sin?y. 223. y=2(y)' - 5.
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3 )
224. y=Zay' + . 225, y=ay + ﬁ
226. y=1zy +(v')%. 227. z(y) -yy' -y +1=0.
228. y=zy +ay/T+ (7). 229, z = 5 + é)-,

230. Haitu kpuBylo, Kaxaas KacatenbHas K KOTOpoit obpasyeT ¢ ocsIMH KOOpAMHAT
TpeyronbHUK NocTossHHON nowaan S = 2a’.

231. Hailttu KpuBylo, AN KOTOPOI OTpe30OK KacaTeNbHOM, 3aKNIOUEHHbIR MexXay
KOOPAMHATHLIMHM OCSAIMH, UMEET MOCTOSHHYIO WTHHY a.

§ 9. YpasHeHue Pukkatu

OuddepeHunanbHoe ypaBHeHHe EPBOro NopsAaKa BUaa

dy

- T @)y +b(@)y +c(z) =0, (1
rae a(z), b(z), c(z) — n3BecTHble HYHKUNH, Ha3bIBaeTCs ypasHeHuem Puk-
kamu (0606weHHbIM). Ecnu xoabduumneHTsl a, b, ¢ B ypaBHeHuu Pukkatu
MOCTOsIHHbI, TO YpaBHEHHe LOMYCKAaeT pasfeieHHe MepeMeHHbIX, U Mbl Cpasy
nosy4aem oG MHTErpan

d
C] - = / —2#
ay’ +by+c
Kak nokasan Jlnysuans, ypasHeHue (1) B obluem cliyyae He HHTErpUpy-
eTcs B KBaaparypax.

CaovicTea ypasHenus Puxkatv. |. Ecau uszeecmuo kaxoe-nu6ydb wacmuoe
pewenue y\(z) ypasnenus (1), mo ezo0 obuee pewienue moxcem 6oimos NOAYHEHO
npu nomowu keadpamyp.

B camoMm zene, nonoxum

Yy =y(e) + 2(2), @
rae z(x) — HoBas Heu3BecTHas oyHKuus. [oacrasass (2) B (1), Haliaem
d dz
% +oot a(e) (¥} + 2912 + 2°) + b(z) (91 + 2) + ¢(z) = 0,

OTKYyZa, B CHJIY TOro uTo () ecTb pewieHue ypaBHeHus (1) noayyum

d
d_:: +a(2) (2912 + 2°) + b(z)z = 0,

Win

% tale)2? + ala)y, +b(a)z =0, (3)

YpaBHeHue (3) ABASETCH YaCTHLIM ciyyaeM ypaBHeHusi BepHymnu (cm. § 6).
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Mpumep 1. Pewutb ypasHeHue Pukkatu
yi_y2+2ezy=622+ez, (6)
3Has ero YacTHoe pewexue y; = e°.

Pewenne. Monoxum y = e® + z(z) u noacrasuM B ypaBHeHue (4); nonyuum
dz )

= =y
dz ’
oTKyAa
1 1
——=z-C, v z= .
z -z

TakuM o6pa3oM, obuuiee pelteHue ypasHeHus (4)

y=¢e"+ >

C-z’

3amevaHmne. Bmecto noncraHoBku (2) yacto 6biBaeT NPakTUYECKU Gonee Bbl-
rO4HOI NMOACTaHOBKA

I
= )+ ——
Y yl( ) u( z) )
KoTopasi Cpa3y NpuBoAUT ypaBHeHue Pukkaru (1) k nnHeiiHoMy
v — (2ay, +b)u = a.
2. Ecau useecmuvi dsa uacmuvix pewenus ypaeunenus (1), mo ezo obujuil
unmezpan Haxooumcsa ooxoii Keadpamypoi.

[ycTb M3BECTHBI ABa 4YacTHbIX peweHus ¥ (z) u y2(x) ypasHenus (1).
Mcnonb3ys ToT (akT, 4TO UMEET MECTO TOXIECTBO

% = —a(z)y; - b(z)y) — c(z),

npeacTaBuM ypasHenue (1) B BuIe

1 d(y—-w)
— = —a(z)(y + 1) — b(),
T (@)(y +w) - d(z)
HIHn d
-d;[ln y-nl=—a(@)(y+y)-bdz). %
J1nsi BTOPOTO 4aCTHOrO pelleHus Y,(Z) aHATOrMYHO HaXo4uM
d
Z:T:“" Y- 1] = —a(z)(y + v2) — b(2). (6)

Boiuntas U3 paBeHcTBa (5) paBeHcTBO (6), nony4yaem

% [m z:—z;] = a(z)(y: - 1),

OTKyla
y—:—gl- = Cef a(z)[y2(z) -1 (2)] dz‘ (7)
Y-
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Mpumep 2. YpasHeuue

dy m )
E=F—y, m = const
MMeeT YacTHble pelueHus
1 m 1 m
w=gto wIrTa

Haittu ero o6wuii uHTerpan.

Pewenune. Ucnonb3ys c¢opmyny (7), monydaem o6Luuii MHTErpan MCXoaHOTO
ypaBHEHMUs

zly—z-m

Y—4 _ Ce-—f(2m/zz)d.:’ oTkyaa ce¥™=. >

y—u ly—z+m

3apaun N CaMOCTOSITENbHOrO pPeLIeHns

MpouHTErpUpoOBaTh CAEAYIOLIME YPaBHEHUs PUKKATH, 3Had UX YaCTHbIE PELIEHHA:
232, ye T4yt —2ye* =1 -, y, =¢€°.

233. y +y* —2ysinz +sinlz —cosz =0, y, =sinz.

234. zy -y’ + Qz + )y =2 + 2:1:], Yy =z.

235. 2ty =zl + 2y + 1, y, =-c

236. Haiitu o6wuit vHTEerpan ypasHeHusi PUKKaTH, KOraa oTHOLUIEHNE KOahdHULUHEH-
TOB HE 3aBUCHUT OT Z, T.€. a(x) : b(z) : c(z) =m :n:p (m, n, p — NOCTOSAHHBIE).
237. [dokasatb, 4TO ypaBHeHMe PuKKaTu coxpaHsieT CBOM BWA npu No6om fpe-
06pa3oBaHUM He3aBUCHMOI nepeMeHHoil z = (t), rae p(t) — nobas HenpepbiBHO
Jlm:tzcbepe)uuupyemaﬂ oyHKuuMs, onpeneneHHas B unTepsane (&g, ¢,), npuuem ¢'(t) £ 0
Ha (o, t;).

§ 10. CocraBnenne anpdepeHunanbHbIX
ypaBHeHWiA CEeMEeNCTB JINHUA.
3apaum Ha TpaeKTopum

1°. CoctaBnewne puddepeHunanbHbiXx ypaBHeHWi ce-

MEWCTB NUHMNA. [ycTb JaHO ypaBHEHMWE OLHONAPaMETPUUECKOrO CeMeENi-
CTBa MJOCKHX KPHUBbIX

¥y =¢(z,a) (a — napamerp). (M
Hudodepenuupys (1) no z, Hailnem
Yy = pz(z, ). )

Mcxknioyas napametp a 13 (1) v (2), nonyyaem auddepeHUUanbHOE ypaBHEHHE
F(z,y,9) =0, ©)
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Bblpaxalolllee CBOCTBO, obllee BceM KpHBbIM ceMeiictBa (1). Ypasnenue (3)
Gyner ckoMbiM AuddepeHLMaNbHLIM YpaBHEHUEM ceMmeiicTsa (1).
Ecau onHomapameTpuueckoe CeMECTBO KPUBbIX OMpeaessieTcsi ypaBHe-
HUeM
&(z,9,0) =0,
To AuddepeHUHANIbHOE YpaBHEHUE ITOTO CEMENCTBA MONYYUM, WMCKIIOHast
napameTp @ U3 ypaBHeHUH

&(z,y,0) =0,
02 0% ,
S + 373/- =0.
[MycTb Tenepb MMeeM COOTHOLIEHHE
¢(37y$ a, ay, ... ’an) =0, (4)
rae ay, ay, ... , @, — NapameTpsl. AuddepeHunpys (4) n pas no z 1 uckioyas
napameTpsl @, ay, ..., @, U3 (4) ¥ NONY4YEHHbIX YpaBHEHU !, NPUXOAUM K CO-
OTHOLLIEHHIO B1AA
F(z,9,9,¢",...,3™) =0. (5)

370 auddepeHUMaNbHOE YpaBHEHHE 3a1aHHOIO 1-NapaMeTPU4EcKoro ceMeil-
cTBa JIMHUIL (4) B TOM cMbiche, 4TO (4) ecTb 06K HHTerpan ypaBHeHUs (5).

Mpumep 1. Haittn anddepeHumansHos ypasHeHue cemeiictsa runepbon

oy _
a2 1
Pewenve. Dnbdeperuupys 310 ypaBHeHHe MO T, NOyYaeM

2z z
- 2yy' =0, nm o= vy

2
z
YMHOXHUM 0be yacTu Ha z, Toraa o= zyy . MoncTasnas B ypaBHeHue cemeitcTsa

Haflnem zyy' -y = 1. >
Npumep 2. Haittv auddepeHUMansHOe YpaBHEHNE CEeMICTBa NMHWIA
y=a(l —e*"®), roe a — napametp.

Pewerue. NuddepeHunpyeM obe 4acTH ypaBHEHHs MO T:

y =l
W3 Boipaxenus ans y' HaxoauM a = _%y" M, NOOCTAB/ASA 3TO BbIPAXEHNE 1A a
B ypaBHEHHUE ceMeilcTBa IMHUIA, noayunMm
y=-]—nf;7(l—y’), wim yiny +2(1-y)=0. >

Npumep 3. CocrasuTh avddepeHUManHoe ypaBHeHWe CeMencTsa nps-
MbIX, OTCTOSWMX OT Hayana KooOpAVHAT Ha PacCTORHWe, PaBHO® eanHuue.
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PeweHue. Byaem ncxoautbh N3 HOPMANbHOIO ypaBHEHHUs NPAMOM

zrcosa +ysina—1=0, 6)
rae a — napamerp.
Ouddepenunpys (6) no x, HaitzeM cosa + y'sina = 0, oTkyaa §' = —ctga,
cnegoBatenbHo,
1 v

cosa = —

sina = \/T—Ty'ﬁ’ —m.

Moxcrasus sin a u cos a B (6), noayunum

_3’yl Yy ’
—_— et ————==1=0, wwm y=zy ++/1+ ()% >
(Ex Ty o ) y=zy +4/1+(y)

3apaun gna CamMOCTOSTENIbHOro peweHunna

CocTaBuTh AU dEPEHUNATbHBIE YPABHEHHUSA CAEAYIOLLMX CeMeHCTB NUHM:

238. y= %. 239, z? -y’ =az. 240. y = ae®/*,

241, y=Cz-C-C?. 242, y=¢€*(az +b). 243. y*=2Cz + C~.
244, y=az’ +bz+c. 245. y=Ciz + %— +Cy. 246. (z—a)’+(y-b)’=1.
247, y=Ce*+ Cie™*. 248, y=asin(z + a).

2°. 3apaum Ha TpaeKkTopuM. lMycTb naHO ceMeliCTBO MIOCKHMX
KPHUBBIX

‘I?(:B, Y a) =0, (7)

3aBMCsillee OT OAHOro napaMeTpa a.

Kpusas, o6pasyiouas B Kaxaoil cBoelt Touke MOCTOAHHbIR yron & ¢ npo-

xoasuwel yepes 3Ty TOUKY KpuBOit ceMeiicTBa (7), Ha3biBaeTCA U3020HAAbHOU
T

mpaexmopueii 3TOro ceMeiicTpa; eciu, B YaCTHOCTH, a = 5, TO — opmoeo-

HanbHoll mpaexmopuei.
Cuurtas cemeitcTBo (7) 3a1aHHbIM, GyAeM pa3biCKMBATh €ro U30TOHA/IbHbIE
TPaeKTOPUH,

A. OproroHansHeie TpaekTopuu. CoctaBaseM anddepeHunaibHoe ypan-
HeHue JaHHOTO ceMeicTBa KpuBbIX (cM. M. 1°). MycTb oHO MMeeT BUA

F(z,y,9) =0.

NuddepeHunanbHoe ypaBHeHHE OPTOTOHANBHbBIX TPaeKTOPHUI UMeeT BUL

1
F(m,y, _57) =0.
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O6wunit WHTErpaj 3Toro ypaBHeHus
(DI (2:, Y, C) =0

JlaeT CeMeCTBO OPTOrOHANbHBIX TPAEKTOPHIA.
[lycTb ceMEHCTBO MIOCKMX KPUBLIX 3a0aHO ypaBHEHHWEM B MOJAPHBIX

KoopAKHaTax
®(p,p,a) =0, (8)
2%
rie a — napamerp. Mckiloyas napamerp a u3 (8) u 30 = 0, nonyyaeM
anddepeHunansHoe ypaBHenue cemeiictsa (8): F(p, ¢, p') = 0. 3amenss
2

B HeM p' Ha —=, nony4yaeM auddepeHUNaNbHOE YPAaBHEHME CEMENICTBa
P

2
p
F(py P, _7) =0.

B. U3oroHansHbie Tpaektopuun. [MycTh TpaeKTOpuM MepecekaloT KpUBbLIE
JAaHHOrO CEMeCTBa Mo YIJIOM ¢, MpuueM tg a = k. MOXHO nokasarb, 4TO
andbepeHLIMATbHOE YpPaBHEHHE W30TOHANRHBIX TPAEKTOPUI UMEET BU

F u =0
m)y’l_'_ky, - Y

Mpumep 4. HaitTu OpTOroHanbHbIE TPAEKTOPUN CEMENCTBA IMHUIA Y = Kx.

OPTOroHaIbLHbIX TPAEKTOPHi

Pewenune. CemeiicTBo aunuit y = kx co-
CTOMT M3 MPSAMBIX, NPOXOASLIMX Yepe3 Hauano
KoopauHart. [na HaxoxaeHusa auddepeHuUanb-
HOTO ypaBHEHUsl laHHOro cemeiictBa audde-
peHuupyem no T obe 4acTu ypaBHeHUst y = k.
Wmeem y' = k. Uckiiouas napametp k u3 cu-
CTeMbl YpaBHEHMit

y = ke,
y =k,

6yaeM umeTb auddepeHManibHOe ypaBHEHUE ce-

MeiicTBa oy’ = y. 3aMensis B HeM y' Ha ——, no-
Y

ny4aeM andobepeHuMaibHOe ypaBHEHUE OPTOrO-
HaJIbHBIX TPAEeKTOPHiA —; =y,umnyy+z=0.

[MonyyeHHoe ypaBHEHUE SIBASIETCS YpaBHEHUEM
C pasfensiiolMMHUCS NEepeMEeHHbIMU; WHTErpu-
pys ero, HalineM ypaBHEHUE OPTOTOHAIbHbIX TPaeKTOpHi ot + y2 =C (C 20).
OpTOroHaibHbIMU TPAEKTOPUSIMU SIBASIIOTCA OKPYXHOCTU C LIEHTPOM B Hayaje Koop-
auHat (puc. 15). >

Mpumep 5. Haiitu ypasHeHWe cemelicTBa NUHWUIA, OPTOroHanbHLIX K ce-
meiictey z° + ¥~ = 2az.
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Pewenne. lannoe ceMeicTBO NUHMIT TpeacTaBiseT coGOi CeMeiCTBO OKpyX-
HOCTeM, UEHTPbI KOTOPbIX HaxoAsATcs Ha ocu O M KoTopbie Kacalorcs ocu Oy.

JduddepeHuupys no = obe yacTM ypaBHEHUs JAHHOTO CeMEiCTBa, Haiiaem
z + yy = a. Uckiioyas napametp a M3 ypaBHeHMit 22+ y2 =2az, z+yy = a,
nonyyaem audoepeHunanbHoe ypaBHeHUE AAHHOTO ceMelcTBa z? - y2 +2zyy’ = 0.
JNunddepeHunanbHoe ypaBHEHHE OPTOTOHAIBHBIX TPAEKTOPUIA €CTb

1 2zy
22 — " 7 _
T -y +2my(—-;—,>—0, nnn y—zz_yz.
DTO ypaBHEHUE SIRNSETCA OQHOPONHBIM. MHTerpupys ero, -Haiinem z° + y* = Cy.
WHTerpanbHble KpHBbIE SIBSIOTCS OKPYXHOCTSMM, LUEHTPbI KOTODBIX PAacloNOXeHb
Ha ocu Oy u KoTopbie kacaiotcsi ocn Oz (puc. 16). >

I'Ipuueg 6. Halitu oprtoroHanbHble TpaekTopuu cemeicTea napabon
y=azx".

Pewenune. Cocrasnsem auddepeHunans- Y
HOe ypaBHeHMe ceMeiictBa mapabosn. [ns atoro
andoepeHunpyem obe 4acTH JaHHOTO ypaBHEHUs

no z: y' = 2azx. Wcknoyast napameTp a, HaitaeM
’

2
LA -,y = Y _ auddepeHLManbHoe
y =z z
ypaBHEHMe JaHHOTO CeMeitcTBa. 3aMeHss B ypas- T

1
HeHuu y' Ha ——, nonyuum auddepeHumnansHoe
Y

ypaBHEHWE OPTOrOHANbHBIX TPAEKTOPHIA

1 2 d; z
—=2 o E=

Y z dz - E . Puc. 17



58 [nasa |. QudpepeHumansHele ypasHeHns nepsoro nopsaka

2 Al
x T
Wurerpupys, Hailnem y2 = -7 +C unu T +g,12 = C, C > 0. OproroHa/lbHbIM
ceMeicTBOM ABJISIETCA cemelcTBo 3mnncoB (puc. 17). >
MNpumep 7. p2 = a cos 2. HaiiTu opToroHansHLle TpaekTopun cemeincTea
NnemMHuckar

PeweHne. Umeem

PP =acos2p, pp =—asin2ep.

Ucknouas napamerp a, nonyyum anc-
depeHunanbHoe ypaBHeHHE JaHHOTO CeMeii-
CTBa KPUBbIX

o =—ptg2p.
2
3ameHss p’ Ha -27, HaitneM nuddepenun-

1)
N
*‘K\‘Z//fl@:

N

\Z AT T

anbHOEe ypaBHEHWE ceMelCcTBa OpTOroHa/b- “;_‘574// \\3%!
HBIX TPaeKTOpUN ' 11;4‘\\\\ ’

j l""\\

- = True
dp

oTKyna —; ctg 2¢ dp. UHTErpupys, Haxoaum
YPaBHEHHE OPTOTOHaNbHbIX TPaeKTOPHiA Puc. 18

p2 = C'sin 2p.
OpToroHanbHbIMU TPAEKTOPUSIMU CeMERCTBA NEMHUCKAT SABASIOTCS JIEMHUCKATLI, OCb
CHMMETPHUU KOTOPbIX 06pasyloT ¢ NOAsPHOI ocbio yron +45° (puc. 18). >

3apaun ANs CaMOCTOATEJIbHOro peweHnsa

Haiit opToroHanbHble TPaeKTOPUM LIS NaHHBIX CEMEHCTB KPUBBLIX:

249. y’ +2az =0, 250. y = az", 251. y=ae’,
a>0. a — rnapamerp. o = const.
I
252, cosy =ae™®. 253, ' + Eyz =a’. 254, z? -y’ =a’.
1
255. z* +y* = a". 256. 2% +y’ =2ay. 257. =’ - 3y’ =a’.

258. p=a(l +cosyp). 259. y’ =4(z —a).

§ 11. Ocobbie pelueHus
AnddepeHunanbHbIX ypaBHEeHUIA
Pewenne y = p(zr) andodepeHunansHoOro ypaBHeHUs

!
F(z,y,4)=0 (1)
Ha3blBaeTcs OCO6bIM, €CJIu B Ka)K.ﬂ.Oﬁ €ro Toyke Hapyllaetcs cBoficTBO €OUH-
CTBEHHOCTH, T. €. €CJIN Yepe3 KaXay!lo €ro ToOUKky (a:o, yo) KpOME 3TOro peuieHus
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NpOXOAUT U APYroe pelleHne, uMelollee B TouKe (g, ¥o) TY XKe KacaTenbHylo,

YTO U peuleHHe Yy = p(z), HO He coBMajaiollee C HUM B CKOJb YTOAHO Maioit

oKpecTHOCTU (g, ¥o). [Padnk ocoboro pelueHus GyaeM Ha3blBaTb 0coboil uH-

mezpanvioii kpugoli ypasnenust (1). Ecan dyHkumus F(z,y,y') u ee yacTHbie
oF OF

MPOU3BOLAHbIE a_y 7] 8_y’ HenpepbiBHLI N0 BCEM apryMeHTam z, ¥, y', TO
nio6oe ocoboe peuieHne ypaBHeHus (1) yaoBneTBOPAET TakKe ypaBHEHUIO
OF(z,y,y
( ) y’ y ) — 0‘ (2)
oy

3HayuT, 4To6bI OTHICKATb Ocobule pelienus (1), Hago uckmounTs ' U3 ypas-
HeHuit (1) u (2).

MonyueHHoe nocne uckitouenns y' us (1) u (2) ypasHeHue

P(z,y) =0 ()

Ha3sbiBaeTcs p-duckpumunanmom ypaenenus (1), a Kpusas, onpeaensiemas
ypaBHeHueM (3), Ha3biBaeTcs p-duckpumunanmuoil kpusoli (koportko MAK).

Yacrto 6biBaet Tak, uto [MIK pacnadaemcs na neckonvko eemeeii. Torna
HYXHO YCTaHOBUTb, SIBJSIETCA JIM KaxJas B OTOEJNbHOCTH BETBb PELUEHUEM
ypaBHeHus (1), u ecau siBnsieTcs, To GyAeT 1M OHO OCOGLIM peElLeHHEM, T. €.
HapyLlaeTcsl I eIMHCTBEHHOCTb B KaX[0ii ero TOuKe.

Mpumep 1. Haiitn ocobele peweHus aubdepeHUnansHOro ypasHeH s
oy +(¥) -y =0. (4)

Peuwenune.,
a) HaxoauM p-aMCKPUMHMHAHTHYIO KpHBYIO. B naHHOM cayuae

F(z,y,y) =y + () - v,
u ycnosue (2) NpUHUMAET BUA

8F
— =742 =0,

oy
z
orciona y' = -3 Moactaenss 310 BhipaxeHue 11 y' B ypaBHeHue (4), nonyyaem
2
z
=——. 5
y=-7 )

Kpusas (5) ecTb p-AMCKPUMHUHAHTHas KPUBas ypaBHeHUA (4): OHa COCTOMT W3 OLHON
BeTBM — rnapabosbl.

6) MMposepsiem, siBASETCS AN P-AUCKPUMHUHAHTHAs KPHUBas peLieHHeM 3a1aHHOro

z
ypasHenusi. Moacraensas (5) u ee npoussoaHyio B (4), yGexnaemcs, 4to y = - e

pelueHue ypaBHeHus (4).

8) MposepsieM, aBaseTca au peleHue (5) ocobbiM peweHneM ypasHeHus (4). Las
aToro HailneM obluee pelwenue ypasHerusa (4). Mepenuwem (4) B Bune y = zy' + (y')%.
3Ato ypasHeHue Knepo. Ero obuiee peluenue

y=Cz+C. (6)
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BeinuiieM ycnosue KacaHWs ABYX KPUBBIX Y = y(x) u y
c abcuunccort = = xy:

y2(z) B ToOuke

vi(zo) = ya(xo), yi(20) = Y2(o). (7)

IMepBoe paBeHCTBO BbipaxaeT COBMaieHUe OPAUHAT y
KPMBLIX, @ BTOPOE BbipaXaeT COBMaAEHUE YrN0BbIX
KO3(pGHUMEHTOB KacaTeNbHbIX K 3TUM KPUBbLIM
B TOuYKe ¢ abcuuccoht = = xy. 3

Nonaraa y,(z) = —%, ya(z) = Cz + C2,

HaxoauM, 4To yciosus (7) NpUHUMAIOT BUA 1

C=0
2 2

Z T
—T°=Czo+Cz, -53=C ¥ 0

o N
MNoacrasnsas C = = B MEPBOE U3 PaBeHCTB @®), ¢ N
nonyyaem

2 2 2 2 2
Ty Ty To Ty Ty
=-24+2 um -2=-2 2

4 2 4 4 4’ d

To
T.e. npu C = -3 nepBoe PaBEHCTBO BbINOJ-
HAETCS TOXAECTBEHHO, TaK KaK Ty ecTb abcuucca Puc. 19
MPOU3BONBHON TOUKH.

Utak, B Kaxnoil Toyke KpuBoil (5) ee kacaercs HekoTopas Opyras KpuBas

o Zo z
cemencrsa (6), a MMeHHO Ta, Wis Kotopoit C = -5 3Hauut, y = — e oco6oe
peleHue ypasHeHus (4).

r) Teomerpuyeckoe UCTOIKOBaHHE.
O6uiee pewieHre ypaBHeHus (4) ecTh cemeiicTBo npsambix (6), a ocoGoe petue-
Hue (5) apasierca orubatolueit atoro ceMeiictsa npambix (puc. 19). >

Ozubaroueli cemeiicmea Kpuewix
o(z,y,C) =0 )

Ha3biBaeTcsl Takasi KpuBasi, KOTopast B Kax[0il CBOeil TOuKe KacaeTcsi HEKOTO-
poit KpuBoii cemeiictaa (9) 1 Kaxaoro orpeska KOTopoit kacaeTcs 6ecKoHeuHoe
MHOXECTBO KpUBBIX U3 (9) 3,

Ecnu (9) ecTb 061unii uHTerpan ypasHenus (1), To ornbaioiuas ceMeicTsa
KpuBbix (9), eciiy oHa cylecTByeT, 6yaeT oco6oit MHTerpalhHOI KPUBOIi 3TOTO
ypaBHeHUs1. B caMoM ziente, B TouKax orubaroleii 3HauyeHus ¢, ¥, ¥’ cosnanaiot
CO 3HAYEHUAMHU Z, ¥, y' U1 UHTErpajibHOM KpUBOi, Kacatouieics orubatouuei
B To4ke (Z,y), ¥, clefoBaTe/lbHO, B KaXa0i Touke ornbalolleil 3HaYeHUs ,
y, ¥’ yooBneTsopsiioT ypaBHeHuto F(z,y,y') = 0, 1.e. ornbaiouias sisisieTcs
WHTETrpajibHOW KpUBOI¥A.

3) ByaeM rosoputh, uta kpuBbie I'y v I’y Kacaiorcs B Touke Mp, €CM OHU MMEIOT B 3TOi
TOuKe OOLLYIO KacaTeNbHYIO.
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Hanee, B Kaxnoi Touke orubatowieit HapyleHa eAMHCTBEHHOCTb, Tak KakK
yepe3 TOYKM Orubalolleil Mo OAHOMY HamnpaBJ€HUIO NMPOXOAUT MO KpailHei
Mepe [Be MHTerpajlbHble KpuBble: caMa orubalollias ¥ Kacalowllascs ee B pac-
CMaTpUBaeMoi TOYKe WHTerpaibHas Kpusas cemeiictna (9). CienosaresbHo,
orubarouias sBaseTcss 0co60i MHTErpabHOI KPUBOIA.

M3 kypca MaTtemaTuyeckoro aHaiau3a M3BeCTHO, 4yTo orubaioliasi BXo-
IUT B cocTaB C-AMCKpUMUHaHTHOI Kpusoit (kopotko CIK), onpenensemoii
CUCTEMOI ypaBHEHUH

Q(:z) y’ C) = 07
8%(z,y,C) _ 0 (10)
acC o

Hekotopas serBb C/1K 3aBemomo 6yaeT orubaiowueii, ecii Ha Hei:
1) CylecTBYIOT OFpaHUUYEHHbBIE MO MOMYIO YaCTHbIE MPOU3BOAHBIE

0P e
FYS B y o S N7 11
oz 8y (1)
rae M u N — NOCTOsIHHbIE;
2)
o0 0o
8_:1: ?5 0 wumm % ?‘-‘ 0. (]2)

3ameyanme. Ycnosus 1) n 2) anwb gocraTouHbl, a noromy setsu CIK,
Ha KOTODBIX HapyLIEHO OJHO W3 3THX YC/IOBHA, TOXE MOTYT GbITh OrHGAIOLUUMH.

NMpumep 2. Haitu ocobbie pelweHus aubdepeHLUansHoro ypasHeHus
z(y) - 2yy +42=0, z>0, (13)
3Has ero obLwiA uHTerpan
> =C(y-C). (14)

Petwenne.
a) Haxoanum C-IuCKpMMHHaHTHYIO KpuBylo. MMeeM

&(z,y,C) =C(y - C) - 2,

TaK 4To 0d
—=y-2C
ac =Y )
orciona C = % Moncrasnsst 310 3HaueHue C B (14), nonyyaem
L
2=4(y-2),
OTKyZa

(y—22)(y+22) =0, wm y=2z. (15)
370 ¥ ecTh C-ANCKPUMHHAHTHAS KPHUBAs: OHA COCTOMT M3 ABYX MpPAMbIX Y = 2z
My=-2z.
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6) HenocpeacTeeHHoO noacTaHoBKOi y6exaaemes, uto kaxaaa u3 perseit CAK
ABASETCH pewleHueM ypaBHeHus (13).

B) Jlokaxem, 4To Kaxzoe u3 peweHu#t (15) asnsetcs ocobbiM pelieHUEM ypaB-
Henus (13). B camom aeite, Tak Kak

&% 8%
- =6
TO Ha Kaxno# seTsn CAK umeem
9%
i |-2z| <2

(npeanonaraeM, uto peweHue y(z) ypasHeHus (13) paccmaTpuBaeTcsi Ha OTPE3KeE
0 <a S T S b)’
8%

oy
rae G — obnacTb AONYCTUMbIX 3HayeHuit C.

=|C| < N; 3pece N =max|C|,
Ccec

3aMeTuM, 4TO Ha awoboit u3 setseit CAK B = =2z # 0 B obsacTn z > 0, TaKk

YTO BbINONHAETCA OAHO u3 yciosuit (12). 3Hauurt, yenosus (11) u (12) seinonHsioTes,
a cnenosatenbHo npsimble (15) siBasiiotcst orubaownmm napa6on (14).
Wrak, ycTaHOBNEHO, 4TO Kaxaoe W3 peweHuit (15) ecTh 0co6oe peleHUe. >

B BOMpocax OTbiICKaHHUsA 0ocobbIx pelleHHit 0Ka3biBaloTCs MOJNE3HbIMU
caenyromne CUMBOINYECKUE CXEMBIL

NAK=0-3-M* =0, (16)
CoK=0-y2.3 =0 (17)

Cxema (16) o3Hayaer, YTO ypaBHeHWEe P-IUCKPUMMHAHTHON KpUBOW
MOXET pacrnaiaThCsl Ha TPY ypaBHEHUs:

1) O =0 — ypaBHeHue orubaioen;

2) 3 = 0 — ypaBHeHMe TE€OMETPUYECKOrO MECTa TOYEK 3A0CTPEHMUS
(so3Bpara);

3) M =0 — ypaBHeHue reOMETPUYECKOrO MeCTa TOUeK MPUKOCHOBEHUSA
WHTErpaibHbIX NUHUi, npuyem MHOXuTeNb I1 Bxoaut B [AK B KBanparte.

Cxema (17) o3Hayaer, yto ypaBHeHue C-AMCKPUMMHAHTHON KpMBOW
MOXET pacnanaatbcsi Ha TpU ypaBHEHHUS:

1) O =0 — ypaBHeHue orubaoueit;

2) Y =0 — ypaBHeHUWEe reOMETPUUECKOTO MECTa y3/I0BbIX TOYEK, MPUYEM
MHoxuTesab Y Bxoaut ¢ CIK B kBaapare;

3) 3 = 0 — ypaBHeHHe T€OMETPUYECKOTO MECTa TOYEK 3aOCTPEHMA,
npuueM MHoxuTeab 3 Bxoaut B CI1K B kyGe.

He o6s3atenbHo, yToObl AN Kaxaoi 3agayu Bce cocTaBHbie yactu 10K
u COK durypuposaau B cootHowenusx (16) u (17).

W3 Bcex reoMeTpuyeCKMX MECT TOJIbKO orubaloLias ecTb ocoboe peleHne
anddepeHunanbHoro ypasHeHus. OTbickaHue orubalollieil yrnpoluaercs tem,
yTo B cxeMbl (16) 1 (17) oHa BXOAMT B NepBoOit CTENEHH.
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B oTHOLWEHWH APYrHX reOMETPUYECKMX MECT (TOUYEK 3a0CTPEeHHs1, Y30BbIX
TOUeK 1 TOYEK MPUKOCHOBEH W) TpeByeTCs A0MONHUTENbHbIA aHANU3 B KaXIAOM
KOHKpeTHOM cilyyae. To 06CTOsATENCTBO, YTO HEKOTOPbIH MHOXWUTENb BXOAUT
B MAOK B ksanpare (1 coBcem He BxoauT B CI1K) ykasbisaer Ha To, YTO 34€Chb
MOXET OblTb reOMETPUYECKOE MECTO TOYEK NMPUKOCHOBEHHS WHTErpajibHbIX
NMHUIA. AHaNOrMYHO, eciii HeKoTopbli MHOXUTeNb BxoauT B C1K B kBaapare
(v coBcem He Bxoaut B [JK), To 30ech MoxeT GbiTb FEOMETPHUUECKOE MECTO
y3noBbixX ToueK, HakoHel, ecau MHOXHUTeNb BxoauT B 11K B nepBoti crenenu,
a B CIK — B TpeTbeit, TO BO3MOXHO HalMuMe reoMeTPUUYECKOro MecTa Touek
3a0CTpeHUA.

Mpumep 3. Haiitn ocoboe pewerne anddepeHUNancHOro ypaBHeHUs
(' +2) - 2(y')* = 0. (18)
Pewenue. Ocoboe peuieHue, eCii OHO CYLLECTBYET, ORPEAENIETCS CUCTEMOI

2y(y' +2) - 2(y')’ =0,
2y -2zy =0,

(19)

rae Bropoe ypasHeHue (19) nonydyeno u3 (18) anddeperumuposaHuem ero no y'.
Wckiouus y', NONyuuM p-IUCKPUMUHAHTHYIO KPUBYIO

y' +4zy =0,
KOTOpasi pacnajsaeTcsi Ha JBe BETBH

y=0, (20)
y = —4z. Q(fzf)
MoacraHoBkoit y6exaaemcs, 4to 06e hyHKLUMM SIBASIOTCS pelueHusiMu ypasHerus (18).

Yr106bl yCTaHOBHUTD, ABASIIOTCSA K pewienus (20) v (21) ocoB6bIMH UK HET, Halnem
orubaroutyto cemeicTaa

Cy-(C-2) =0, (22)

asnstowerocs: o6wmMM UHTerpanom ais (18).
Boinuiem cucremy ana onpenenenusi C-AMCKPUMHHAHTHOM KpUBOit

Cy-(C—z)2=0,
y—2(C-z)=0,
oTKyaa, uckiatoyas C, nonyyaem
Yy +4zy=0, wm y=0 u y=-—dz,

uyTo coBnanaet ¢ (20) u (21). B cuny Toro, 4to Ha iuHUAX (20) u (21) ycnosus (11) u (12)

BbIMOMHAIOTCA, 3aK1I04aeM, YTO NUHUU ¥y = 0 U y = —4z aBadloTCA OrMGaIOLIMMHU,
a 3HaunT (20) 1 (21) ecTb Ocobble pellieHNs 3a1aHHOTO yPaBHEHMUS].
(€ -a)

Wurerpanbhbie kpusbie (22) cyth napabonb y = , @ nHuu y = 0,

y = -4z — orubalouine 3toro cemeincrea napaéon (puc. 20). >
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y
Y
0 z 0 T
Puc. 20 Puc. 21

Rpumep 4. Haiitn ocobolie pelerus gudpdepeHuMansHOro ypaBHeHUs

(¥') = 42’. (23)
Pewetye. Aunddepenunpyem (23) no y':
2y’ = 0. (24)

Uckmiouan y' u3 (23) u (24), nonyuum z? = 0. JUCKPUMHHAHTHAsA KpuBas €CTh
ocb opayHar. OHa He ABIAETCSl UHTErPATLHON KPUBOH ypasHeHus (23), HO cornacHo
cxeme (16) MOXET GbITb reOMETpU4ECKMM MECTOM TOYEK MPUKOCHOBEH sl MHTETPaNbHbIX
KPHBbIX.

Pewenusmu ypaBHenus (23) sansiorcs napaGosbl

y=a:2+C, y=—z2+C

¥ Te ralkue KpUBble, KOTOPbIE MOXHO COCTaBUTh M3 MX 4acTeii (puc.21).
M3 yeprexa BUAHO, YTO npsMag ¥ = 0 NEHCTBUTEJIBHO €CTb FEOMETPUUYECKOE
MECTO TOUEK MPUKOCHOBEHHS UHTErPaNbHbIX KPHUBbIX ypaBHEHHs (23). >

Mpumep 5. Haittn ocobule pewerns auddepeHLnansLHoOro ypasHeHus

¥)’(2-3y)’ =4(1 - y). (25)
Pewerue. Haiinem MOK. Uckniouas y' U3 cuctemsl ypaBHEHHK
(¥)'(2-3y)" - 4(1 - y) =0,
¥(2-3y)’ =0,

nosyyaem

(2-3y)’(1-y)=0. (26)
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TpeoGpa3sosas ypasHenue (25) K suay
dz _ + 2-3y
dy T 2/T-y
HaxoaMm ero obuiuii HHTerpan
v'(1-y)=(z-C).
Haiinem CIAK. Uckniouass C 13 cucteMbl ypaBHEHMIA
{yzu -y)-(z-C)' =0,
2z - C) =0,
6yneM UMeTb
y'(1-y) =0.
WTak, u3 (26) u (27) umeem
NAK = (1-y)2-3y)* =0,
CAK = (1 —y)y* = 0.

(27)

MuoxuTtens | —y BXOAUT B p-AMCKPUMUHAHT U B C-AUCKPUMHHAHT B NEPBOii
creneHu W Raet orubawoutyio, T.e. pyHkuus y = 1 ecTb ocoGoe peweHue audde-
peHunanbHOro ypaBHeHus (25). HenocpeacTBeHHo# NOACTAaHOBKOM y6exaaeMcs, uTo

y = | NeACTBUTENBHO YNOBIETBOPAET YPABHEHHUIO.

Ypasuenue 2 — 3y = 0, Bxoasulee BO BTOPOii CTENeHW B P-AUCKPUMHHAHT
1 coBceM He Bxoasiuiee B C-IMCKDUMMHAHT, AT MECTO TOYEK NPHUKOCcHOBeHUs (IT2).
HakoHeu, ypaBHeHue y = 0, Bxoasuwee B C-AMCKPUMHUHAHT BO BTOPOIi
CTEMEHM W COBCEM HE BXOAslUEE B P-AMCKPUMMHAHT, NAET MECTQ YIIOBBIX TO-

yek (Y?) (puc.22).

1 Ozubarowas

Mecmo movexk
NpuKocHoBeHuA

wIN

Mecmo y3n08bix

\(\ mover g

N

Puc. 22

>

Mpumep 6. Haiitn ocobble pewweHus anddepeHUnanbHoro ypaBHeEHUs

_ ! 2 12
3y =2zy z(y)~

Pewenue.

(28)

a) Wwem p-AucKpuMHUHaHTHYIO Kpusylo. Juddepenunpys (28) no y', nonyyaem

4
0=2z-—y,
z
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oTKyJa
2
y' = 7. (29)
Moxcrasnsas (29) B (28), Haitnem ypasHenue MAK:
NiK =6y -z’ =0. (30)
Y 6) Wwem obwmit uHTerpan ypasHenus (28).
O603Hauus y' uepes p, nepenuwem (28) B BuIe
3y=2zp- %pz. (31)
HuddepeHunpys obe yactu (28) no z u yuuTbisas,
0 Tz 4To Y =p, Gynem nmetp

pz’ - 2p* = (22" - 4pz)d—£,

oTKyaa
dp

2 _ -2\ _o.

(z* -2p) (p 2z dz) 0
Puc. 23 [MpupaBHUBas HyNI0 NepBbIt MHOXUTENb z’-2p =0,

dp

nonyyaem (29), a CooTHoOLEHHE p — 223 =0 naer
Cz=p. (32)

ch.rzloq)an napameTp p u3 ypasHeHuit (31) u (32), Hallaem obluee pelieHHe ypaBHe-
Hua (28):

(3y +2C)* = 4c2’. (33)

8) Haxoaum C-ZucKpUMHHaHTHYIO KpuBylo. Juddepenunpys (33) no C, 6yaem
MMeTb

20 =2’ -3y (34)

Moxcrasnas (34) s (33), nonyyaem ypasHenue CIAK:
CIK = (6y - 2°)z* = 0.

CornacHo cumBoauyeckum cxemam (16) u (17) sakniovaeM, uto 6y — z° = 0 ecs

orubaloluas ceMeiicTBa noayky6uueckux napa6on (33), a £ = 0 ectb reomeTpuyeckoe

MECTO ToueK 320cTpeHMs (MHOXUTENb = BXoauT B ypaHeHue CAK B ky6e) (puc. 23).
3

z

MoxacranosKoit B ypaBHeHUe (28) yGexaaemcs, YTO y = — €CTb pelueHue, a ¢ = 0 pe-

wexHueM He apasercs (npu = = 0 ypaBHeHue (28) He umeer cmbicna). Takum o6pa3o,
3

z
pelwenne Y = = ecTb ocoboe (orubaiowas ceMeHCTBa MHTErPANbHBIX TUHHIH). >

3anaum AN CaMOCTOATENbHOrO PeLIeHUs

B cnenyloLux NpUMepax HaiTH 0COGHIE PELICHHUS, EC/M OHU CYILIECTBYIOT:
260. (1+(y')%)y* - dyy — 4z =0. 261. (y')*-4y=0.
262. (y')’ - 4zyy +8y* =0. 263. (y)’-y*=0.
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264. y = {/17 +a. lpu xakoM 3Ha4eHUU NapaMeTpa a 3TO ypaBHEHHe UMeeT ocoboe
pelieHue?
265. (zy' +y)* +3z°(zy - 2y) =0. 266. y(y-2zy)* =2y'.
267. 8(y)’ - 12(y)* = 27(y - z). 268. (y -1 =y
C nomouublo C-IUCKPUMUHAHTA HaTU ocoGble pelleHns auddepeHUunanbHbIX ypaB-
HeHuM nepsoro nopsaaxa, 3Has UX o6LIME UHTErpabl.

2 2
269. y= () -2y’ + 5, y=Ca+C+ <.
270. (zy' +y)* =y%, y(C - z) = C~.
271, ()’ +y* =1, (e-C) + ¢ =1.

272. (y) -yy' +e¥=0,y=Ce + é
273. 3z(y)? -6yy +2y=0, 2* + C(z - 3y) +C* =0.
274. y==zy + \/a¥(y)? + %, y = Cz + ValCT + 2.

§ 12. PasHblie 3apauu

TpouHTerpupoBaTh CleayioLm1e ypaBHEeHUS:
275. y =(z-y)* +1.
276. zsinz -y + (sinz — zcosz)y =sinzcosz — 2.
277. -g—g +ycosz=y"sin2z, n#1.
278. (2° - 3zy?) dz + (y* - 32%y) dy = 0.
279. (Szy - 4y’ - 62%) dz + (y* — 8zy + 2,52%) dy = 0.
280. (3zy® - 2?) dz + (3z’y — 6y* - 1) dy = 0.
281. (y-zy’Inz)dz+2zdy =0, p=p(zy).
282, (Z:zye"2 —zsinz)dz + e dy=0.
1

-
283. y' = prmr R
284, 2+ zy =3z +y.
285. zyy -y ==z,
286, ——2

- %

-zy+y’ W -zy

287. (22 1)y — 2y = L%

288. (z-y+3)dz+(3z+y+1)dy=0.
289. y’+cosz+y =cos£—§—.

290. y'(3z? - 2z) — y(6z - 2) = 0.

291, zyly' -y = %z‘.

202. (1+eMY) dz +¢=/v(1 - 3) dy=0, gl = 1.
203, (z* +y*) dz —zydy =0.
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294. (z-y+2)dr+(z—y+3)dy=0.

295. (zy’ +y)dz —zdy =0.

296. (2’ +y’ +2z)dz +2ydy =0.

297. (z- 1)y’ —y+1)dz = (y+ 1)(z? + = + 1) dy.
298. (z-2zy-y)y +y> =0.

299. ycoszdz + (2y —sinz)dy = 0.

300. y' — 1 =™,

301. 2(z’ + 22’y — y’z) dz + (y* + 22’y — =*) dy = 0.
302. zly"y =2zy —y, n# 2.

303. [3(z+y) +a’ly =4(z +y) + b°.

304. (z-y?)dz +2zydy = 0.

305. zy' +y = y2 Inz, yl- = 5
306. sin (Inz) dz — cos (Iny) dy = 0.

9y* — 6y +2
! — [ A —
07 v =\ s

308. (5z—Ty+1)dy+(z+y—1)dz=0.
309. (z+y+1)dz+(2z+2y—1)dy=0, yl,= = 2.
310. y’dz +2(z’ — zy*) dy = 0.

2
311. ylzz(y—“-)
z+y-—1

312. [oka3saTb, 4TO KpHBas, CUMMETpPU4Has OTHocuTenbHo ueHTpa O(0,0) uHTe-
rpanbHOM KpUBOW ypaBHEHHUS 43:2(3/)2 - y2 = :z:y"4 , TakxXe 6yner HHTerpanbHO* KpUBOiA
3TOr0 YpaBHEHHS.

313. Haiiti nHTerpanbHbie NMMHUK 1uddepeHunanbHoro ypapHeus y' +z(y’):—y=0,
SIBSLIOLLMECST MPSAMbBIMH.

314. Haiitn KpuBylo, 3Has, YTO MAOWIANb, 3aKJIOYEHHAs! MEXIY OCSMH KOOpAWHAT
3TOi KpWBOM ¥ OpAHHATOI J11000I TOUKM Ha Hel, paBHa KyOy 3TOi OpaMHATHI.

315. Mnomans, orpaHMdYeHHast KPUBOii, OCSIMW KOOPAMHAT W OPAMHATON KaKoW-
6O TOYKM KpHBOIi, YMCJEHHO paBHa [LIMHE COOTBETCTBYIOWEH Ayrd Kpusoit. Haiitn
yPaBHEHHE 3TO KPUBOW, EC/IN U3BECTHO, YTO OHA NPOXOAMT vepe3 Touky M (0, 1).




FNABA AnppepeHynanbHbie

2 ypaBHeHNs!
BbICLUNX NMOPSIAKOB

§ 13. OcHOBHble NOHAATUS U onpepeneHns
JunddepeHunanbHoe ypaBHeHUE N-T0 NMOPsIAKAa MMEET BUI
F(z,9,9,¢",...,3™) =0
WK, €CIIM OHO pa3peleHo oTHocuTeabHo Y™,

y™ = f(z,9,9,...,y"7"). (1)

3anaya HaxoxaeHust pelienuns y = () ypasHenus (1), yoosretBopsio-
1IETO HayalbHbIM YCITOBUAM

-1 -
Ypeay =0 Vo =30 --r 3", =0, ()
Ha3biBaeTcst 3anaveit Kowm anst ypasHenus (1).

Teopema CywWecTBOBaHMA WM EAUHCTBEHHOCTW peleHus 3apaum Ko-
ww. Eciu ¢ ypasnenuu (1) gpynruus f(z,y,9',y", ..., y" ")

a) Henpepwena no ecem ceoum apezymenman z,y,y,y",...,y" "
6 Hekomopol obaacmu D ux usmenenua,

of
6) umeem ozpanuuennvie ¢ obaacmu D uacmuvie npouzsodnvie 30
)

of of aof
'é;;, gy—/7’ ey W
unmepean g — h < ¢ < g + h, na Komopom cyuiecmeyem eduncmeerroe
pewenue y = p(x) ypasnenua (1), ydosremeopsiowee ycaoguam

no apeymenman ¥, ', 4", ..., y™ ", mo naidemen

-1 _ . (n-1)
v = w0

Yooy =900 Ylomgy =90 -
20e 3Hauenus T =20, Y=1Yo, ¥ = Y0, -- ,y(”'l) = y((,"-') codepxcamcs
6 obaacmu D.

Ina ypaenenus emopozo nopadka y" = f(z,y,y’) HayanbHble ycaoBus
¥MEIOT BUI

2 ’
Y peg, = Y00 Yoy, = %05

rie To,Y,Yy — MAaHHble yucaa. B 3ToM ciyyae TeopeMma CyluecTBOBa-
HUSt ¥ €AMHCTBEHHOCTU 2eoMempuuecki O3HA4aeT, UTO YEPE3 JaHHYI0 TOUKY
My(zo, yo) mnockoctM xOY € [aHHbLIM TAHTEHCOM YIla HakK/oHa KacaTelb-
HOM Yo NMPOXOAUT ENUHCTBEHHAs KpUBasi.



70 hasa 2. JuppepeHunancHbie ypasHeHus BbicLumx MopsAKOB

PaccMoTpuM, Hanpumep, ypasHeHue y" = siny' + e~V § HauaIbHBIE
ycoBUs

y|z=zo= Yo, yllz-zo: 6

B naHHoMm cnyvae f(z,y,y') =siny' + eV, Bra byHKLUMSA onpeleaeHa
M HENpEphIBHa MU BCEX HAYEHHUAX T, Y, y'. Ee yacTHble Npon3soaHble N0 ¥
¥ y' paBHbI COOTBETCTBEHHO
of 2 -aty Of
— _z e N —
oy 8y
M ABASIOTCA BCIOJY HENPEephIBHBIMH M OTPaHHYEHHBIMU YHKLMAMU CBOMX
aprymeHToB. Cile0BaTe/IbHO, KAKOBLI 6bI HY GblIM HauaNbHble YCAOBUA

Yoo = Y00 ¥ |gms, = %0
CYLIECTBYET €AMHCTBEHHOE pellieHWe JaHHOTO ypaBHeHHUs, yIOBJeTBOpsloLIee
3THM YCJIOBUSIM.

Obwum pewenuem Oupgeperyuansiozo ypasrerus n-ro nopsaka (1) Ha-
3bIBAETCS MHOXECTBO BCeX ero pellleHUit, ompegenseMoe dopmynoit y =

o(z, Cy, Cy, ... Cp), comepxallieit n NPoU3BOAbHBIX NOCTOAHHBIX C), Cy, ...,
Cp, TaKMX, 4TO €C/IM 33JaHbl HaYyaJibHbie ycsioBus (2) TO HallayTcs TaKue 3Haue-
uus Cy, Gy, ..., Cn, uto y = p(z, Cy, Cs, ..., Cn) GymeT ABNATLCA PelLIEHHEM
ypaBHeHHUs (1), YIOBNETBOPSIOLMM 3TUM HayaibHbIM YCIOBUSAM.

Jlio6oe peuleHue, nojyyaeMoe U3 OOLIEro pellleHUs NMPU KOHKPETHBIX
3Ha4yeHUsX MPOU3BOJIbHBIX NOCTOAHHBIX C, Cs, ..., Cy, Ha3bIBaETCA YACMHbIM
peuenuem nuddepeHUMaTbHOTO ypaBHeHUs (1).

YpasHenue suna ®(z,y, C,,C,...,C,) = 0, KoTopoe onpelenser He-
ABHO obluee pewieHue auddepeHUNaNbHOro ypaBHEHUsl, Ha3blBaeTC 00WUM
urnmezpanom ypaernenus. Jlabas noctosiHHbiM Cy, Cj, ..., C, KOHKpPETHbIE 10-
MYCTUMbIE YUCNOBbIE 3HAUYEHHUs, MONYYUM uacmubili unmezpan puddepeHuu-
anbHOro ypaBHeHMs. [paduk 4acTHOro pelueHHWs MAM YAaCTHOTO MHTerpana
Ha3blBaeTCsA UHmMezpansHoli Kpueol faHHoro auddepeHUMaNTbHOrO YpaBHEHUS.

=cosy'

Mpumep 1. Mokasats, 4t0 ¥ = Cjz + C, ecTb obwee pewenne audde-
peHunansHoro ypasHeHus y" = 0.

Pewenue. Tlokaxem, yto y = Ciz + C, ynOBNeTBOpPAET JaHHOMY YpaBHEHUIO
npu Jio6bIx 3HaueHUAX noctTosHHbIX Cy u C. B caMoM aene, uMeeM y' = C, y" = 0.
[ycTb Tenmeps 3amaHHble NPOW3BOJIbHbIE HavalibHble YCIOBUS y|zno = ¥,
y |z_z° = y. lMokaxeM, uto nocrosHHsie C; U C; MOXHO noaobpatb Tak, 4TO
y = Cz + C, 6yner y10BNETBOPATh 3THM ycioBuaM. UMmeeM y = Ciz + C,, ¥ = C,.
Monaras ¢ = y, nonyyaeM cucteMy
Yo = Cizo + Cy,
Y% =Ci,

13 KoTopoit ofHO3HayHo onpeaensiores Cy = yy U Cy = Yo — Zoy5. Takum o6pa3oM,
pewenue y = Yo(z — 2o) + Yo YAOBNETBOPSET NOCTABIEHHBIM HAYAIbHBIM YCNOBUAM,
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TeOMeTpPHYECKH 3TO O3HAYaeT, YTO Yepe3 Kaxayio TouKy My(zo, yo) MiockocTH 20y
C 3aaHHbIM YIJIOBLIM K03(DULUEHTOM Yy NPOXOLUT EAMHCTBEHHAS MPAMas.
3azaHKe OHOTO HayanbHOro YCJOBHS, HanmpUMep y|“z° = yp, onpenenser

My4OK MPAMBIX € LEHTPOM B Touke My(zg, ), T.€. OLHOTO HauyaNibHOTO YCNOBHUS
HENOCTaTOMHO ANA BbiEEHHUs €AMHCTBEHHONO PeLleHHs. >

3apaum AN CaMOCTONTESIbHOrO peLleHus

316. [uddepenumanstoe ypasHenne y” = 2./y’ nmeer asa pewennus y(z) = 0,
3

T !
ya(z) = 5 » YAORIETBOPAIOLLHX HAYQNbHbIM YCIOBHAM yluo =0,y |m0 = 0. Moyemy
pe3yasTaT He MPOTUBODEYHT TEOpEME CYIUECTBOBAHMA M E€NMHCTBEHHOCTH DELIEHMUSA
sagauyu Kown?
317. Moryr a4 rpaduku IBYX pelleHMit 1aHHOro ypaBHEHMs Ha MaockocTH 20y
KAcaThCAA APYr ApYra B HEKOTOPOH Touke (%o, Yo): 8) ANA ypaBHeHus y' = z* + y°;
6) ans ypasHenus y" = z? + y*; B) Ana ypasHenus " = z? + y*?
B cnenyiowmux 3amayax rokasaTb, YTO AaHHble GYHKLUWH ABIAIOTCA PEIEHUAMH yKa-
3aHHbIX YPaBHEHUit:

318. y=z(sinz —cosz), y"+y=2(cosz +sinz).
y

319. y=2’lnz, zy" =2 320. z+C=¢"?, y' =)
t4
=1 t 2=C + —
321. {” tfe’ (z-1y'=1 322. :,’ y'@) =1
y=te, y=C+ ¢,

lMoka3aTb, 4TO JaHHble GYHKLUWUHU ABNAIOTCA OCLIMMM PELIEHUSIMU COOTBETCTBYIOLUUX
ypaBHEHHIA.

323. y=C;sinz+Cycosz, y'+y=0.

324. y=C\e*+Ce* +1, y' -3 +2y=2.

TMokasaTh, YTO AaHHbIE COOTHOLUEHNUA ABNAIOTCA MHTErpanamMu (OGLIUMHM WM YaCTHbI-
MH) YKa3aHHbIX YpaBHEHHIA.

825. (z-C)+(-C)V =1, ¢'=(1+@E)1"",

326. y’=1+(1-2), (¥)+w' =1

§ 14. AuddepeHumnanbHbie ypaBHEeHUS,
Aonyckaowue nNoHWXeHue nopsaxka
YkaxeM HekoTopble BuIbl auddepeHUManbHble YpaBHEHHU, QOMycKalo-
WHUX MOHUXEHUE NOopsaKa.

I. Ypasuenue supa y™ = f(z). Mocne n-kpaTHOro MHTErpUpOBaHMUA
nonyyaetcst obuiee peuieHHe
-1 n-2

z" z
=/[.. ...dz +C - .
y / /f(w).dw dz + 1(n_l)!+Cz(n_2)!+ + Ca1z + Gy
N e n

n
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II. YpaBHeHue He COREPXKMUT UCKOMOW (YHKLUMM U ee MPOU3BOAHBIX
10 nopsaaka k — 1 BKIIOYMUTENbHO:

F(zY y(k)’ y(k+l)? M 7y(n)) = 0'

[opsaoK Takoro ypaBHEHMsI MOXHO MOHW3UTb Ha k eAMHHMLL 3aMeHOM
y®(z) = p(x). Torna ypasHeHue npumeT Bun

F(a,pp,..,p"M) =0

W3 nocneqHero ypaBHEHWsI, €CIM 3TO BO3MOXHO, OMpeaensieM p =

f(z,C,Cy,...,Cphk), @ 3aT€M HAXOAUM Y U3 YpPaBHEHMS y(") = f(z, C,
Cy, ..., Cy_k) k-KpaTHBIM UHTErPUPOBAHUEM.

I1l. YpaBHeHHe He COAEPXKMT HE3aBUCUMOIO NMEPEMEHHOTO:

F(y,v,y",...,3™) =0.

MoncraHoska y' = p MO3BOASAET MOHU3UTH MOPANOK YPABHEHUS HA €AM-
Huuy. Ipu 3TOM p paccmarpuBaeTcsl Kak HOBasi HeM3BeCTHas GYHKLMS OT y:

p = p(y). Bee npoussonusie ¥, 3", ..., y™ BipaxaloTcs yepes Npou3BoaHEIe
OT HOBOW HEW3BECTHOW QYHKUMM P NO Y:
¥ = W _ P
dz ’

oy _dpdy _ dp
dr dydz dy’

d [ dp d ( dp\dy ,dp dp\?
m_ 4 Py _ & a4 _ 2%P ap L
V= dm(”dy) dy(pdy)dm Pa "N\a) "™
MonctaBus 3Tn BbipaxeHus Bmecto ¥, 3", ..., y™ B ypasHenue, nonyuum
auddepeHunanbHoe ypastenue (n — 1)-ro nopsaxa.
IV. Vpasuenue F(z,9,9,...,y™) = 0, onHoponHoe oTHOCMTENbHO
aprymentos ¥, ¢, y", ..., y™, T.e.
F(z,ty,ty, ... ty™) =" F (2, 9,9, ... ,y™).

MMopsaaoK Takoro ypaBHeHMsl MOXET ObITb MOHUXEH Ha €AUHMLY NOACTa-
HoBkoil y = e/ #9% r1e z — HoBast Hen3BecTHasi GyHKLMS OT T: z = z(T).
V. YpaBHeHue, 3anucaHHoe B auddepeHumanax,

F(z,y,dz, dy, dy,..., d(")y) =0,

B KOTOpOM (GyHKUUA F' 0fHOpOAHA OTHOCHUTEJABHO CBOMX APT'YMEHTOB I, Y, dx,

dy, d%y, ..., d"y, ecnu cuutath T M dx — nepBoro MaMepeHus, a y, dy, d’y
d d

W T.4. — u3MmepeHus m. Toraoa il OyneT UMeTb U3MEpPEHUE m — 1, ¢y _
dz dzx?

u3MepeHuMe m — 2 U T. I
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Inst noHuxeHus nopsiaika NpUMMEHATCA MOACTAHOBKA T = e', Yy = 'll,emt.

B pesynbTate noay4aetcs auddepeHUMaNbHOE ypaBHEHMEe Mexay u W i,
He coaepxallee sIBHO ¢, T. € qonyckaiollee NOHUXEHHUE NMOopsiaKa HE EAMHULLY
(cmyyaii 111).

PaccMoTpMM npuMepbi Ha pa3inyHbie CIyyan MOHWXEHHs nopsiika Aud-
tepeHUMaNbHOrO YypaBHEHUA.

Npumep 1. Haiitn obluee peweHue ypasHeHus y"' = sin z + cos .

Pewenue. “HTCI‘pMPyﬂ nocaenoBaTebHO JAHHOE YpaBHEHUE, UMEEM!

y' = —cosz +sinz +C,
y =—sinz —cosz + Cz + C,,
2
z
y=cosz—sinz+C,7+sz+Cg. >
. m Inz
Mpumep 2. Haittn obwee peleHve ypasHeHus y = —5~ W BblAennTL
pelwetue, ynosneTsopsioliee HavansHeiM ycnosuam y| . = 0, y' =1 = b
yll ol — 2.
Pewenne. UHTerpupyem 3TO ypaBHeHKE MMOCNENOBATENbHO TPY pasa:
Inz Inz 1
y= [z L,
z
1
y=—51n :c—ln:c+C.a:+Cz, (1)

T
y=—-2-ll'l $+C| +C2$+C3

Haiipem pelieHue, yaoBaeTBOPAIOILEE 3aJaHHbIM HayajlbHbIM YCJIOBUAM. Moacrasnssi

HauajibHbie JaHHbIE y|£=I =0, y’|z=] =1, y”|1=] =2 8 (1), 6yaem umets
C
—2l+c,+c3 0, C,+C =1, -1+C =2

1
Orciopa C, =3, C;=-2, C3 = 7 HckombiM pelueHueM Gynet

= $|n2x+§zz—2z+l >
y=73 2 2

Npumep 3. Pewuts ypasHenne ¥ = /1 + (y")2.

Pewerne. laHHoe ypaBHeHHE He CONEPXMUT UCKOMOI GYHKUUK Y U ee NPou3-
BOAHOIt, no3ToMy monaraeM y” = p. [ocne 3T0ro ypapHeHHe NPUMET BUA

d;
_p=1/|+p2

dz
Pasnenss nepeMeHHble U WHTErPUPYS, HailaeM

.‘t+C| —(3+C|)

e
p::

—-e
2
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3amenuM p Ha ¥

" ez+C| - e-(z+C,)
v= 2
WUHTerpupys nocnenonatesibHO, Gyaem UMeETb
y’ _ e+ +2e-(z+C|) £C o y= sl _26-(z+c,) £G4 Gy
Win
y=sh(z+C;)+C;z+C;. >

Npumep 4. PewuTs ypasHenue zy¥ — y'v = 0.

Pewenne. YpasHeHUe He CONEPXHUT WCKOMOI (DYHKUMHM M ee NpOU3BOAHbIX
[0 TPEeTbero nopsiaka BKkjilounTenbHo. [oatomy, nonaras y'v = p, nonyyaeM
dp

z-d;—p=0, orkyza p=Cz, y" =Cuz.

MocnenoBateIbHO UHTErPUPYA, Hatnem

2

"o_ z_
(o 3
3

y” = Cl% + Cyz + Cs,

+C,,

z* z?
y =Cn§+Cz'2—+CJ¢+C4>
s 3 2

T T T
y=ClT2T)+CZ?+C37+C‘z+CS’
Wnu
y= +C2-’B +Cg.’t + Cyz + Cs,
C = G = G
me Cr = 135, =, Ci= 3. >

Npumep 5. Pewnts ypasHenve y" + (y')? = 2e7V.
PelweHye. YpaBHeHHE He COLEPXHMT He3aBucuMoro mepemeHHoro z. lonaras

! "o d_p
y=p y'=p ay’ nonyyaeM ypasHeHue BepHynan

dp 2 -
- =2e7V.
p dy +p e
MoncTaHoBKo# p? = z OHO CBOAMTCA K JMHEHHOMY ypaBHEHUIO
dz -
&y +2z=4e7Y,
ofLuee peweHne KoToporo 2z =4e”V + C) €, 3ameHsis 2z Ha p2 = (y')z, nonyvaem

dy

= x+/4e"V + C|e-2”.
dz
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Paspensia nepeMeHHble U UHTErpUpYs, GyaeM UMETb

1
:B+C;=i-2- 4ev + C,,

oTKyaa _
¢ +8 = (z+C),
~ C
rae C| = —l.
310 1 ecTb 001Kt MHTErpa JaHHOTO YPaBHEHMUS. >

Npumep 6. Pewuts ypasHewne z2yy" = (y — zy')%.

Pelwenye. JlaHHoe ypaBHeHME OIHOPOLHO oTHocuTenbHo y,y',y”. TMopsnok

3TOrO ypaBHEHMs! MOHUXAETCH HAa EAUHHULY NOACTAHOBKOR Yy = e % e 2 — Hosas
Heu3secTHas dyHkuus ot z. Umeem

yl=zefzdz, yll=(zl+z2)efzdz.
Moacrtasnss Bbipaxenus ana ¥,y',y" B ypanHeHue, nonyyaem
22(21 + z2)62‘]'1413 = (ef:d.r _ zzefzdz)z‘

Coxpawaem Ha e2J 24

(2 +2)=(-22)’, wm 2 +2zz=1.
D70 ypaBHeHue AMHeiiHOe. JIeBylo 4acTb €ro MOXHO 3anucarhb B suae (z’z)' = 1, oTkyaa
1 C
z=z+C, wm z= —+?
Haxonum uHTerpan:

/zdz—/( )dz-ln|z|—£+lncz

O6wnM pelueHeM faHHOTO ypaBHeHUs Gynet
y_efzdz_eln!a:l-q/zﬂncz wm  y = Cyze

Kpome Toro, ypaBHeHue MMeeT oueBMAHOE pelueHue y = 0, KOTOpOE Moay4aercs
u3 obutero npu C; = 0. >

—C|/£

Npumep 7. Pewuts ypasHenune z°y" = (y — zy')%.

Pewenne. MokaxeM, 4To 3T0 ypaBHeHHe — 06o6lIeHHOE onHoponHoe, CuuTas
z,y,9,y" seamunnamu 1-ro, m-ro, (m — 1)-ro u (m — 2)-ro namepeHuit coorser-
CTBEHHO ¥ NPUPABHMBAA NIMEPEHHSA BCEX YIEHOB, MONY4aEM

3+(m-2)=2m, (2)
orkyna m = 1. Pa3spewumoctb ypaBHeHUs (2) sBnsieTcs yciaoBueM 06GoGUIeHHOM

ONHOPOOHOCTH YPaBHEHHSI.
Cnenaem noactaHosky z = e, y = ue', Tak kak

dy _ dy/dt _ (du/dt+ u)e!  du
dz _ dzjdt et T
dy _ (d/dt)(dy/dt) _ d’u/dt’ +dujdt _ _ (du du
a2 - dgjdt p = (EZT + E)

+ u,
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TO JAaHHOC ypaBHECHUE MOCJIC COKPALLCHUA HA MHOXHUTEJb 62‘ NPUMET BUL

du du_ (du :
a2 ' dt ~ \dt)’

Monoxus du du Ld MONYy4YUM dp + 2. Or 0
X - = 0 = P> . = . =
d" at ~ P ogp T Pgy oYM PG TP =p . Uraona p =0 wm
EE + 1 = p. UHTerpnpys BTOpOE ypaBHEHHe, HailaeM
du
p=1+Cie*, wmu 5= 1+ Ce.
OOluee pelieHUe 3TOrO ypaBHeHUs OyneT
t
u=1In e—.
Ciet +C,
BosBpailiasicb K nepeMeHHbIM T U Y, nosy4yaeM ofllee pelieHue JaHHOro ypaBHEeHus
T
=zln ——.
y Ciz+C,
Cnyuait p = 0 maer u = C uwm y = Cr — YaCTHOE pelleHue, KOTOpoe
nonyuaercs us obuiero npu C, = e~ C, = 0. >

3ameyanune. lpu peuwienun 3anauyn Kown nias ypaBHEHWIA BbICIIMX MOPSIAKOB
uenecooGpa3HO omnpeaensTb 3HaYeHUs: NocTosiHHbIX C; B Mpouecce pelleHus,
a He Mnocjie HaXOXAeHWs OOLIEero pellieHUsl ypaBHEHUs. DTO YCKOpSET pelleHue
3a1ayd M, KpOMe TOro, MOXET OKa3aThCsl, YTO WHTErpMpOBaHUE 3HAYUTENABHO
ynpouiaetcs, Koraa nocrosHHble C; NPHHUMAIOT KOHKpPETHbIE YUC/IOBblE 3Haye-
HUSA, B TO BPeMsi KaK NP MPOU3BOJIbHBIX C; MHTErPUPOBaHME 3aTPYLAHMTENBHO,
a To U BOOOllle HEBO3MOXHO B 3J1eMEHTapHbIX GYHKUUSIX.

Npumep 8. Pewnts sagavy Koum y" =29 y|._ =1, ¥'|,., =1
Pewenue. TMonaras y' = p, nonydaem

3

dp
_=2y’

dy

d
pP=v'+C, wwm ﬁ =y +C.
Pa3nensa nepeMeHHble, HaiiieM

c+Cy= / ' +C)"" dy.

B npapoit 4acTW mocneqHero paBeHCTBa uMeeM WHTerpan oT auddepeHunanbHoro
1

p
OTKyla

6uHoMa. 3gece m =0, n=4, p= -3 T.€. HEMHTerpUpyeMblii cayuaii.

CnenoBatesibHO, 3TOT MHTErPajl He BhIpaXaeTcs B BuIE KOHEYHON KOMOWHauuu
3neMeHTapHbIX GyHKUMiA. OHAKO €C/IM UCMONB30BaTh HayaibHble YCIOBUS, TO MOJY-

yuM C; = 0. Tak yto Eq- = yz, OTKYJa, YYUTbIBasi HayajibHbl€ YCIOBUSI, OKOHYATENbHO
b

HaxoiuM y = 1 >

—-z.
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Mpumep 9. Hantn nnockue kpuBsbie,
Y KOTOPbIX PaguyCc KpuBWM3HLI nponop-  y
LUMOHaNeH AnvMHe HopManu.

Pewenue. Tyctb y = y(z) — ypasHeHue

)
5

uckoMoii kpuBoii. Ee paauyc Kpusu3Hbl R = M(z,y)

(1+@))"

Wl . InvHa HopManu M N KpuBoit

pasHa (puc.24): MN = |y| /1 + (¥')%. 0
Onpegensioliee CBOACTBO KPUBOH Bbipa-
xaeTcs AnbdepeHLMaANbHBIM yPaBHEHHEM

1+@) _
yn -

Puc. 24

ky,

(3)

roe k— KoaddUUMEHT NMPONOPLUMOHANBLHOCTH, MOTYLIUH MPUHUMATh KaK MOJOXM-
Te/bHbIE, TaK M OTPULATENbHbIE 3HayeHus. [lepenuiiem ypasHenue (3) B Buze

1.0

2yy 2y

T+@)?  ky

!

Wnrerpupys, Haxoaum

2 d w
In(]+(y')2)=;(ln|y|+lnC|), I (_ll_) -1.

dz

Pasnensisi nepeMeHHble U UHTEFPUPYIO €llE a3, MojyyaeM
d
P

B
C

— oGLUMil MHTErpal UCXOQHOTO ypaBHeHus (3).
PaccMOTPMM HEKOTOpbIE YaCTHBIE ClyyaH.

1) k= —1. Toraa GygeM nMeTb

ydy
VCi- yz’

U 10CJIe MHTErPUPOBAHUS —

T+Cy=—4/Cl -y

z+C =

Orciona nonyyaem (z 4+ C;)? + y* = C?. VickoMbie KpUBble — OKPYXHOCTH MpPOM3-

BOJIbHBIX PaMyCOB C LieHTpaMHu Ha ocu Oz.
2) k= —2. B 3TOM clly4ae MPUXOIMM K YPaBHEHHUIO

1:+Cz=/ -CTy—y-dy.
V | —

o]
Monaras y = 7'(1 — cost), HaiileM, YTo

/M%_y-dy:%(t—sint).
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TakuM o6pa3oM, MCKOMble KPHBblE OMPENENSIOTCA B MapaMeTpuuecKoil dopme ypak-
HEHUSIMU;

c c
z+C = ?'(t—sin t), y= 7‘(1 - cost).

3T0— uMKIOUDbI, 06pa3oBaHHbIE KaYeHUe N0 ocH OT OKPYKHOCTEH MPOU3BONLHBIX
pannycos.

3) k= 1. B atom ciyyae umeeM

y+vyi-C}
=C|l|'|

Vv
dy
z+Cy=C, / ——— JTVY T
] y2 - Cl Cl ’
OTKYAa

Y+ 4 /yz -C= Cle(HCz)/Cl, y- /yz - Clz =C, e~ (E+C)/Cr

CknanbiBas nosnyyeHHble paBeHCTBa, OyneM WMeTb

¢ - c
y= ?'(e(ncz)/C. te <z+c,)/c,) =C, ch z -gl )

3TO — UEMHbIC IUHUMU.
4) k =2. Torna Gyaem umeTb

d
a:+C;=/——;q——, uau :c+C;=2C,\/Cll—I.
1/a—l

Orciona (z + C;)? = 4C)(y - C)); 310 — napa6oabl, OCH KOTOPbIX Napaine/bHbl
ock Oy. >

3apaun ANs CaMOCTOSTENIbHOrO pelleHUs

MpouHTerpupoBaTh cenyloline ypaBHEHUs:

327. y"V ==z. 328. y" =z +cosz.
329. y"(z+2)’°=1; 330. y" = z¢,
1 1 )
y-N=3 ¥(==-7 y(0) = y'(0) =0.
331, y" =2zInz. 332, zy' =y
333. zy" +y' =0. 334. zy" = (1 +22%)y.
335. zy' =y + zf. 336. znz- ;” =y
n_ oo Y YT,
337. zy" =y In = 338. 2y ~+ i
V2 V2
y()==5, y()==
339, y" =4/1- (")~ 340. zy" -y" =0.

Y
341, y' = Vi+ @) 342, ' = (y')z.
343, ' = Ji- ()2 344, " =1 + (¢)
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345, ' =/1+9¢. 346. y" =y Iny’; y(0)=0, y'(0)=1.
347. y' +y' +2=0, 348. " =y'(1 +¥).
¥(0)=0, ¥'(0)=-2.
349, 3" = (1 + (')}~ 350. " + (¥")' =0.
351. yy' = ()" 352. y" =2yy, y(0)=y'(0)=1.
353. 3y'y" =2y; y(0)=y'(0)=1. 354. 2" =3% y(-2)=1, y(-2)=-1.
355. yy" +(y)* =0. 356. yy"' =9y + ()%
357. yy' =1+ (y’)z. 358. 2yy" =1+ (y')z.

359. ¥’y =-1; y()=1, y'(1)=0. 360. yy" - (¥)’ =9’
361. y" =¥ y(0)=0, Y(0)=1.  362. 2yy" - 3(y)’ =4y’

363. " =3y ¥O) =y =1, ¥'O)=3.

364. Haiitu nnockue KpuBble, y KOTOPbIX PAIWyC KPUBW3HBI NPOMOPUKOHANEH Ky6y
HOpMaJIH,

365. Onpenenuth hOpMy PaBHOBECHSI HEPACTSXWUMOW HUTH, HAa KOTOPYIO AeACTBY-
eT Harpy3ka TaK, YTO Ha Kaxiylo eIMHKLy TOPM3OHTAILHON MPOEKUWU HArpyska
OflMHAKOoBA (LMK LEMHbIX MOCTOB).

366. Haittu Bpems, HyXHOe st TOrO, yTOGHI yriacTh Ha 3eMito ¢ BbicoTh 400 000 KM
(npubnusutenbHoe paccrosiHue JlyHbl OT ieHTPa 3eMJin), €C/M 3Ta BbICOTA HCUUCTAETCH
OT ueHTpa 3eM/iH U ecnyu panuyc 3emnn paBeH nNpubGan3uTenbHO 6400 KM.

367. Haittu 3aKoH OBMXEHMSI MaTepUaNbHOM TOYKW Macchi m no npamoit OA noa
IeicTBUEM OTTaNKMBalOWeER Clbl, 06paTHO MPONOPUMOHAIBHON TpeTbeli cTeneHu
paccTofaHMst TOUKM T = OM OT HenoaBHXHoOro ueHtpa O.

368. Teno maccoit m nagaet ¢ HeKOTOPOH BbICOTHI CO CKOpOCTbIO v. [1pu nageHuu
TENO UCNbITHIBAET COMpPOTHBIEHME, MPOMNOPUMOHANbHOE KBaapaTy ckopocTu. Haiitn
3aKOH OBHUXEHUS MANAIOLIEro Tena,

369. Haittn kpuBylo, NPOXOAALLYIO Yepe3 HAYaNO KOOPAMHAT U TaKylo, YTO MJowanb
TpeyroabHuka, 06pa3oBaHHOro KacaTeabHOM K Kp¥BO#t B HEKOTOPO# TOUKE, OPAMHATOI
STOit TOYKK M ocbio Oz, NPONOPUHOHANbHA MJIOWAdK KPUBOAMHENHHON Tpaneuuu,
o6pa3oBaHHOIt KpKBOM, ocbio O U OpAMHATOR ITON TOUKH.

370. Onpeneanth KpuBYIO, y KOTOPOH pamuyc KPUBH3HBI paBeH MOCTOSIHHON Benu-
YunHe,

§ 15. JluneitHbie puddpepeHumanbHbie
ypaBHeHUs n-ro nopsaxa

1°. JluHeiiHas He3aBUCUMOCTb yHKUWiA. Onpeaenutenn
Bponckoro. Onpepenutens Mpama. MycTb nMeeM KOHEUHYIO CUCTe-
My 3 n dyHKUKH Y (z), Y2(2), . . . , yn(Z), ONpeneneHHbIX HA MHTEpBaNE (a, b).
Dynkunn y)(z), y2(), . .., Yn(T) HA3LIBAIOT AUHEIHO 3a8UCUMbIMU HA NHTED-
pase (a,bd), ecIn CyLLECTBYIOT MOCTOSIHHbIE @), @3,...,Qn, HE BCE PaBHbIE
HyMl0, Takue, YTO [1s BCEX 3HAaYeHHIt & W3 3TOro WHTEpBaia CrpaBelHBO
TOXIECTBO

a)yi(z) + aaya(z) + ... + apya(z) = 0.
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Ecnan xe 3T0 TOXIECTBO BBIRONHSIETCS TONBKO npu o) =ay; =... =@y = 0,

To yHKUMK ¥ (Z), Y2(2), . . . , Yn(T) HA3BIBAIOT AuHeiiHO He3aGUCUMBIMU HA HH-
TepBajie (a,b).

Mpumep 1. Mokasats, 4T0 cucTema dyHKumit 1, z, 2%, z° auHeliHo He3a-
BUCMMa Ha WHTepBane (—oo, +00).

Pewenue. B camom nene, paBeHCTBO - | +ay T+ a3z’ +a4z° = 0 MOXeT BbINOJ-
HSITbCSE AU1S1 BCEX & € (—00, +00) TONBLKO NMPU YCIOBHH, YTO @) = a; = a3 = a4 = 0.
Ecan xe XOTb OAHO M3 3THUX YMCEN HE PaBHO HYJIO, TO B NeBOH YacTH PaBEHCTBA
GyAeM MMETb MHOTOWIEH CTENEHU HE Bbille TPETHEN, 2 OH MOXET OOPaTUTLCA B HOJb
He Gonee, yeM MpPU TPex 3HAYEHUAX T U3 AAHHOrO UHTEpBana. >

k.z k;z

Npumep 2. Mokasats, 4T0 cuctema dyHkumi e ef2 %2 rne k) k), k3
ronapHo pPa3nnyHbl, NMHERHO He3aBnUCKUMa Ha uHTepBalie —oo < < +00.

PeweHrue. TMNpeanonoxnum o6paTHOE, T. €. YTO AaHHAs CUCTEMA DYHKUHMI NHHE-
HO 3aBMCMMa Ha 3TaM UHTepBane. Toraa

a1 + ae*® 4 az e =0 (1

Ha uHTepBane (—o0,+00), MPUUEM, MO KpaitHel Mepe, ONHO M3 uMCEN a;, @y, Q3

OTJIMYHO OT Hy/si, Hanpumep a; # 0. Jens o6e yacTu Toxnecrsa (1) Ha e"1®, 6ynem
UMeTb

a) + ayelfriE g elhihiz = o
InddepeHunpys ToxaecTBO, Noayyaem
ay(ky — kp)e" 0% 4 oy — ky)e®7H02 = 0, )
Jlenum o6e yactn Toxaectsa (2) va e~k
ay(ky = ky) + as(k; — ke = 0. (3)

Nuddeperunpys (3), nonyyaem
a3(ks — k) (k3 — ky)e® "2 = o,
YTO HEBO3MOXHO, TaK Kak a3 # 0 no npeanonoxeHuio, k; # k,, k3 # k, no ycnosuto,
a elka—kalz #0.
Haue npeanonoxeHue O JUHEHHON 3aBUCMMOCTM JAHHON cUCTeMbl PyHKUMI
NpUBEJO K NPOTHBOPEUMIO, CIIENOBATEIbHO, 3Ta cUcTeMa GQYHKUHKI TIMHEHHO He3aBH-

cuMa Ha uHTepsane (—00,+090), T.€. ToXnecTBO (1) GyaeT BbINOAHATLCS TONLKO MPH
a =a;=a3=0. >

Npumep 3. Moka3zaTts, 4TO cucTeMa pyHKuuin e*® sin Bz, e*® cos Bz, roe
B # 0, nvHeitHO He3aBucuMa Ha uHTepBane —oo < & < +00.

PeweHune. Onpeneaum 3HayeHUs a; U a,, MPU KOTOPLIX OyAET BbINOJHATHCA
TOXIECTBO

a,e® sin Bz + a,e°° cos Bz = 0. 4)
Pa3nenum o6e ero yactu Ha e*® # 0:
a, sin Bz + a; cos Bz = 0. 5)

Moacraensas B (5) 3HauyeHue z = 0, nonyyaeMm a; = 0 u, 3HauuT, @, sin Bz = 0;
HO (yHKUMA sin BT He paBHA TOXAECTBEHHO Hyio, noatomy a; = 0. Toxaectso (5),
a c/ie1oBaTeNbHO, U (4) MMEIOT MECTO TOJIBKO MpH a; = a; = 0, T.e. AaHHble GYHKUNU
JIMHENHO HEe3aBUCHUMBbI B MHTepBaNe —oo < & < +00. >
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3ameyanue. [MonyTHO f0OKa3aHa NMHENHAsA HE3aBUCUMOCTb TPUTOHOMETPHYEC-
Kux pyHKumii sin Bz, cos Bz.

Mpumep 4. Ookasatb, 4T0 GYHKUUK

T T
. . . . T 6
sinz, sin (:c+ 8)’ sin (m 8) (6)

NUHEWHO 3aBMCKUMbI B MHTepBane (—oo, +00).

Pewenne. Tlokaxem, 4TO CYWECTBYIOT TakMe YMUCAa @, @3, (3, HE BCE paBHble
HYJI0, YTO B MHTEPBajle —00 < T < +00 CMPaBeMINBO TOXIECTBO

a, sin & + a; sin (:c+ %) + ay sin (z— %) =0. )

g
Mpennonaraem Toxaectso (7) BHINOAHEHHBIM; MOJOXMUM, Hanpumep, ¢ =0, ¢ = >

s
z = —. Toraa NoAy4YWM ODHOPOAHYIO CUCTEMY TPEX YPABHEH Wi C TPEMSI HEU3BECTHBIMY
@, a;, 3!

L .
azsm§+a3sm-—=0,

8
1 L 3r .o
a,ﬁ+azsm?+agsm§=0, (8)
. 5w . 3n
a; + a3 sin — + a3 sin — =0.
8 8
OnpeznennTenb 3TO CUCTEMbI
0 sin % —sin %
A I sin 3 sin T 0
=|—= —_ n — =u.
V2 8 8
1 sin s sin 3n
in — in —
8 8

CnepoBarenbHo, oaHOpoAHast cucteMa (8) MMeeT HeHyneBble peleHud, T.e. Cylle-
CTBYIOT YMCNa a;, 3, &3, CPEAU KOTOPbIX WMEETCs MO KpaiiHeil Mepe OHO OTAMYHOE
oT Hyns. g HaxoXaeHUs Takoi TPOIKM UYHCEN a;, ay, @3 BO3bMEM, HampuMep, ABa
nepBbIX YpaBHeHUs cucteMbl (8):

. in™ o
a;sin — — a3sin = =
g g
Qa; 4 .3 4 LT 0
— +a;sin =7 + azsin — =0.
V2 8 8
T
W3 nepsoro ypasHeHMs uMeeM a; = a3, U3 BTOpOro a; = —2 cos = - a3. Monaras
a; = 1, noay4nM HeHynesoe pewieHue cuctemsl (8):
T
a=-2cos—, a;=1, a;=1

8
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MoKaxeM Ternepb, YTO MPM ITUX HAYEHUSIX &, &z, &3 TOXAECTBO (7) ByaeT BHINOA-
HSTBCA 1Sl BeeX T € (—00, +00) V. Mmeem

co| N

3 =0,

kakoBo Gbl Hu Gbino z. CrenoBaTenbHo, cuctema dyHkumit (6) nuHeRrno 3aBucuma
Ha UHTEpBasle —o0 < 2 < 400,

. . T . T .
Q@) Sin T + o sin (:c+§) + a3 sin (z-— -8—) = ~2c0s — sinz + 2sin z cos

3ameyvanme. Insa cayyas aByx pyHKumit MOXHO NaTh 6osiee npocToit KpUTEPUit
AuHeitHo#t He3aBucumocTH. UMenHo, dynkunn ¢, (z) n p,y(z) Gyayt nuuedtno
HE3aBMCHMbIMM Ha WHTepBaNe (a, b), eC/iu UX OTHOLUEHHE HE PABHO TOXIECTBEH-
HOW NOCTOAAHHOM (M E] const) Ha 3TOM WHTEpBae; eC/TH Xe ﬁ(—z)-

pa2(z) pa(z)
TO dyHKUMU GyayT AMHEHHO 3aBUCUMBIMMU,

= const,

Mpumep 5. OyHkumm tgT W ctgz NMHENHO He3aBUCUMbI B WHTEPBane
T tgx

0z < 7 TaK Kak ux OTHOweHue —Ig-- = tgzaz # const B 3TOM

ctgz

nHTepsane.

NMpumep 6. PyHkuMM sin 2T U sin £ cOS T MMHENHO 3aBUCHUMBI B HTEPBane

sin 2z 2sinz cos T
—-00 < ¢ < 400, Tak KaK WX OTHOWEHUE — = — =
sinz cosz sinzcosz
2 = const B 3TOM WHTepsane (B TOYKax paspbiea GYHKLUM sin 22
B P paspuisa QYKL sinz cosT
foonpeaenseM aTo OTHOWEHWE NO HENPepPbLIBHOCTH).
Myctb n ¢dyHkunit y(z), ¥2(z), ..., Yn(T) MMelOT Npon3BoaHbIE
(n — 1)-ro nopsaka. OnpeneaunTtenb
8w
i@ Yz YnlT
W[yl)yb'*')yn]: P cenenna
-1 -1 -1
A €N S C BT A )

Ha3biBaeTcs onpedeaumenem Bpowckozo ons atoit cucreMbl pyHkuuit. Onpe-
nenutens BpoHckoro BooGuue siBasieTcst dyHKuueir ot z, onpeneseHHoi
B HEKOTOPOM MHTepBase.

Npumep 7. Haitt onpepenutens BpoHckoro ana Gyrkumil ¥, (z) = e*'2,
va(z) = e4%, yy(z) = b,

d T
D Nunekinylo 3aBucumocTb dyHKuuf sinz, sin (z + E)‘ sin (z - E) MOXHO yCTaHo-

. g . g T, . ™
BUTh, €CNU 3aMETUTh, YTO SIN (2 + E) =+ sin (2 - -8-) = 2cos E sine, Uan sin (z + 5) +

. .d L
sin (z-g)-ZcosEsmz=0.



§ 15. JSlnneitHble aupdepeHumantHule ypasHeHus n-ro nopsaka 83

Pewenne. Vimeem

k2 kz kyz

[ [ e

Wiy, v psl = | kieh® kyeh® kyehs= | = ehhvhs (g, — k) (ks — ki) (ks = ko). D
kleh®  klef®  kleh®

NMpumep 8. Haiitn onpeaenmtens BpoHckoro ans oyHKumWiA: ¥ (z) = sin z,

y2(z) =sin |z + %), y3(z) = sin (a: - lsr-

) (o)

Wiy, vy, 93] =| cosz cos (z + —) cos (z - ) =0,

. . T si s
sSinT sin | ¢ + 3 mie 8

TaK KaK nepsasi ¥ Noc/eaHsAs CTPOKM ONpeaeauTeNsi NPONopLUOHANbHbIL. >

PeweHne. Umeem

sinz sin (a: +

co|x ool
| ool

TeopeMa. Ecau cucmema yrkuuii Y\ (), y2(), . .. , Yn(z) suneiino 3a6u-
cuma Ha ompeske [a,b], mo ee onpedenumenv Bpomckozo moxcdecmeenno
DageH HYI0 Ha SMOM ompesKe.

1r T
Tak, Hanpumep, cucteMa dyHKUMA sinz, sin (m + E)’ sin (m - E)

JWHellHO 3aBHMCHMA B MHTepBate (—00,+00), U onpeleanTenb BpoHckoro
3TUX (YHKLUMI paBeH HY/IO BCioay B 3TOM MHTepsane (cM. npuMepsl 4 1 8).

3ta TeopeMa LaeT Heolxodumoe ycaoeue AUHeRHOU 3a8UCUMOCIMU CUCTEMbI
¢yHKuuit. O6paTHOe yTBEpXIEHUE HEBEpHO, T.e. onpeaenuTenb BpoHckoro
MOXeT TOXIEeCTBEHHO ofpallaThci B HOMb M B TOM cjydyae, Koraa JaH-
Hble ¢GYHKUMM 06pa3yloT JMHEHHO HE3aBUCHUMYIO CHUCTEMY Ha HEKOTOPOM
MHTepBaJe.

Mpumep 9. PaccmoTpuM aBe ByHKUMK:

’ 0, ecau Os:ns%,
yi(z) = | 2 |
R -— < .
‘ z 5) ecau 2<:c\1,
( 1\? 1
w—i , €clu Osti,
) =«
y:(z) |
0, ecnu =-<z<g .
\ 2
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Ipadukn ux wuMelor Bua, ykasaHHbHI Ha
puc.25.

Ota cucteMa QYHKLMI NHUHEHHO HE3aBUCHMA,
TaK KaK TOXIECTBO &y (c) + ayy,(z) = 0 sbinon-
HSAETCA TONbLKO NMpU a; = a, = 0. B camom aene,

1
paccMaTpuBas €ro Ha oTpe3ke 0, 5] , Mbl nojay4a-

eM ay¥;(z) = 0, oTkyna a, = 0, Tak KaK y,(z) Z 0;

Ha OTpe3Ke Xe 2 1| umeem ay (z) =0, oTkysa
a; =0, TaK Kak y;(z) # 0 Ha 3TOM oTpe3ke.

1
Haitnem onpenenurens Bponckoro Wly,, y,] cucrembl. Ha otpeake [0, 5]

Wiy, vl = " (1’—%) =0

1
Ha OTpe3Ke [5, l]

2
Wy, y] = (“"%) " =0.

1
2z - = 0
(’ 2)
Takum obpasom, onpeneautens Bponckoro Wy, y»] = 0 na orpeske [0,1]. D>

Myctb umeem cuctemy oyHkuuit yi(z), y2(z), ..., yn(z), 3amaHHBIX
Ha oTpe3ke [a, b]. [Monoxum

b
(yi,yj)=/yi($)yj(w) de, i,j=12,...,n.
a

Onpeaenntenb
y,y) ,w) (¥1,Yn)
CYL Y2 ¥a) = | (20)  (¥2,92) (¥2, Yn)
(Yns 1) (Ynr 92) (Yn» Yn)

Ha3biBaeTes onpedeaumenem Ipama cuctembl dyHkunii {y.(z)}.

Teopema. s mozo, umobel cucmema ynryuii Y\(x), y2(2), ..., yn(z)
6bL1a NUHEIHHO 3a8UCUMOU, HeobX00umMo u docmamouro, ¥mobbl ee onpedenu-
menb Ipama paenaaca Hyao.

Mpumep 10. Mokasatk, 4TO GYHKUMK Y| = T, Yy = 2T NMHENHO 3aBUCUMbI
Ha otpeske [0,1].
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Pewenne. Umeem

(yx,yu)=/zzdz=%, (Z'/hi'lz)=(y2,1'/|)=/23zdz=%» (yz,yz)=/4z’dw=§,
0 0 0
1 2
F(yly y2) = ; i = 0)
3 3
cnenoBarensHo, pyHkuun y(z) u y,(z) nnHeiHO 3aBUCHMBI. >

3apaun Ana CaMOCTOATENbHOrO pelueHns

I/lccnenonan, SIBASIIOTCA W AaHHbie GYHKLUWY JMHEAHO HE3aBUCUMBIMU B UX o6iacTu
onpeneaeHus.

371. 4,z 372. 1,2,z, 2%
373. z,2z,z%. 374. €, ze®, z’e”.
375. sinz,cosz, cos 2z. 376. 1,sinz, cos2z.
377. 5, cos’x,sin’z. 378. cost,cos(z + 1), cos (z — 2).
379. 1,sin2z, (sinz — cos z)’. 380. z,a"®"* (z > 0).
381. Ig,z,lg oz’ (z >0). 382. 1, arcsin z, arccos .
383. 5, arctg z, arcctg . 384. 2r,arctg i, arcctg i.
x 27 2T
385. e~(=)2 g-(ex)))2 j‘e“‘z/2 dt. 386. z,z [ :—2 dt (zo > 0).
0 0

387. [MMokasatb, 4TO cucTeMa GyHKLM

y1(z), yi(2), y2(2), - ., Yn-1 (2),
onpeneneHHbIX Ha UHTepBasie (a, b), IMHeiiHO 3aBUCcHMa Ha (a, b).
388. [lokasarb, 4To ecu cucrema GyHKUMI
%(2), 12(2), -, ya()

NVHERHO He3aBUCMMA Ha uHTepsaie (a,b), To M niobas NOACUCTEMA 3TOH CHUCTEMBI,
GbyHKUMI TakXe AMHEAHO He3aBUcuMa Ha (a, b).
B cnenylowmx 3apauyax HailTW onpepenutenb BpOHCKOro Misl yKkasaHHBIX CUCTEM
QyHKUNI:

1

389. 1,z. 390. =z, pe 391. 1,2,z

392. 7%, ze™". 393. e, 2¢%,e7". 394. 2,cosz, cos 2z.

395. sin z,sin (:c + %) 396. arccos %, arcsin % 397. w,arcsin z, arccos z.
1

398. 4,sinz,cos2z. 399. z,Inz. 400. e er.

401. €"sinz,e” cosz. 402. e " sin 2z, e cos 2z.

403. cosz,sinz. 404. sin <§ - a:) ,COS (;— - a:).
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B cneaylowmit 3anauax nokasarb, Y4To AaHHble QYHKUMK NMHERHO He3aBUCUMBI, 3 UX
orpesennTteab BpoHCKOro TOXAECTBEHHO PaBEH HYMIO M NMOCTPOMTbL rpadUKK ITHX
dyHKUMIA:

405. y(z) = zz, ecam — 1 €2<0;
0, ecam 0<z g L.
)= 0, ecan =12 <0;
T
b z? , e O0<z<gl.
0 ecm 0<z2<K2;
406. yi(@) = S
(z-2)? ecin 2<z <4
(=27 ecm 0<z<2;
y(z) =
0, ecnn 2<z <4
3
~-2<2<L0;
407. y(z) = z’, ecau z<
0, ecm 0<zg L
0, ecan -2 <0
ya(x) = 2
z°, ecin O0<z<K 1.
408. y,(z) =2*, y(z)=zlzl; -1z L

409. MMonb3ysce onpenenntenem pama, noxaaaTb, yTo cucteMbl GyHKUKA 3anau 373,
377, 379 nuHeitHo 3aBucuMsl Ha [—m, 7).

2°, JlnHeitHble OOQHOPOAHbIE YPAaBHEHWUSA C MOCTOSAHHLIMM
Ko3dpPpuumneHTaMmm. Paccmorpum andodepeHunanbHoe ypaBHeHHe

ay™ +ay™ "V + .. +auy =0, )

rae ag, a,...,Q, — BELUECTBEHHbIE MOCTOSHHbIE, ag # 0.
Inst HaxoxaeHMs obLuero peuieHust ypasHeHus (9) mocrynaem Tak.
CocTasnsieM XapakTepUCTUMECKOe ypaBHEHUe [Lsi ypaBHeHus (9):

aA” +a A" .+ a, =0 (10)
Myctb Ay, Az, ..., Ay KOpHU ypaBHeHus (10), npuyem cpeln HUX MOTYT GbITh
U KpaTHble.
Bo3MoXHbI cneayloulme cayyau:
a) A;, A2, ..., Ay — BELUECTBEHHbIE ¥ pPa3UUHbIE.
Toraa dhyHAaMeHTalbHAs CUCTeMa peleHUi ypaBHeHUs (9) MMeeT BUA
e,\,z’ eA;z’ o eA.,z

¥ o0lIKUM pelleHHeM OAHOPOAHOro ypaBHeHUs GyneT
Yoo = C) eh? + Cze'\ﬂ .+ Cy e'\"

6) KOpHM XapaKTepUCTUUECKOTO YPaBHEHMs BELUECTBEHHbIE, HO cpeau
HUX eCTb KpaTHble. [lycTb, Hanpumep, A} = Ay = =AM =X Te A
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siBnsieTcs k-KpaTHbiM KopHem ypasHeHus (10), a Bce ocTanbHble n —k KOpHeit
pasnunyHble. DyHaameHTaNbHas CUCTEMA PELLIEHUIA B 3TOM Cilyuyae UMeeT BUL

eXz’ we?\z, mzeXz, s mk—leh’ ea\wz, - ea\..z,
a obLuee pelueHue
Yoo = C1¥ + Crze™® + Cyx?e™ + ... + Crat~'eM +

+ Cp1 €% ... + CpeM®;

B) Cpean KOpHeN XapakTepHCTHYECKOro ypaBHEHUsl eCTb KOMIUIEKCHbIE.
MycTb mna onpeneneHHocT™M A} = a + 68, Ay = a— i3, A\ = v + 4,
A4 =y —18, a ocTaNbHble KOPHHU BELLECTBEHHbIE (TaK KaK Mo MPEANoJ0oXEHHIO
koapduumnentsl a;, ¢ = 0,1,2,...,n, ypaBHeHus (9) BelUecTBEHHble, TO
KOMILIEKCHble KOpPHU ypaBHeHus (10) nonapHo compsikeHHbIE).

®yHaaMeHTalbHasi CUCTEMA peLlUeHU B 3TOM ciyyae OyaeT UMETb BUA

€ cos Bz, €®®sinfz, € cosbz, e sindz, €M, €M, ..., eM°

a obluee pelieHKe
Yoo = C €% cos Bz + C,€°% sin Bz + C3e"° cos 6z +
+ C4e™ sin 6z + C5e™® + ... + Cpe™%;
r) B cayuae, ecnu A = a + i sApnserca k-KpaTHbIM KOPHEM ypasHe-
n ,
Hus (10) (k < 5 ) To A3 = a — if Takxe 6yner k-KpaTHbIM KOpHeM, W
dbyHaaMeHTaNbHAs CUCTeMa pelleHUit 6yaeT UMeTb BUA

e cos Bz, € sin Bz, ze® cosPz, ze" sin Pz,

k—leaz mk—l az

vy, @ cos Bz, ..., e®sinpz,..., % ..., e,
a cnenoBatenbHo, obluee pelueHue
Yo.o = C1€% cos Bz + C,e°° sin Bz + Cyze™” cos Bz +
+ Caze® sin B + ... + Cop1z* '€ cos Bz +
+ Cyu "' sin Bz + Cop1 €% + ... + CpeMe.
Npumep 1. Haiitn o6lwee pelueHUn ypaBHEHUA
ym _ 2y" - 3yl = 0.
Pewerne. Coctabnsem xapakTepucTHUECKOE ypaBHEHHE
AN-2-3a=0.

Haxoaum ero kopuu: A, = 0, A; = =1, A; = 3, Tak Kak OHW AeHCTBUTENbHBIE
W paanuyHble, TO obllee pelleHHe UMEET BUA

Yoo =Ci+Cre™ + C;e”. >
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Npumep 2. Havitn obwee peluenne ypasHeHns
m

y + zyll + yl — 0.
PeweHune. XapakTepucTHYECKOE ypaBHEHUE WMEET BUL

M+l ya=0.
Orciona Ay = Ay = —1, A3 = 0. KopHu neiicTBUTENbHbIE, NpuyeM OOMH M3 HHX,
a UMEHHO A = —1, IBYKpaTHBIi, N03TOMY obliiee pelieHre UMEeT BUL
Yoo = Cle_x + sz':e_z + Cg. >

Npumep 3. Havitv obuiee pewenne ypasHeHus y"'

+4y" + 13y = 0.
PeweHne. XapakTepucTHYeCKOe ypaBHEHHE
A+a4+130=0
MMeeT KOPHHU A} =0, Ay = =2 — 3¢, A3 = -2+ 3i.
Oﬁmeq pelueHue

Yoo = C1 + Cye™% cos 3z + Cse % sin 3z. >
Npumep 4. Haittn oblee peweHne ypasHeHUs
yv _2ylV+2y _4y//+yl_2y=0'
Peuwenne. XapakTepucTHUECKOE ypaBHEHUE
Mot raN¥ -4+ a-2=0,

"

1]

A=-2)(A?+1) =0
UMeeT KOPHU A = 2 — OHOKpaTHbI U A = +i — napa ABYKpaTHbIX MHUMbIX KODHEM.
O6uiee peuieHUe eCTb

Yoo = C1€% + (C, + C3z) cos z + (Cs + Csz) sin z. >
Mpumep 5. Pewutb ypasHeHue
vV +4y" +8y" + 8y +4y=0.
Pewenue. Coctasnsem xapakTepuCTHYECKOE ypaBHEHHe
M 4ax +80 2482 +4=0,

n

unu

AM+22+2)7=0.
OHO MMeeT ABYKpaTHbIE KOMIUIEKCHBIE KODHU A} = Ay = =1 =4, A3 = Ay =1+,
ciienosarenbHo, obliee peuieHne GyneT UMeTb BUI

Yoo = C1e™ " cosx + Cre *sinz + Cyze™® cos z + Cyze " sinz,
W
Yoo =€ (Cy + Cyz) cosx + e “(C; + Cyz) sin z. >

3apaun Ang camMOCTORTENbHOrO peLleHus

CocTaBuTh AMHeitHble OfHOpONHble AnddepeHLHaNbHblE YPaBHEHHUS, 3Has UX XapaK-
TEPUCTUYECKHUE YypABHEHHUS!

410. 92— 6A+1=0. 411, A’ +30+2=0. 412, 22’ -30-5=0.
413. A\A+1)(A+2)=0. 414. (A’ +1)’ =0. 415. X’ =0.
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CocTaBuTb NMHelHbIe OQHOPOAHDbIE nucb(bepeuuuanbnble YPaBHEHMUs, €CAU U3BECTHbDI
KOPHHW XapaKTEPUCTUYECKUX YPaBHEHUMW, U HanucaTb UX obime peweHusn:

416. A|=', /\2=2 417. )\]=‘, A2=|.

418. A\, =3-2i, X =3+2i. 419. A, =1, M=1, A3 =1.
CocTaBUTb HUHEHbIE OAHOpOAHbIE nucbcbepeHuuaJleble YPaBHEHHUA, €CJIU 3a0aHbl UX
(byHnameH'ra.anue CHCTEMbI pEeLUEHHIA:

420. 77, €% 421. 1,6 422, ¢ ge .
423. sin 3z, cos 3z. 424. 1, z. 425, &° e, ™.
426. ¢, ze®, ze”. 427. €, ze®, e”. 428. 1, z,€".
429. |,sinz,cosz. 430. €%, sinz,cos z. 431. 1,e "sinz,e " cosz.
MponHTerppoBaTh ceaylolwne ypaBHeHUs 1, A€ YKa3aHo, pewuTh 3anady Koww.
432, 4" -y =0. 433. 3y" -2y’ -8y =0.
434. " -3y " +3y' -y =0, 435. 4" +2y' +y=0.

y(0) =1, ¥'(0)=2, y"(0)=3.
436. y" -4y + 3y =0, 437. 4" + 6y" + 11y’ + 6y = 0.

y(0) =6, y'(0) =10.
438. y"' -2y~ 2y =0. 439. y"' + 29" +4"V =0.
440. 4y" - 8y' + 5y =0. 441, y" -8y =0.
442, "V 1 44" +10y" + 12y +5y=0. 443. y" -2y +2y =0,

¥(0)=0, y(0) =1

444. " -2y + 3y =0, 445, " + 24" +4y" — 2y -5y =0.

y(0) =1, y'(0)=3.
446. y' +4y" +5y" -6y —4y=0. 447. y" +2" -y -2y=0.
v

448. y" -2y" +2y' =0. 449. "' -y =0.
450. y* =0. 451. y" -3y -2y =0.
452, 2" - 3y" + 4 =0. 453. y" +y" =0,
¥0) =1, ¥(0)=0, y"(0)=1.

3°. JluHeiiHbie HEOQHOPOAHLIE YPABHEHNS C MOCTOSHHbIMM
ko3 duumeHTtamu. A. Merog noagbopa. IMycts nano anddeperumranbHoe
YpaBHEHHE

aoy™ + a9 "V + .. +ay = f(z) (11)
C MOCTOSIHHBIMU BELLECTBEHHbIMU KO3dhULMEHTAMU ay, &), 2, - .. , Qp.

Teopema. Obujee pewenue neodHopoduozo ypagmenus (11) pasHo cymme
obwe20 pewienus coomeemcmeyrouie2o 00HOPOOHO20 YPAGHEHUA U KAK020-
AUBO HACMHO020 peweruss HeOOHOPOOHO20 YPABHEHUA.

OTbicKaHKe 0O6LLErO pellleHNsl COOTBETCTBYIOLIEr0 ONHOPOAHOIO ypaBHe-
HUSI OCYLIECTBASIETCS MO MpaBWiaM, WU3NOXEHHbIM B n. 2. Takum o6pasom,
3agaya MHTerpupoBaHus ypaBHeHusi (11) cBOAMTCS K OTBICKAHMIO YaCTHOIO
pelleHus Y, , HEONHOPOAHOro ypaBHeHUs. B o6lueM ciyyae MHTErpUpPOBaHHe
ypaBHeHHsi (11) MOXeT GbITb OCYLLECTBIEHO METOAOM BapuaLMK MPOU3BOJIb-
HbIX MOCTOSIHHBIX (CM. Huxe . 5°). st npaBbix yacTeil cneyuanvrozo éuda
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4acTo peLleHHe HaxOAUTCA Mpolile, TaK Ha3biBaeMbiM Memodom nodbopa. O6-
wuit BuA npasoit yactW f(x) ypaBHenus (11), npu KOTOpOM BO3MOXHO
NpUMeHUTb MeTol noadopa, ciaenylouuit:

1(z) = e**[Pi(z) cos Az + Qm(z) sin pz],

rae Py(z) u Qm(z) cyTb MHOTOUNIEHBI CTEMEHH | U M COOTBETCTBEHHO. B aToM
cllyyae YacTHOe pelleHUe Y,y ypaBHeHua (11) nietcs B Buge

Yun = m.eazlﬁk(m) cos Sz + 61:(3) sin fz],

roe k = max(m,l), Pi(z) n Qi(x)— MHorouneHs or = k-i cTeneHu
obuiero B1aa ¢ HeonpeaeaeHHbIMM K03 dHLIMEHTaMH, @ §— KPaTHOCTb KOPHA
A = a + i xapakTepucTHyeckoro ypasHeHus (eciu a =% i He sBasieTcs
KOPHEM XapaKTepHUCTUYEeCKOro ypaBHEHHUs, To 8 = 0).

Npumep 1. Haiitn o6iwee peweHue ypasHeHns 3" —y" +y' —y = z? + .

PeweHue. XapakTepuctuyeckoe ypasHenue A°—A2+A—1 = 0 uMeeT paanuyHble
KOpHU: A} = 1, Ay = —i, A; = i, noaromy olluee pelleHUEe COOTBETCTBYIOLIEro
OJHOPOLHOro ypaBHEHUS Yo, Oyaer

Yoo = C1€° + Cycosz + C; sinz.

Tak KaK YHC/I0 HOJb He ABNAETCA KOPHEM XapaKTepUCTUYECKOTro YpaBHEHUS , TO YacTHOe
pelleHye JaHHOTO YPaBHEHHS ¥, HALO MCKaTb B BUAe (cM. Taba. 1, cayvait I (1)):

You = A12° + gz + Ay,

rae Ay, Ay, A3 — HeuspecTHble Moka Ko3hGhUUUEHTH!, MOATEXalHe OnpeleeHHIo.
Toacrapnsas BhipaxeHue 418 Y, B AJAHHOE YpaBHEHUE, MonyyaeM

—A,2' + (24, - A))z + (4, - 24, - A;)) = 2" + ,

OTKyAa, NpUpaBHUBas cjieBa U cnpaBa Ko3hGULUMEHTb! NPU OQUHAKOBBIX CTEMEHAX Z,
OyneM UMETb:

A =-1,
24, -4, =1,
Ay—24,-4;=0.
Pewas 3ty cucremy, HaitzeM 4, = —1, A; = -3, A3 = —1, c/egoBareabHO, YaCTHOE

peuieHue G6yaer
Yo = —2? -3z - 1,
1 oblee pelieHne Yoy JAHHOTO YPaBHEHUS UMEET BUL
ymc=C;e”+Czcosa:+Cgsinz-z2—3a:—l. >
Npumep 2. Haittn obluee petueHne ypasHerus y" — " = 12z% + 6z.

PeweHue. XapakrepucTuyeckoe ypaBHeHue A° — A = 0 uMeeT KopHM Ay =
A2 =0, A; =1, a nosToMy obluee peuieHe COOTBETCTBYIOLLErO OAHOPOAHOTO ypaBHe-
Hus Gyaer
Yoo = Ci + Chz + Cse”.
Tak Kkak yucno 0 ecTb ABYKpaTHbIil KOPEHb XapaKTepUCTHUHECKOTO ypaBHEHUs, TO
YaCTHOE pellleHue Halo UCKATb B Buae (cM. Tabn. 1, cayvaid 1 (2))

Yon = T(A,7° + Mgz + A3) = A7 + 4,0 + Ay
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Tabnuua 1

CsoaHas Tabnuua BUAOB YaCTHLIX PELUeHWI

ANA pasnu4HbIX BUAOB NpaBbIx YacTen*

paBas yacTb

KopHu xapakrepucTuyeckoro

Buasl yactHoro

CKOro ypaBHEHHs KpaTHO-
CTh 8

Ne | auddeperumnansHoro
ypasHeHuA ypaBHeHus peLueHus
1. Yucno 0 He sBnsieTcs Kop- ?,,.(z)
HEM XapaKkTepUCTHUYECKOTrO
I Pn(3) ypaBHEHHA
2. Yucno 0 — KopeHb xapak- 2’ Py (z)
TEPUCTUYECKOrO YPaBHEHMUA
KPaTHOCTH 8
1. Yucno a He sapnsercsa Kop- I-"',,,(z)e"‘?
HEM XapaKTepHCTHYECKOro
I Pm (z)eaz YPaBHECHUA
2. Yucno o ssnsetrcs Kop- z* B, (x)e*
HEM XapaKTepUCTHYECKOro
ypaBHEHHS! KPaTHOCTH §
1. Yucna xif He ssasiorcs B,(z) cos Bz +
KOPHSIMM XapaKTepucCTHYe- + Q(z) sin Bz,
- P,(x) cos Bz + CKOro ypaBHEHHS k = max(m, n)
+Qnm(@)sinfe |3 Yycna  if sansorcs kop-|  2*(By(z) cos Bz +
HAMM XapaKTepUCTHYECKO-| 4 Q) (x) sin Bz),
ro ypaBHEHHUsl KPaTHOCTH § k = max(m, n)
1. Yncna o 4B ue ssnsoress|  (Py(z) cos Bz +
KODHAIMU XapakTepucTuye-| + Q,(z) sin Bx)e*®,
[P, (2) cos Bz + CKOTO YpaBHeHHsl k = max(m, n)
v + Qn(z) sin Bz] . B
m 2. Yncna o +iB ssnsoren) z°(Py(z)cos Bz +
KODHAIMM XapakTepuctuue-| + Q,(z) sin Bz)e*®,

k = max(m, n)

* Mepsble TPY BUAA MpPABbIX YacTeit ABNAIOTCS YACTHBIMM cydasamy IV Buaa.

MNoncTasnss BbipaxeHue ois Y., B JaHHOE ypaBHeHUe, GyaeM UMETb

OTKyna

~124,27 + (244, - 64))x + (64, - 24;) = 1227 + 6z,

-124, =12,
24A[ - 6A2 = 6,
6A2 - 2.43 =0.



92 hasa 2. AuppepeHumansHeie ypaBHeHUS BLICLINX NTOPSAKOB

3ra cucreMa MMeeT pelueHue: A; = —1, A; = =5, A; = —15, a sHayut
Yun = —z* - 52° — 1522
O6iuee pelieHHE JaHHOTO YPaBHEHUs
l You = C) + Cyz + C3€® — z* — 52° — 1522, >
Npumep 3. Haiitn oblwee pewenue ypasHenus 3" + y' = 4ze”.

Peuwerune. XapakrepucTyeckoe ypaBHeHHE A+ A =0 uMeer KopHHU A, = 0,
A; = —1. 3HauuTt, obuee pelleHHe Y, , COOTBETCTBYIOILETO OAHOPOJHOIO YpaBHEHHS
6yzner
Yoo =C1 + CZC_Z'
Tak Kak @ = | He sBAsieTCS KOPHEM XapaKTepUCTHUYECKOTrO ypaBHEHHS, TO YacTHOE
peLUeHHe ¥, HEONHOPOAHOro ypaBHeHHUs B Bure (cM. Tabn. 1, cayyait 11 (1))

You = (4122 + Agz + A3)e”.
Moacrasnsisi €ro B MCXOQHOE YpaBHEHHWE W COKpalwasi obe yacTH ypaBHeHHs Ha e,
6ynemM MMeTb
242 + (64, + 24,)T + 24, + 34, + 24, = 4z,
MpupasHuBas K03 bUUMEHTH! IPH OAMHAKOBBIX CTENEHSX B JIEBOI M NMpaBoii YacTAX
PaBEHCTBa, NOJy4YaeM JUHEHHYIO CUCTEMY YDPABHEHHI [UISi HAXOXIEHHST KOadhdUUMeH-
TOB A, 4, A;:
2A; = 4,
64, +24, = 0,
24,4+ 34, +24;=0,
pelas KoTopylo, HaxoauM A, =2, A; = —6, 43 =7, TaK yTO

You = (22" — 62 + 7)€,
O6uiee pelieHKe JaHHOTO yPaBHEHUSt
y(z) = C, + Cre™ + (22* — 62 +7)é". >
NMpumep 4. Haiitn obwee pelueHne ypaBHeHUs
¥ + 10y + 25y = 4.
Petuenme. Xapakrepucruyeckoe ypaHeHHe A2+ 10A+25 = 0 uMeeT ABYKpaTHbIH
KOpeHb A} = A; = —5, MO3TOMY
Yoo = (C] + C;a:)e'sz.

Tak Kak @ = —5 SBIAETCH KOPHEM XapaKTEPHCTHYECKOrO YPaBHEHWs KDaTHOCTH
8 =2, TO YACTHOE PEILeHHUE Y, , HEOAHOPOAHOTO YpaBHEHHs HlleM B Buae (cM. Taba. 1,
cayyait 11 (2))

y".“ o Bmze—Sz,
TOrIa

y-,ua = B(zm - 522)3-53)
o, = B(2 — 20z + 25z%) ™.
MMoncrasnsis BHIPAXEHHE A Yyu, Yams You B HMCXONHOE YDaBHEHME, MOJy4aeM

2Be™% = 4¢™5%, otkyna B = 2 W, 3HaYMT, Y, = 2z°¢~>°. O6LUeE pelleHHe JaHHOFO
ypaBHeHHUs

y(z) = (C) + Cyz)e™> + 2277, >
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Mpumep 5. Haiitn obuiee peleHue ypasHeHus
¥ +3y +2y=zsinz.
Pewenne. Tepeblii cnoco6. XapakTepucTHYECKOe ypaBHeHHE A2 + 3) +
2 = 0 uMeeT KOpHU A} = —1, Ay = =2, noatomy
Yoo = Cie™* + Cre™™.

Tak KaK YMCcllo ¢ He ABIAETCA KOPHEM XapaKTePUCTHYECKOrO YPaBHEHUs, TO YACTHOE
pellIeHune Y, HEONHOPOLHOTO YpaBHEHHs UWEM B Buae (cm. Tabu. 1, cayyait 111 (1))

You = (412 + 4y) cosz + (B + B,) sin z,
TOoraa
Yon= (A, + By + Biz) cosz + (B, — A; — A;z)sinz,
Youn = (2Biz — Ay — Ajz) cosz — (24, + By + B.w) sin z.
[MoacTaensisi 3TH BHIPAXEHHSA B UCXOAHOE YpaBHEHHE, GylieM UMETb
(2B, - A, — A\z) cosz — (24, + By + Biz)sinz +
+3(A, + B+ Biz)cosz + 3(B) — 4; — Ajz)sinz +
+2(Ayz + Ay) cosz + (Byz + B,) sinz = zsinx,
WIH
[(A) +3B))x + 3A, + 4, + 2B, + 3B;] cos z +
+[(=34, + B,))z — 24, — 34; + 3B, + By} sinz = zsin .
Orclona nosy4yaeM CUCTEMY JIMHERHbIX ypaBHEHHIt OTHOCUTENBHO A}, A,, By, B,

A +3B, =0,
34, + A, + 2B, +3B, =0,
-34,+B, =1,
24, -34,+3B,+ B, =
Pewas aty cucremy, Hailnem 4, = -—i, Ay = 1—7-, By = —, B; = -1 1 YacTHoe
10 50 IO 25

pelIeHHE ¥, , 3aNUILETCS TaK:

17 1 3 .
Yun = (— ﬁm + 50) cosz + (ﬁ’”‘ 25) sin &.
OG61uee pelieHHe JAHHOTO ypaBHEHUs

3 17 1
y(@) =Cie™ + Cre™™ + (— —z+ 50) cosx + ( 235) sih z. >

B cnyuyae, korza mpaBasi 4yacTb f(T) CONEPXHT TPUTOHOMETPUYECKUE
byHKuuM sin Bz u cos Bz, oKa3biBaeTcs YIOOGHLIM HpuMeHamb nepexod K no-
kasamenvhoim @dynxyuam. CYWHOCTb 3TOro MpUeMa MOKaXeM Ha MNpuMepe.
Peints aucddepeHumansHoe ypaBHeHHe

v +y==zcosz.

3nech A2+1 =0, A\{ = —i, Ay = i v obLuee peleHHe ONHOPONHOTO YPABHEHHS
UMeeT BUL
Yo.o = C) cos & + C, sin z.
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YacTHoe pellleHWe HEOLHOPOLHOrO YpaBHEHUA ¥y, HALO UCKaTb B BULE
Yun = z[(A)z + A4;) cos z + (Byz + By) sin z).
MoctynuM Tak. PaccMoTpuM ypaBHEHHe
2"+ z = ze', (12)

Jlerko BUAETb, YTO NpaBast YaCTb KCXOAHOTO YPaBHEHMUS €CThb BELLECTBEH-
Has 4acTh OT npaBoit yacTu ypaBHeHus (12):

¢ cos z = Re (ze'®).

Teopema. Ecau dughgeperyuanvroe ypaerenue c geusecmaenHbimu Ko3ggu-
uuenmamu L{y) = fi(z) + if2(z) umeem pewenue y = u(z) + iv(z), mo
u(z) ecmo pewenue ypaeuenus L[y] = f1(z), a v(z) — pewenue ypaenenus

Lly] = fa(z).
Hannem z,, ypasHeHus (12):
zen = (Az + B)ze™® = (Az? + Bz)e®,
zl, = 24€" + 2(2Az + B)ie™® - (Az® + Bz)e®.
Moacraenas B ypaBHeHUe (12) 1 cokpautas 06e yacTh Ha €'*, GyaeM UmeTb
2A +4Azi + 2Bi =z,

A 1
oTkyna 44i = 1, A=—%, A+Bi=0, B=-% =, akumo
Zow = —£w2+-l-z e = -f-:c2+-l-a: (cosz +isinz) =
o 4 4 4 4

zcosx +a*sinz . zsinz—zcosa
= 3 + 3

OTctona B CHY TeOpeMbl

TcosT + zsine
4

DTOT NpueM NOpoit 3HAUYUTENbHO YNPOLLUAET M COKpaLlaeT BbIYUCAEHHUA,
CBSAI3aHHble C HaX0XAeHHeM YacTHbLIX pelleHuH.

You = Re 2z =

PeweHwne npumepa 5. Btopoit cnoco6. Pewnm aToT npuMep nytem ne-
pexofa K nokasatenbHbiM GyHKUUAM. PaccMoTpuM ypaBHeHUe

2" 432 422 = e, (13)

Jlerko BUIETb, 4TO NPABAA YaCTb UCXONHOTO YPABHEHHS PABHA MHUMON uacTH ze'®:

zsinz = Im (ze'®).
Wwem z,, ypasuenus (13) B suze

2,0 = (Az + B)e",
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Toraa . . _ .
2z, = A€ +i(Az + B)e', 2z, = 2iAe” — (Az + B)e*.
MoncTasnss 3T Buipaxexus B (13) u cokpatas Ha e, nonyuaem
24i - Az — B + 34 + 3Aiz + 3Bi + 2Az + 2B =z,

oTKyAa
A+34i=1,
24i+ B+ 34+ 3Bi=0,
TaK 4YTO
A= L _ _AQB+2) 6 +£i
T 143 10 100 T 143 50 50
HTak,
_ (l—3im+6+l7i i _ 5:c+6+ 17 - lSzi) N
= \"To s0 )¢ T\ %0 50
15z = 17)si
x(cosa:+isina:)=(53+6)c°sw:0( Sz )sma:+
(52 +6)sinz + (17 — 15z) cos z
+1 s
50
otcioga
S5z+6 17 - 152
Y =1Imz, = —5p Sin® + 50 oS
UTO COBMAJAET C Yy, HANLEHHBIM paHee, >

Npumep 6. Haittu oblwiee peweHune ypasHerus y” + 4y = sin 2z,

Pewenue. PaccMoTpuM ypaBHeHue 2" + 4z = e¥2,
Wmeem )
sin 2z = Im €2,
no3ToMy
Yo = IM 2.

XapakTtepHcTHUecKoe ypaBHeHHE A> + 4 = 0 UMEET MpoCcThle KOPHM A = £26.
CnenoBatenbHo, YacTHOe pelueHue uilem B Buae (cM. Taba. 1, cayuvait 111 (2)):
Zoy = Aze®™,

Toraa
Zhy = —4Aze™® + 44ie™,
MoncTasnsg BbIpaXeHUss ANSl 2,y U Zi, B ypaBHEHWE M COKpallas Ha el®

, i
nonyvaeM 44i = 1, orkyna A = by a 3HayuT

1 i 1 1
2y =-— Ziwez" =32 sin 2z — izz cos 2z.

YacTHoe pelueHne TAHHOTO HEOAHOPOLHOTO YpaBHEH!s GyaeT

1
Yo =Mz = -Zw cos 2z. >
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Npumep 7. Haitu o6uiee peweHus ypasHeHus y" — 6y’ +9y = 25¢° sin .

Pewerne. XapakTepucTuueckoe ypasHeHue A2 — 6A +9 = 0 uMeeT KOPHU
Ay = A; = 3; obiuee pelteHue Y., OAHOPOOHOrO YpaBHEHUs Oymet

Yoo = (C) + Cyz)e™.

Yucna 1+¢ He ABNAIOTCH KOPHSAMM XapaKTEPUCTHYECKOTO YPaBHEHMUS , O3TOMY YaCTHOE
pelleHHe Y, HlueTcs B Buae (cM. taba. 1, cayuait 1V (1))

yun = € (acosz + bsin ).

MoacTaass BbIpaXeHHUE Y, B YPaBHEHWE ¥ cOKpaluas o6e 4acTH ypaBHEHHs Ha e,
nonyyaem

(3a — 4b) cos = + (4a + 3b) sinz = 25sin .
OT1clona MMeeM cUCTEMY
{ 3a -4b=0,

4a + 3b =25,
pelueHue KoTopoit ectb @ = 4, b = 3 u, cirenosatensHo,

Yuu = €°(4cosz + 3sin z).
O6uiee peweHre 1aHHOTO YpaBHEHUS
y(z) = (C) + Cyz)e* + e*(4cos T + 3sin z). >
NMpumep 8. Haiitn obuwee peweHne ypasHeHUs
¥ +2y + S5y = e ° cos 2z.
Pewenune. XapaktepucTuyeckoe ypaBHerue A2 + 2X + 5 = 0 HUMeeT KOpHM

A2 = —1 £ 24, TaK yTO

T

Yoo = (C) cos 2z + C; sin 2z)e™".

Tak Kak 4ucno a + i = —1 + 2i siBnsietcsi NPOCTHIM KOPHEM XapaKTEPUCTHUUYECKOro
ypaBHEHMUS, TO Y, HaldO McKaTb B sue (cM. Taba. 1, cayuvaii 1V (2))

Yun = (A cos 2z + B sin 2z)e”",
Toraa
Yon =€ *[(A — Az + 2Bz) cos 2z + (B — Bz — 2Az) sin 2z],
Vi =€ *[(-24 - 3Az 4+ 4B — 4Bz) cos 2z + (—2B — 3Bz — 4A + 4Axz) sin 2z].

MoncTannsisa BbIPAXEHUs LIS Y, W €€ MPOU3BOAHBIX B UCXOLHOE ypaBHEHUE U COKpa-
was Ha e, GyaeM uMeThb

—4A sin 2z + 4B cos 2z = cos 2z,
1
orkyna A=0, B= 3 U, 3HAYUT,
! e sin 2
= -—-Te .
Yun 2 |
OGuiee pellieHNe AaHHOTO ypaBHeHUsi Oyner

1 ..
y(x) = (C) cos 2z + C, sin 2z)e™ + riad * sin 2z. >
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3anaum Ana CamMoOCTORTENbHOFO peilleHusa

OnpeaeanTb BUA YaCTHOTO PeLUEHUs JIMHERHOro HeogqHopoaHoro anddepeHunaNIbHOro
YPaBHEHUS, €CAU WU3BECTHbI KODHWU €ro XapakTepUCTHYECKOrO ypaBHEHWMsSI W Mpasas
yactb f(z):

454. A\ =1, X =2 f(z) =az’ + bz +c.
455. A\, =0, X\ =1; f(z) =az’ + bz +c.
456. )\, =0, X, =0; f(=z) =az’+bz +c.
457. \ =1, X\ =2 f(z) = e *(az + b).
458. \\=-1, )= f(z) = e *(az 4+ b).
459. \\ =-1, X\ =-1 f(z) = e "(az +b).
460. A\, =0, X\ =1; f(z) =sinz + cos x.
461. N\ =—-i, M\ =1i; f(z) =sinz + cosz.
462. \ = -2i, A, =2i; f(z) = Asin2z + B cos 2z.
463. A\ = —ki, X =ki; f(z) = Asinkz + B cos kz.
464. )\ =1, )= f(z) = e *(Asinz + B cos x).
465. A\, =—-1-i, M=-1+i f(z)=e "(Asinz + Bcosz).
466. \\ =\ =)\ =1; f(z) = az’ + bz +c.
467. A\, =0, M=1, \=2 f(z)=az’+bz+c
468. \\ =X, =0, M\ =1,; f(m)=a1:2+ba:+c.
469. A\, =X =X =0; f(z) = az’ + bz + c.
470. A\ =i, M=-i, M=1; f(z)=sinz+cosz.
471, a) A, =0, X\ =1, )
6) A=k, A=1,
B) A =X =k S f(z)=(az’ +bz +c)e’®, k#£0, k#1
NDA=A=0 M=I, - ’ ’ ‘
ﬂ)Al-—_—Az:k, /\1=]
C)/\|=/\2=A3=k )
472. a) /\| =/\z= l, )\3=2,

= 1 b .
6) Al=_i, Azzi, A3=0}f(z) asinr +0cosz

473. a) A, =3-2i, A =3+72,
A3 =X =0, 3.
6) A = A =3 2i, f(z) = e (sin 2z + cos 2z).
A3=/\4=3+21

[ast cnepylowmnx AMHERHbBIX HEOAHOPOAHbIX AMbdEPEHUNANBHBIX yPaBHEHUIA onpee-
JINTb BHA YaCTHOTO PEWIEHMS:
474, 4" + 3y = 3.

476. ' +3y = €".

478. y" + 8y + 16y = (1 — z)e*.
480. 4y" — 3y = ze*/*.

482. y" + 25y = cos 5z.

484. y" + 16y = sin (4z + a).

475. " -7y = (z - 1)~

a77. ' + 7y =7,

479. y" — 10y + 25y = ™.

481. y" — 4y = ze*.

483. y" +y =sinz —cos z.

485. y"+4y'+8y = e¥(sin 2z +cos 2z).
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486. y" - 4y’ + 8y = e**(sin 2z — cos 2z). 487.

488. y" + k*y = ksin (kz + a).

490. y" +y=u=a.
492, y" +y' =2.
494, y"¥ -y=1.

496. 'V -y" =3.

498. vV +4y" +4y" = 1.
500. yIV + 2ylll +yll = e-l.
502. y" +4y" + 4y =sin22.
504. y'" +4y" + dy = zsin 2z.

506. y' - 2n’y" + n'y = cos (nz + ).
508. y" - 4y" +6y" -4y +y=¢".

489.
491,
493.
495,
497.
499.
501.
503.
505.
507.
509.

y" +6y + 13y = e ¥ cos2z.
v + Ky =k

ym + 6y" +11y +6y=1.
ylll + yll = 3'

y:: - y:ll= 2‘

y -y =4

ylv + 23/’” + yll = elz'

yw + 2![ + yll = me—-z.
y" +4y" + 4y =cosz.

y" +2n?y" +n'y = asin (nz + ).
YWy +6y" +4y +y=sinz.
vV -4y +6y" - 4y +y = ze”.

"

mn

PewnTb clepytouine JMHENHbIE HEOLHOPOAHbIE YPaBHEHHS:

510. ' + 2y +y=-2.
512, y" +9y-9=0.

514. 55" — 7y —3=0.
516. 3" +y" =2

518. y" - 4y’ + 4y =2’
520. y" - 2ky' + k’y = €7,
522. " +4y +3y=9¢e",
524, y" + 3y = 3ze™,

526. y' +2y +2y=1+z2.
528. y" +4y -2y = 8sin2z.
530. y" - 2my’ + m’y =sinnz.

(k # 1).

511.
513.
515.
517.
519.
521.
523.
525.
527.
529.
531.

532. y" + a’y = 2cos mz + 3sinmz (m # a).

533. y' -y = —2¢”sinz.
535. y" + 4y’ + 5y = 10e ¥ cos z.
537. ¢ -3y + 2y = z€®.
539. y" - 3y’ +2y = (2? + z)e™.

541, y'v—2y'”+2y"-2y'+y=e'.

543, y"V +y" =2’ + .
545. y" + 2y +y = a’e " cos .
547. y" - 2y" + y =cosz.

549. y" — 4y + 5y = e**(sinz + 2cos z).

534.
536.
538.
540.
542,
544.
546.
548.

V' +2y' +2=0.

yl” + yll = I.

ylv - 6ylll + 6 =0.

ylv _ 2ym + 2yn _ 2yl +y= 1.
¥ + 8y =8z.

v +4y + 4y =8e72,

' -y = 42

y" + 5y + 6y = 10(1 - z)e™ .
' +y +y=(z+2")e"

Y +y=4dzcosz.

v +2y + 5y =esin2z.

y" + 2y = de*(sinz + cos z).
4y" + 8y = zsinz.

y" + y’ - 2y = 32643.
y”'—y"+y'—y=wz+m.

y" - zyl +y= 23'

V' +y=2'sinz.

y" —y=sinz.

y" - 3y" + 3y - y=e"cos2z.

B. MpuHyun cynepnoauumnm. Tpu HaxoxaeHUU YaCTHbIX PELUEHU I JMHel-
HbIX HEOAHOPOAHbIX YpaBHEHHU 1 yA06GHO noab3oBaTbes cnenyolieil TeopeMolt.

Teopema (NpUHUMN cynepnosuumun unu Hanoxenms). Ecau y(z) ecmb

peuienue ypaeHeHus

ao(m)y(") + a,(z)y(""') +.oFag(2)y = fr(z), k=1,2,...,m,
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m
mo gynxuus y(z) = Y yr(x) Aersemea pewenuem ypasrerusn
k=1

ao(@)y™ + a1 @)y + .. +an@y =D fi(e).
k=1

Mpumep 9. Pewuts ypasHeHue
y" — 6y’ + 9y = 4e® — 16€*. (14)

Pewexne. Xapaktepuctuueckoe ypaBHeHHe A2 — 6A + 9 = 0 uMeeT KOPHH
Al = A; = 3, a noatomy o6LIUM pPEILUEHHEM Yo, COOTBETCTBYIOLIETO OLHOPOAHOrO
ypaBHeHus Gyner
Yoo = C1€° + Cyze™.
[N HaxoXAEeHWs! YaCTHOTO pelleHHust y,, YpaBHeHus (14) Hailnem yacTHbie
peLUeH!s ABYX YpaBHEHU N

Y — 6y + 9y = de°, (15)
y' -6y + 9y = —16€™. (16)

YpasHeHnue (15) umeet yacTHoe pewweHue y, suna y; = Ae® (cm. Taba. 1, cayvait 1 (1)).
Moacrasnss BbipaxeHue ans y, B ypasHeHue (15), Hallaem A = 1, Tak yTO y, = €.

YacTHoe peweHue ypasHeHust (16) uulem B Bume y; = Bgzle™ (cm. Tabn. 1, cay-

yait 11 (2)). Haxonum y, = —8z?e®.
B cuay npuHuUMNA CYnepno3vuMU PELeHUH YACTHOE PeleHHe Y., AAHHOrO
ypaBHeHHsi GyLeT paBHO CyMMe YacTHBIX pewieHnit y, u y, ypasHeHuit (15) n (16)

You = U1 + 32 = € — 8z’e™,
O6uwee peweHue ypasHeHus (14)
y = (C) + C1z)e* + €° — 8x’e®, >
Mpumep 10. Pewutb ypasHeHue
y" - 2" + 2y = 4 cos z cos 3z + 6 sin 2z. (17)

PeweHnne. Ucnonbays u3BecTHblE TPUTOHOMETPUYECKHUE TOXAECTBA, Npeobpasy-
eM nipaBylo yacTb ypasHeHus (17) K «cTaHAapTHOMY» BULY

4cos z cos 3z + 6sin 2z = 2 cos 4z — cos 2z + 3.

WUcxonHoe ypasHerue (17) sanuuercs Tenepb Tak:
nm

y" - 2" + 2y’ =2cosdx — cos 2z + 3. (18)
O6wKM pelieHreM onHOpoaHoro ypasHeHus y" — 2y" + 2y’ = 0 Gyaer
Yoo = C) + (Cy cos z + Cy sin z)e”.

Jnst OTHICKAHUSH YAacTHOrO ypaBHeHus (18) ucrosnb3yeM NPUHUMN CYNEPHO3ULUH.
[ns atoro HalneM yacTHble pelleHHs TPeX ypaBHEeHUN:

y" - 2y" + 2y’ = 2cos 4z, (19)
y" = 2y" + 2y = - cos 2z, (20)
' -2y +2 =3 (21)
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WUcnonw3ys meton nonbopa, HAAIeM YacTHBIE PELIEHNS ¥y, ¥, W y; ypasHeHnil {19),
(20) u (21) cooTBercTBEHHO:

1 7 1 /1 3
y,=6(cos4z—zsin4z), y;:m(isinh—coszz), Yy = 3%

B cuny npuHuMna Cyneprnosnunm YacTHOE pelieHne HEONHOPOonHOro ypasHeHUs (8)

1 <4 7s'n4 + 1 /sin2z ) 3
= —( cosdz — - sin 4z — — Zz.
Yun 65 3 0 2 cos2z ) + 29:

OG6lLee peLieHUe HCXORHOTO YpaBHEHHSI
y=C, + (Cycosz + Cysinz)e® +

+1 cos4zx zsin4a; +L sin 22 cos 2 3 >
65 4 o\ 2 ?)+ 3=

3apaun AN CaMOCTOATENIbHOIO pelleHus

OnpesennTb BUL YaCTHOTO PELLEH Us TIMHEHHOrO HEOAHOPOLHOTO AN dEPEHLIHaNbHOTO
YPABHEHHUS, €CNM W3BECTHbI KOPHW €r0 XapakTePUCTUYECKOTO ypaBHEHWs M rpasas
yacts f(z).

550. a) A\, =—1, A=1, A=2
6) A =0, A\=2 A=3,
B) A =h=-1, M=I,
DA =A==l

[Monb3ysicb NPUHUKNOM CyNEepPro3nLMK, ONPENENNTD BUI YACTHOIO PEUIEHUS Clelylo-
KX JTMHERHBIX HEOAHOPOAHbIX AMDIEPEHUHANBHBIX YPABHEHHIA:

f(z) = ae™ + be®.

551. " -y - 2y=e"+e 2. 552. 4" +4y' =z +e*.

553. 4" —y==x +sinz. 554. y" —2y' +2y = (I +sinz)e”.
555. y" —y"' = 1+¢€". 556. y" +4y =™ +sin2z.
557. y" + 4y = sin z sin 2z. 558. y" — 4y’ =2cos 4z.

PelunThb cenyiolme AMHeHbIE HEOAHOPOAHbIE YPABHEHMS, UCTIONB3YA MPUHLMT Cy-
MEPNO3NLIMK LTS HAXOXAEHMSI MX YACTHBIX PELIEHMit:
559. y"' —y — 2y =4z —2¢°.

560. y"' — 3y = 18z — 10 cos z.

561. y" -2y’ +y=2+¢€sinz.

562. y" +2y' +2y = (Sz+4)e” +e°.

563. y" + 2y + Sy =4e™" + 17sin 2z.

564. 2y" — 3y — 2y = Se®chz.

565. y" + 4y = zsin z.

566. vV +2y" +2y" + 2y +y=ze" + % cos z.
567. y" +y =cos’z +€° +z’.

568. y' +4y" =" +3sin2z + 1.

569. y" — 2y + Sy = 10sinz + 17sin 2z.
570. y' +y =z’ —e " + ¢
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571.
572.
573.

574.

575.
576.

577.
578.
579.
580.
581.
582.
583.
584.
585.
586.
587.
588.
589.

y' =2 - 3y=2c+e"-2e".

y" +4y = e + 4sin2z + 2cos 'z — 1.
y" +3y + 2y = 6ze™*(1 — 7).
y"+y=coszzz+sin2§.

y" -4y + 5y =1+ 8cosz + e=.

y' -2 +2y=¢" sinzg.

y' =3y =14+¢° +cosz —sinz.

y" -2y + Sy = €*(1 — 2sin’z) + 10z + 1.
y" — 4y + 4y = 4z + sinz + sin 2z.

¥ +2y' +y =14 2cosz + cos 2z — sin 2z.
V' +y +y+1=sinz+z+2.

y" + 6y +9y = 18¢™ 4+ 8sinz + 6 cos z.
¥’ +2y + 1 = 3sin 2z + cos z.
yl//_zy/l+y/ = 2m+ez.

y" +y=2sinzsin2z.

v —y" -2y =4z + 3sinz + cosz.
y" — 4y = ze® +sinz + 2.

v v z

y -y =ze — 1

z

W +y" =z 427

B. 3agava Kowm. Kak u3BecTHo, 3ajaya Koy pis TMHEAHOro HeoaHo-
POLHOro ypaBHEHHMSI

Y™ £ piy(n — 1) + ... + pay = f(2).

COCTOMT B ClIEAylOLIEM: HAllTH peLlieHHe STOro ypaBHEHHUS, YIOBIETBOPsIioLLEee
HauyabHBIM YCIOBUAM (oaHHbIM Koluu)

C+

yeo) =w, Y@)=3%, -, ¥ z)=y"".
Mpumep 11. Haiitn YacTHOe peleHne ypaBHEHUS
Yy —y =4,
YAOBNETBOPSIOLLEE HAYANbHLIM YCNOBUAM
y(0 =0, y(0)=1
Petwenve. Haxoaum yacTHoe pelueHue ypasHeHus (22)

y=Ce" + Cye " + 2z€°.

(22)

(23)

(24)

Insa peieHust noctaBaeHHOM HauanbHOl 3anaun (22)—(23) (3anauu Kowm) Tpe-
GyeTcst onpelennTb 3HayeHHWs MocTosiHHbIX C) M C; Tak, 4ToObl peweHue (24)
YAOBNETBOPSIO HayalibHbIM ycaoBUsaM (23). Mcnonb3ys ycnosue y(0) = 0, nonyyaem

C; = 0. Anddeperuupys (24), Hairaem
y' = Cie" — Cye™ + 2e° + 2ze”,
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oTkyna, B cuay ycnosus y'(0) = 1, 6yneM umetb C, — C; = —1. Jlna oTbicKaHus
C), C; nosyunnmn cucremy
{ Ci+C;=0,
C-C=-1,
1 1
pewas xortopylo Haxoaum C; = —=, C; = =. lNoncrasnsis HaiileHHbie 3HAYEHUSA

POM3BOJIbHBIX MOCTOAHHBIX B obluee peweHue (24), noayyaeM pelueHue HauanbHOM
3agaun, (22)-(23):

= —%e‘ + %e" +2ze® uan y=2ze® —shaz. >
MNpumep 12. Haiitn yacTHOe pelueHne ypaBHEHUS
v +4y' + 5y =8cosz, (25)

orpaHu4yeHHoe npu & — —oo.
Pewerune. OGluee pelueHne JaHHOTO ypaBHEHUs

y = e (C, cos ¢ + C, sin z) + 2(cos & + sin z). (26)

Mpyu & — —00 BeMunHA €% — +00 1 npH Mo6bIX C, u Cy, He PaBHBIX ONHOBPEMEH-

HO HyJllo, TIepBoe caraemoe npasoit yactu (26) GyaeT dyHKuueil, HeorpaHuYeHHOH
npu T — —00, a BTOpPOe caaraeMoe — GYHKLUMEH, OrpaHUYEHHOMN NpPU BCEX 3HAYEHU-
ax z. CnenosatenbHo, Toabko npu C; = C; = 0 HMeeM OrpaHHUYeHHOE NpPU T — —00
pelueHue ypaBHeHus (25), UMEHHO

y = 2(cos z + sin z). (27)
Bosee Toro, peiwenue (27) ypaHeHus (25) orpaHuueHHO Npu BCex :
|yl = |2(cos z + sin )| < 2(] cos z| + | sinz]) < 4

ans Beex z € (—00, +00). >
Mpumep 13. HaitTn yacTHOe pewweHne ypaBHeHUs
v -3 +2y=4+2e"cosz, (28)
YROBRETBOpAIOUlee YCnoBuio y — 2 npu & — +00.
Pewenrye. O6iuee peuieHne 0aHHOTO YpaBHEHUA
y=Cie® + Cre* +2+ e *(sinz — cos z). (29)

Mpu mobbix 3HayeHUsAX NocTofAHHbIX C; U C;, He PaBHbIX OLHOBPEMEHHO HyMIO,
petueHue (29) ansieTca HeorpaHuyeHHol dyHkuuel npu z — +o00. Mpu C, =C, =0
peleHuem ypaBHeHus (28) 6ymeT dyHKumsa y = 2 + e~*(sin & — cos &) ang KoTopoil,
OYeBUIHO, BbiMonHseTcA ycaosue lim y = 2, Takum oGpa3om,

T+

y=2+(sinz —cosz)e™®

6GyneT UCKOMbIM YaCTHbIM PELUEHUEM. g
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3anaum Ans CamMOCTONTENIbHOrO peLleHns

B caenyiowux 3anayax HaiTH yacTHbie pelUEeHUsA ypaBHeHUii, yoOBAeTBOpsIOWKE 3a-

AAHHBIM HaualbHbIM YCAOBUSAM:
590. y" +y=2(1 - z);

591. y"' - 6y + 9y =9z - 12z + 2;
592. y" + 9y = 36¢™;

593. y' -4y +4y = 2%

594, y" -5y + 6y = (122 - 7)e™;

yu + yl = e-z;
y" + 6y +9y = 10sinz;

¥ +y=2cosz;

y' +4y =sinz;

y" +y =4z cosz;

y" - 4y’ + 5y = 22%¢%;

y' -6y +9y = 16e™* + 9z - 6;
y' -y = —5e~*(sinz + cos z);
Y =2y + 2y = 4€” cos z;

595.
596.
597.
598.
599,
600.
601.
602.
603.

y(0) =2, ¥'(0)=-2.
y0) =1, y'(0)=3.
y(0) =2, y'(0)=6.
y(0) =y'(0) =0.

y(0) =y'(0) =0.

y0) =1, y'(0)=-1
y(0) =y'(0) =0.

y0) =1, ¥ (0)=0.
y0 =y =1

y(0)=0, y'(0)=1.
y(0)=2, y'(0)=3.
y(0) =4(0)=1.

y(0) = -4, /(0)=5.
y(r) =me", y(r)=e¢".

604. y" -y’ =-2z; y(0)=0, y'(0)=1, y'(0)=2.

605. y,': —y=8"%  y(0)=-1, y(0)=0, y"(0) =1, y"(0)=0.
606. y —y=2z ¥(0) =y'(0) =0,y (0)”= 2. ;
607. y ' -y=8e" y(0)=0, y(0)=2, y"(0)=4, y"(0)=6.

B chenyiowmx 3a1ayax HailTH YaCTHblE PELUEHUs YpaBHeHUH, yIOBIETBOpsOWME 3a-
NaHHBIM YCOBUSIM Ha GECKOHEYHOCTH:

608. y’ — 4y + Sy =sinz, y orpaHuyeHo npu z — +00

609. y" 42y + 5y = 4cos2z +sin 2z, Y OrpaHUYEHO NPU T — —00

610. y' -y =1, y orpaHuueHo npu ¢ — o0

611, y' —y=—2cosx, y OrpaHMYEHO NMpPU T — 0O

612. y" -2y +y=4e™*, y— 0npu z — +oo.

613. y' +4y +3y=8"+9, y—3npuz — —oo.

614, y' -

615.
616.
617.

y-Sy=1, y— -5 mpMz - oo
y' +4y +4y=2e*(sinz +7cosz), y— 0npuz— —oo.
y" =5y + 6y = 2e(9sin 2z + 4 cos2z), y — 0 npu = — +oo.

y' -4y +4y= (92’ +5z—12)e™®, y— 0npuz — +oo.

4°. YpaBHeHus diinepa. JluHelHbie ypaBHeHUs BU1a

n,,(n)

ATy (30)

rae Bce a; MOCTOSIHHLIE, HA3bIBAIOTCS ypasHeHusmu Diinepa. DTH ypaBHEHUS
3aMeHO/l He3aBUCHMOrO MepeMeHHOro z = e’ npeoGpasyloTcs B JMHERHbIE
OIHOPO/IHblE YPaBHEHUS C MOCTOSIHHBIMU KO3bbULIHEHTAMMU:

+aiz™ 'y 4 a2y +any =0,

boy™ + b1y ™" .+ baoith + buy(t) = 0. (31)
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3amevanue 1. YpasHenue Buia

ao(az +b)"y™ +a,(az + b)" 'y " + ... + ap_ (az + b)Yy + any =0

TaKXe Ha3biBAIOTCA YpaBHEHUSIMM Diifepa M CBOAATCS K JAWHENHbIM OLHOPON-
HbIM YPaBHEHMSAIM C MOCTOSSHHbIMU KO3GGhULUMEHTAMHW 3aMEHOW MepeMeHHbIX

az+b=¢".
3ameyanune 2. YactHbie peieHns ypasHeHns (30) MOXHO cpasy HCKaTb B BU-

e y = z¥, npn 3Tom ans k Mbi MonyyaeM ypaBHEHME, KOTODOE COBMajaeT
C XapaKTepUCTHYECKUM ypaBHeHHeM s ypaBHeHus (31).

Npumep 1. Haittn obuiee pewenne ypaeHenus diinepa z2y" + 2zy' —
6y =0.

Pewenve. Meppbiit cnoco6. [lenaeM B ypaBHEHUH NMOACTAHOBKY T = e’
TOoraa

’

Tz T dmjat ¢
o_ 4y _dy/dt _ (dy/dt’ - dy/dt)e” o (dy dy
dz  dz/dt et a2 dt )’
W ypaBHEHUE NPUMET BHUI

KopHu xapakTepucTH4ecKkoro ypaBHeHuss A, = =3, A; = 2, u obuiee peuieHue
ypaBHeHus 6yner y = Cye”* + Cye®. Ho Tak Kak = = €', To y = Cyz™> + Crz? nam

C| 2
y=F+C2z.

Bropoit cnoco6. ByleM McKaTh pellieHMe NAHHOTO YpaBHEHHs B BUIE
y = z*, rne k— wuenssectnoe uucno. Haxommm y' = kz*~', y" = k(k — 1)z*72.

Moacrasnss B ypaBHeHHe, Hoay4aeM
2’k(k — 1)z + 2zkz*™' - 62" =0,
win .
2t [k(k — 1) + 2k — 6] = 0.

Ho Tak kak z* 20, 10 k(k—1)+2k—6 =0, unn k> + k — 6 = 0. Kopuu 31010
ypaBHeHus k, = —3, k; = 2. UM cooTBeTcTBYeT hyHAaMeHTaNbHasA CUCTEMA PeLIEH Ui
Y= z", P = z?, u obuee pelueHue no-npexHemy 6yaet

y= C,a:_3+C122. >

HeonHopoaHble ypaBHeHUs Ditiepa Bula

n
Z arcty®) = 2P (In z),
k=0

rae P, (%) — MHOroujieH CTeneH m, MOXHO TaKxe pelaTh METONoM noaGopa
M0 aHaNOrMK C peLieHHeM HEOAHOPOAHOro JMHeHOro anddepeHunatbHOro

yPaBHEHUSl C NOCTOAHHbIMM KO3(dHUUMEHTAMU W C MNpaBOil 4acTblo BUIA
ar
e** Py (z).
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Npumep 2. Pewutsb ypasHenve itnepa zy" —zy' + 2y =z Inz.

Pewwenve. Xapakrepuctnueckoe ypasHeuue k(k — 1) —k +2 = 0, uan k? —
2k +2 = 0 umeer KopHW, k, = 1 — i, k; = 1 + ¢. [loaTomy obluee pewieHue
COOTBETCTBYIOLIETO ONHOPOAHOrO YpaBHEHUs GyneT

Yoo = Z(C, cos Inz + Cysin In z).
YacTHoe pelueHue uweM B Bule y, = z(A4 In z + B); umeem
A

yo=Alnz + B+ A, yﬂ:;.

MoacTasassi B 1aHHOE ypaBHEHUE, MONy4aeM
Az —z(Alnz+ A+ B) +2z(Alnz+ B) =z Inz,

uan
AzInz+Bzx=zInz,

otkyra A = 1, B =0. Urak, y, = z In z. OGwumM pelueHueM Gyaet

y=2(Cicos Inz + Cysin Inz) + zInz. >

3apaum ANA CaMOCTOSITENIbHOrO pelueHUs

lpouHTerpupoBath clieayloLine OQHOPOAHBIE ypaBHEHUs Diiepa:

618. 2%y +zy —y=0. 619. z’y" + 32y +y = 0.
620. z’y" + 2zy + 6y =0. 621. zy" +y' =0.
622. (z+2)%" +3(z+2y -3y=0. 623. 2z+ 1)’y -2Qz+ 1)y’ +4y = 0.
624. z’y" —3zy" + 3y =0. 625. z%y" =2y
626. (z+1)%y" - 124 =0. 627. (2z+1)’y" +22z+1)y" +y' =0.
Pewntb creayiowme HEOAHOPONHbBIE ypaBHeHUil Diinepa:
628. 2%y’ +zy' +y=2(6 —Inz). 629. z’y" — 2y =sin Inz.

161
630. 2’y —zy -3y =— zn z. 631. z%y" — 22y + 2y =2’ - 22 + 2.
632. 2%y + 2y —y=2", |m|#1 633. z%y" +4zy' +2y =21In’z + 12z.

634. (z+1)’y" +3(z+1)% +(z+1)y=6In(z +1).
635. (z-2)%" - 3(z-2)y +4y =1=.

5°. JluHeitHble anddepeHumansHbie ypaBHeHUs C nepe-
MeHHbIMU Ko3dpduumentamu. Meton Jlarpanxa. Ecau u3secTHo
4acTHOe pelleHUe Y;(T) ypaBHEHMUsI

y™ +p1(@)y™ " + ...+ pa(z)y = 0, (32)

TO €ro MOpsiOK MOXHO MOHU3UTb Ha eauHWLy (He Hapyluas JMHEAHOCTH
ypaBHeHMs1), NoJiarast Y = Y|z, [le 2 — HOBasi HEM3BECTHAst PYHKUMS, a 3aTEM
nenas 3aMeHy z' = u (MOXHO HeMocpeaCTBEHHO Aenath 3ameHy u = (y/y;)’).

Ecin n3BecTHO k 4acTHbIX JIMHEMHO HE3aBUCUMBIX pELLEHUi ypaBHe-
Hust (32), TO NOPSAAOK ypaBHEHUSI MOXET ObiTh MOHMXEH Ha Kk €NUHMULL.



106 Thapa 2. [uddepeHumansHbie ypaBHEHUs BbICLUMX NOPAAKOB

OGluee pelleHUe ypaBHEHUS

¥™ +pi(2)y™ " + ... + pal2)y = (o) (33)

€CTh CYMMa KakKoro-HuGylb €ro 4acTHOro pelieHWsl W O6lLero pelieHus
COOTBETCTBYIOLLEr0 OJHOPOLHOro ypaBHeHns (32).

Ecnu u3BsecTHa gpyndamenmanvras cucmema COOTBETCTBYIOLLETO OAHOPOI-
Horo ypaBHeHus (32), To obLiee pelueHWe HEOAHOPOAHOro ypaBHeHus (33)
MOXeT GbiTh HalileHO METOAOM BapuaLMi MOCTOSAHHbLIX (Memod Jlazpanca).

O6uuee peluenye ypasHeHHs (32) uMeeT BUL

y=Ciy +Cyr + ... + Coyn,

rae Cy, Cy,...,C;, — Npou3BOJbHbIE NOCTOSAHHbIE.
Bynem uckaThb pewieHue ypaBHeHns (33) B Bune
¥y = Ci(@)y + Co(2)y2 + - - - + Cn(T)Yn, (34)
rae C\(z), Cy(z), ..., Cy(x) — HeKOTOpbIE NOKA HEU3BECTHbIE GYHKLINK OT &,

Jlas ux onpeneneHus nonyyaem cucTeMy
yCl +1C+ ...+ ynCp =0,
ma+%@+m+%Q=m
3" +47C 4+ C = £ ().
Paspeluas 3Ty cucTemy oTHocuTenbHo Ci(z), = 1,2,...,n, noayyaem

dC; .
—' =pi(z), i=1,2,.

OTKyAa
C;(m)=/¢,-(z)dz+0¢, i=1,2...,n,
rae C; — NpoM3BONbHbIE MOCTOSIHHBIE. BHOCA HaineuHbie 3HaueHus Ci(z)

B (34), nonyyaem obLuee peleHus ypaBHeHus (33).
B uacTHocTH, A8 ypaBHEHUS BTOPOro nopsiaka

¥ +pi@)y +pa(2)y = £ (2)
cuctema (35) umeer BUA

C| +1:C; =0,
{yl 1 T 4202 (36)

YiCl + 3202 = £ ().
Pewas (36) oTHocuTensHo C) u Cj, noayyaem

Cl=— ny(x) - ylf(m)
T Wiy wl T Wi, wl
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OTKyda Haxoanm

¥ f(z)
W[ylv y2]

y2f ()
W[yl ’ y?]

rae C) u C; — NOCTOSAHHble UHTETPUPOBAHUA.

C(z)=- dz +Ci, Cy(z)= dz + C,,

Bamevanmne. ns ypasueHus ag(z)y” +a,(z)y +a:(z)y = f(z), roe ag(z) 2 1,
ag(z) # 0, cucrema (36) 6yneT BLILIAAETH TaK:

G + 10 =0,
/(=)

P '~
ylcl +y2C2 - ao(z)‘

Npumep 1. Haiitn o6uiee pelwenne ypasHenus zy" +2y' +xy = 0, ecm
sinz
Y1 = —— €CTb €10 4acTHoe peweHve.

Peiwenve. Monoxum y = _sln;_z 2z, TAe z— HoOBasA Heu3BecTHas GYHKUUSA OT T;
Torﬂa ’ ! ! 1 " ) ! "
y=yz+nz, ¥ =yz+2z +yz.
lMoncTasnsis B AaHHOe ypaBHeHuWe, NnonyyaeM
(zy! + 2y + zy))z + 2y 2" + 2zy) + )2’ =0.

sinz
Ho Tak kak y, = - €CTb YaCTHOE peLueHWe JaHHOrO YpaBHeHUs, To zy) + 2y +
zy, = 0, no3ToMy nMeeM

oy12" + 2=y +y1)2 = 0. (37)

, cosz sinz ,
Ho y} = — - =7 @ 3HaunT Ty +y = cosz, u ypaBHeHue (37) npumer

z
BUA ” ,
Zz sinz+22 cosz =0.
Mepenuiuem ero B Buze

Orciona umeeM (In [2'| + 21n|sinz|)’ = 0, orkyna
In|2'| +2In|sine| =InC), wwm 2'sin’z=C,.

UHTerpupys 3to ypaBHeHue, HailaeM 2z = —5. ctg z + C; u, cnenosatenbHo, obuee
pelieHue JaHHOTO ypaBHeHus 6yaet

~ COST sinz cos T sinz ~
y=_CIT+CZTv wm y=C Z +Cz—z- (Ci==C). »p

2 1
Mpumep 2. Haiitn obluee pewenne ypasHeHns y"+ ;y’+y = (z #0).

Pewenne, OGuuee pelueH e COOTBETCTBYIOLErO ONHOPOAHOIO YPaBHEHUA UMeeT

BuL (cM. npumep 1) Sinz cosz
Yoo =C| -t CzT,
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W CnefoBaTeNbHO, ero GyHAaMEHTaIbHAsE CUCTEMA pelleHuit OyaeT
sinz cos z

!I|=T, = z

BleeM UcKaTb obLlee pelieHUe JaHHOrO ypaBHEH WSl METOROM BapyaLiiv NPOW3BOJIbHbIX

MOCTOAAHHbIX:
CcosT

sinz
y= C.(z)T + Cy(z) ot

rae C,(z), Cy(z) — nocTosiHHble HEN3BECTHbIE GYHKLUMU OT T, NOJIEXALUHME Onpese-
nenuio. [lnst MX HaXoXAEHUsI COCTABUM CAEAYIOLLYIO CUCTEMY:

sinz coszT

C:(z)T + Cé(z) z =0,
zcoszT —sinz —zsinz —cosz |
Orciona HaxoauM: C)(z) = cosz, Ci(x) = — sin z. UHTerpupys, notyyaem

Ci(z)=sinz +C), Cyz)=cosz+Cy.
MNoacrasnas atn 3HaueHuss Ci(z) u Cy(z) B BbipaxeHWe mis y, Halizem obee
peLIeHHe JAaHHOro ypaBHeHHs

~sinz ~ cosz 1
y=C——+G; + . >
T T T

1

Npumep 3. PewuTs ypasHenve " = .
pumep ypasenve ' +y = ——

Pewenye. CooTseTcTBylouee OAHOPOAHOe ypaBHeHue GyaeT y” +y = 0. Ero

XapaKTEPUCTUUYECKOE YpaBHeHHe A2 4 | = 0 UMEET MHUMbIE KOPHH A = —i, A = i,
u obliee pelleHe ONHOPOLHOrO yPaBHEHUSI UMEET BHA

Yoo = Cy cosz + Cy sinz.
O61Luee peleHHe UCXOLHOTO YpaBHEHHsI UILEM B BUIE
y = Ci(z) cosz + Cy(z) sin z, (38)

rne C,(z) u Cy(z) — Hem3ssecTHble GyHKUMM OT Z. [lnsi MX HAXOXAEHHs COCTABUM
cucremy
cosz-C) +sinz - Cy(z) =0,
!
. ! /
—sinz - Ci(z) +cosz - Co(x) = ——.
(@) j(a) = —

Pa3peluaeM 3Ty cucteMy oTHocutenbHo Ci(z) v Cy(z):

Ci(z)=—-tgz, Ci(z)=1
WHTErpUpOBaHHUEM HAXOAUM
C\(z) =In|cosz| +C,, Ciy(z)==z+C,.

MNoncrasnss swipaxenus C(z) u Cy(z) B (38), nonyyaem obuiee pelieHHe AaHHOIO
ypaBHeHMUs
y=C,cosz + C;sinz +cosz-In|cosz|+ zsinz.

3nech coszIn|cosz| + zsinz ecTb YaCTHOe pelleHWe MCXONHOrO HEOAHOPOAHOro
YPaBHEHMUS. >
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Mpumep 4. 3Has pyHAaAMEHTANBHYIO CUCTEMY PelleHUt ¥ = Inz, 1, =T
COOTBETCTBYIOLLEr0 OQHOPOAHOrO YpaBHEHUA, HalTh 4acTHOe pelueHue
ypaBHeHUn

1 —Inz)?
(1 -z)y" +zy —y= gw—)’ (39)
yanoenersopsiouiee ycnosuio lim y = 0.
T—+00

Pewierue. TpyuMeHssi METOA BapHaunu MOCTOSHHBIX, HAXOAUM O6Liee peieHue
ypaBHeHUs (39):
1-2Inz ( 40)

4z

Mpu  — +00 nepsble ABa CAaraeMbiX Mpasoii yacTy (40) cTpeMsaTCs K GECKOHEYHOCTH,
npuueM npu aobeix Cy, C,, He paBHbIX HyJ10 0AHOBpeMEHHO, dyHKuus C) In z + Cyz
ecTb GeckOHe4HO Gosbluas GyHKUMsi npu & — +00. TpeTbe charaeMoe NpaBoii
yactu (40) MMeeT MpenenoM HOMb NPU T — +00, YTO JIETKO YCTAHOBHTD C MOMOLILIO

y=C lnz+ Cz +

1-2Inz
npasuna Jlonutans. Takum o6pasom, dyHKkuus y = e KOTOpasi MoJy4yaeTcs
u3 (40) npu C, = 0 u C, = 0, 6ynet pelueHHeM ypaBHeHUsi (39), Y10BIETBOPSIOLLMM
ycnosuio lim y=0. >
T+

3apauu gns camMOCTONATENbHOro peweHna

[TpouHTErpUpoBaTh CAEAYIOWME YPABHEHUS, €C/IH U3BECTHO OAHO YaCTHOE pELIEHHE Y,
OIHOPOJHOrO YpaBHEHMA.

636. 2z +1)y" +(dr -2y -8y =10; y =e™.
637. (z’—=z)y" +(2z-3)y' =2y =0; 1y, — paunoHanbHas 1pobb, B 3HAMEHaTENE
KOTOPOIi4 CTOAT JIMHEHHbIE MHOXHUTENN — Aenutenu KoadpduumneHta npu y".
638. (3z+22z°)y" —6(1 +2z)y +6y=6, y, — MHOrOUAEH.
639. z'(nz - 1)y" —zy' +y=0; y ==z
640. y" + (1gz —2ctgz)y +2ctg’z-y=0; y =sinz.
641. y" +tgz -y +cos’z-y=0; y, =cos(sinz).
642. (I +:z:2)y"+zy' -y+1= 0; Yy =z
1

643. z%y" -2y -3y =5z*; y = e
644. (z—1)y" —zy' +y=(z—1)%"; y =¢".
645. yll + yl + e—Zz 3z z

@-1)?

y=e ; y =cose .
646. (z' - 2°)y" + (22’ - 227 —2)y -y = W

8| —

647. y' —y' +ye® =ze® —1; y, =sine”.

648. z(z - )y' — 2z - )y +2y =*(22 - 3); y ==z

649. Llens a1nHOM 6 M, U3 KOTOPBIX | M CBUCAET CO CTONA, HAUMHAET COCKANb3biBATh
BHU3 Ge3 TpeHHUs. 3a Kakoe BPEMS COCKO/Ib3HET BCA Lenb?

650. Haiiti ypaBHeHHeE ABUXEHUS TOUKH, ECTU YCKOPEHHE B 3aBUCUMOCTH OT BPEMEHU
Bbipaxaetcs dopMynoit @ = 1,2+t u ecan npu t = 0 paccTosiHue s =0, anput =135
paccrosiHue s = 20.
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651. Teno Macchl m CKOIB3UT MO rOPU3OHTATLHOIM NJIOCKOCTH NOA AeHCTBHEM TONYKA,
JaBllUero HavajlbHyl0 cKopocTh vy, Ha Teno neitctsyer cuna TpeHus, pasHas —km,
Haittu paccrosiine, KoTopoe Teno cnocoGHo NPoHTH,

652. MarepuanbHas Touka Macchl m = | ABMXETCA NMpAMONUHeHHo, npubauxasch
K LEHTPY, OTTANKMBAIOWIEMY e C CHAoH, paBHo#t k*z (2 — pacCTOHME TOuKH

d
ot uentpa). [lpu t =0, z =a, d—:: = ka. Haittu 3akoH aBuxeHus.

MpounTerpuposaTh METOAOM BapHaLlMyi MOCTOAHHBIX CleaylolL1e YPaBHEHHUS:

] " ' _ 1
653. y'+y= proged 654. y V=or
" "
f = ——, f =ctg z.
655. y' +y p 656. y' +y=ctgz
" ! — " ’ = .
657. y 2y_+y2— oo 658. y"' +2y' +2y pryrmgn
" — "yl = 2 e
659. y' +y pr Jz; 660. y' ~y =e“cose
661. y" +y"' = - 662. zy" - (1+22%)y = 4a’e”
663. y' -2y'tgz=1. 664. zlnz-y" -y =In’a.
665. zy" + (2z - 1)y = —4a’. 666. y' +y'tgz =coszctga.

Haittu peluenus cnenyownx anbdepeHunanbHblx ypaBHeHU i npu 3a71aHHbIX YCNIOBHAX
Ha 6eCKOHEYHOCTH:

667. 4zy" +2y' +y=1, lim y=1; y =sinve, y, =cosvz.
B=4+0
6
668. 4zy" +2y' +y = _+2_z, lim y=0.
T Z=+00

1 . 7’
669. (l+zz)y"+2zy'=l—_;;;, Jim y =, Yoo =

870. (1-z)y" +zy —y = (z - 1)%€7, hm y=0, y|uo ; y==2 yp=¢.
2
671. 22’2 -Inz)y’ +z(4-Inz)y -y = (2 = Inz) , limy=0;
TVE s
y=Inz, y=vz.
" 2 ’ z 1. e* _¢€
672. '+ 2y —y=de’, lim y=0, ¥|,.=-3 w=7, w="7
673. 2’(Inz - 1)y" - 2%y’ +a:y =2Inz, limy=0 y ==z y=hz
=400
674. (2?-22)y" + (2 -2y -2(1-2)y=2(x~-1), lim y=1;
T4+

= 32: y=e.

6°. Cocrasnexue auddpepeHunanbLHOro ypasHeHus no 3a-
AaHHoW dyHAaMeHTanbHOW cucTeme pelueHui. Paccmotpum au-
HellHO He3aBUCHMYIO Ha oTpe3ke [a, b] cucTemy dyHKuMMt

Y (:B), yZ(m)v sy yn(w)a (4])
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MMEIOLLMX BCC NMPOU3BOAHBIC 0 N -rO Nnopsaaka BKIIOYUTEbHO. Torna ypaBHe-
HHUe

n@ ) (@)  ¥()
@) 1) ... W) ¥™(e)

rae y(z) — HeusBecTHas (yHKuUMs, GyaeT AMHeRHBIM AnbdepeHUNANbHBIM
YPaBHEHUEM, A1l KOTOPOTro, KaK HeTPYAHO BUAeTb, GyHKUuH ¥ (z), y2(2), ...,
yn(2) cocraBasior dyHaaMeHTaNbHYIO cUcTeMy pewieHuit. KoadduuneHT npu
y™(z) B (42) ecTs onpenenutens Bporckoro Wy, va, ... , ¥n] cucemsl (41).
Te TOukH, B KOTOPLIX 3TOT ONpeAeanTeNb obpaluaeTcs B Ho/b, GYAyT ocobbimu
TOYKaMM TMOCTPOEHHOrO YPaBHEHUS — @ Imux moukax o0pauaemcs 6 Hoab
Kosuyuenm npu cmapuseii npoussodnoi y™ (=).

Mpumep 1. Cocrasutb avddepeHunansHoe ypasHeHWe, AR KOTOPOro

Yi(z) = €, ya(z) = e~ 06pa3yloT GyHAAMEHTaNbHYIO CUCTEeMY PELLEHMUiA.

Pewetue. Mpumenss dopmyny (42), nonyyaem

e e y 1 1y
e —e? y[=0, um |1 -1 ¢ |=0. (43)
ez e-ﬂ yll I l yll
PackpbiBas onpeaenutens B NeBoit yacTu (43) no anemeHTam TpeTbero cronbua, Gyaem
umeTb y" — y = 0. D10 1 ecTh McKOMoe AudbepeHLMATLHOE ypaBHEHHUE., >

Mpumep 2. Cocrasutb AnddepeHUnansHoe ypaBHeHW®, ANA KOTOPO-
ro ¢yHkuMn QyHAAMEHTaNbHYI0 CUCTEMY pelueHWit 06pa3yloT GyHKuMM

n(z) = e, p(z) =e*.

Pewenue. CoctasuM ypaBHeHue Buaa (42):
2 2

e’ e’ y 1 1 y
2ze®’ ~e®  y |=0, nm 2z =2z ¢ [=0.
@+4zY)e” (4t -2 ¢ 2442t dat-2 g

PackpbiBas nocnegHuit onpeaenutens no aneMeHTaM 3-ro cronbua, 6yaeM UMeTb
zy' -y -4’y =0. (44)

B atom npumepe onpenenutens Bpouckoro W(y,y,] = —4z obpawaercs B Hoilb
npu ¢ = 0. B3TO0 He MPOTUBOPEYUT obLieit TeopuHu, B CHIY KOTOPOH onpenenuTenb
BpoHckoro ¢yHaaMeHTanbHOM cHUCTEMBI peLueHuit TuHetHOro ogHopoaHoro audde-
PEHUHANBHOrO YPaBHEHUS

¥ +pi @)y + ...+ palz)y =0
C HeNpephIBHEIMU Ha oTpe3ke [a, b] koaddurumeHTaMK He obpaluaeTcs B HOMb HHU B Of1-
Holt Touke z otpe3ka [a, b]. 3anucas ypasHeHue (44) B Buae

1
y' -~y — 4y =0, (45)

BHIMM, 4YTO K03hdULUMEHT Npy y' TEPNUT pa3pbis Npu & = 0, Tak 4To B Toyke & = 0
HenpepbiBHOCTb K03GHULHUEHTOB YpaBHEHHUS &5) HapyLiaeTcs. >
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3apaun nna CaMOCTOATENbHOIO pelueHus

CocTaBuTb fuddepeHUHaNbHble yPaBHEHUSI, D15l KOTOPbIX AaHHblE CUCTeMbl hyHKUMI
o6pa3syioT dhyHIaMeHTaNbHble CUCTEMbI DELLeHHUIH:

675. y,(z) =shz, y,(z) =chz.
676. yi() ==, ule) =<,
677. yi(a) =¢*, y(a)=€""

678. yi(2) =1, y(z) =z, yi(2) ="
679. y(z) =z, y(z)=sinz, y(z)=cosz.

7°. PasHble 3apaum. Ilyctb yy, s, ..., Yo — dyHAAMEHTANbHAS CU~
CcTeMa JIMHEUHOro ONHOPOAHOIO ypaBHEHMUS

¥ + @)y + ..+ pu(a)y = 0.

Torna uMmeet Mecto gopmyaa Ocmpoepadckozo—Jluysunis

- j?l(t) dt
W(z) = W(zg)e “ ,

tne W(z) = Wlyi, 2, --.,Ya] — onpenenutens BpoHckoro, a £y — noboe
3HaueHHe T M3 oTpeska ‘[a,b], Ha KOTOpOM HerMpepbiBHBI KO3(HOULUEHTBI
P1(@), p2(), ..., Pa(T) ypaBHenus.

Mpumep 1. MoxasaTb, 4TO nuHeiHoe anddepeHunanbHoe ypaBHeHWe

y" — (z+2)y' +y = 0 umeet pewenue snpa y, = P(z), rae P(x) — He-
KOTOPbIN MHOrO4NEH. MOKa3aTk, YTO BTOPOE pelleHne Y, 3TOro ypaBHeHus
umeet Bua ¥, = e°Q(x), rae Q(x) — TaKKe MHOrOUNEH.

Pewenue. ByneM uckatb peleHue ¥, () B BUAE MHOTO4IEHA, HANPUMED, NEPBOit
crenenu: y, = Az + B. [Noncrasnss B ypaBHeHuUe, HaitaeM, 4To —24 + B = 0. [lycts

A =1, torna B = 2;.TakuM 00pa3oM, MHOrowieH y, = & + 2 OymeT pelieHUeM
JlaHHoro ypaBHeHus. [lepenuileM naHHOe ypaBHEHUE B BUE
y T+2,
y'-—v+ y 0.

Myctb y,(z) — BTOpPOE YaCTHOE pelleHne JAHHOTO yPaBHEHMs, IMHENHO HE3aBUCHMOE
¢ nepsBbiM. Haxonum onpenenutens BpoHckoro cucteMsl pelieHuit yy = = + 2, y;:

z+2 yz

Wy, y] = |

=(z+2y,— v,

3nech ¢ # —2. [pumensas ¢opmyny Octporpaackoro—Jlnysunns, OyaeM uMeTb

, - Jaspa
(z+2)y, — y2 = W(zo)e ™ )

rae x,— noboe 3HayeHHe T, Nnpuuem o # 0, o # —2, uiu

(z +2)y) -y, = Az’e™;
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W (zg)e
3nech A = (—3— = const. [lng HaXOX/1eHUs Yy, NOJyYnau JuHeitHoe AnuddepeH-
Zo

UMaNbHOE ypaBHEHHe NepBOro nopsaka. [lens obe yacTv 3Toro ypasHeHus Ha (z + 2)2,
NpUBENEM €ro K BULY
v \'_, zle’
z+2) T (z+2)?
WUHTerpupys, Haiinem
Y2 z—-2

z+2=Am+2e; orciopa Y, = A(z — 2)e”. >

3apaumn p1s CaMOCTOSTENIbHOrO peweHns

680. [Mokasath, uTo NMHeitHoe mudbepenumansHoe ypasHenue (z2 — 1)y" = 2y
UMEET peleHWeM HeKoTopblil MHorouneH ¥, (z) = P(z). [Noka3atb, 4TO BTOpOE pelue-
HUe y,(z) 3TOro ypaBHEHWs UMEET BUA

QM)

y(z) = P(z) In o
e Q(z)— Takxe MHOFOUJIEH.
681. Haiitu obwee peuleHure AMHEAHOrO ONHOPOAHOTO AUGbQEPEHLIMANBHOTO ypaB-
HeHust Broporo nopsiaka y" + pi(z)y’ + py(z)y = 0, eciv M3BECTHO OAHO €ro 4acTHOE
pewenue y, = y,(z).
682. Mycrb y,(z), y2(x) — dyHEAMEHTANTbHAA CHCTEMA DELUEHMiT IMHEHHOTO OfHO-
poaHoro auddepeH UnanbHOr0 ypaBHEHUS BTOPAro Nopsaaka

po(@)y" + pi(z)y’ + pa(z)y = 0.

Bbipasuts koadduunentsl py(z), pi(z), p2(z) yepes y,(z) u yy(z).

683. [okasatb, uto ABa pewenus ypaBHenus y” + pi(z)y’ + pa(z)y = 0 ¢ nenpepbis-
HbIMUM KO3(hGUUMEHTAMH, UMEIOIME MAKCUMYM NPU OJHOM M TOM Xe 3HAYEHUM T,
JINHEHHO 3aBUCUMBI.

684. [loka3sarb, YTO OTHOLUEHUE ABYX JIIOGbIX IMHEAHO HE3ABUCUMBIX PELIEHUit YpaB-
venns y" + pi(z)y’ + pa(z)y = 0 ¢ HenpepbiBHBIMU KOIDGDULMEHTAMH, HE MOXET
MMETb TOYEK JIOKATbHOr0 MakCHMyMa.

685. [pu Kakux 3HauYEHMsIX P; U P, KAXIOE pelleHue ypaBHeHUs Y +p Y +pay’ = 0
(p1, py = const) oGpaluaeTcs B HOJIb Ha GECKOHEYHOM MHOXECTBE To4eK Z?

686. INycrtb dyHkunu u(z) u v(T) ABAKOTCH COOTBETCTBEHHO PELLIEHUSIMM YPABHEHMNH
u’ + p(z)u = 0 u v" + g(z)v = 0, ynosnetsopsowumy yenosmio u(a) = 0, v(a) = 0
(p(z) u g(z) HenpepbiBHbI Ha oTpe3ke [a, b]). lokasats, 4To onpenenutens Bpouckoro
3TUX pelleHuil Oyaer paBeH

wwmwm=/Wmewmma

687. [lokasatb, YTO HMKAaKME 1BA JIMHEHHO HE3aBUCUMBIX peiueHus y,(z) U y,(z)
JIMHeiiHOro oaHopoaHoro ypasHenus y” + p(z)y' +¢(z)y = 0 He MOryT ofHOBPEMEHHO
o0paiuatbCsi B HOJIb B OJIHOI M TOI Xe TOYKe .

688. lloka3sarb, uTo eciu ¥, (&) €CTb HEKOTOPOE YaCTHOE pelieHWe JMHEeHoro ofl-
nopoaHoro ypashenus y” + p(z)y’ + ¢(z)y = 0, npuyem y,(z) # 0, To ypasHeHue
y1(z) = 0 He MOXET UMETb KPaTHbIX KOPHEH.
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689. Mokas3ars, yto noacraHoska y = v(z)z(z) npeobpasyeT AMHENHOE OAHOPOLHOE
ypasHenue y” + p(z)y’ + q(z)y = 0 cHoBa B AMHeRHOe oaHOpOAHOE ypaBHeHue. Kak
Hano noxobpars byHKuUMIO v(z), 4robbl B Npeo6pa3oBaHHOM YPaBHEHMM OTCYTCTBOBAN

YjleH ¢ nepsBo#t NpoU3BOLHOMH?
2

d'z
690. JlokasaTb, 4TO pelleHMe YypaBHEHMs 7 + k'z = f(t), ynosnersopsioee
HayanbHbiM yenosusm z(0) = 0, z'(0) = 0, umeer sua

:
z(t) = % / £ (u) sin k(t — u) du.
0

691. Mpu Kakux 3HAuEHMAX P M ¢ BCE peleHus ypasHeHns Y’ +py +qy = 0
CTPEMATCS K HY/IO Npu T — +00?

692. Ipy Kakux 3HayeHUAX p W q Bee peleHus ypasneHus y" + py' +qy = 0
(p, ¢ = const) sBARIOTCA NEPUOLHYECKMMU DYHKLMAMYU OT 2 ?

693. IMycTb byHkuua y(z), annsercs pewennem ypasHenus (1+2°)y" -2’y = 22 +4
Ha oTpe3ke [a, b], npuyeM 3To pelueHne yaoBETBOPsIET KpaeBbIM ycaoBusM y(a) = 0,
y(b) = 0. Jlokasarb, 4To [Lisi Bcex & U3 UHTepsana (a, b) Gyaet y(z) < 0.

694. [oxa3ars, uto B caydae g(z) < 0 pewenus ypasHenus y” + p(z)y' + g(z)y =0
HE MOTYT MMETb MOJIOXKUTEBHbIX MAKCHMYMOB.

695. [lokasath, uTo B ciyyae g(z) > 0 st io6oro pewueHus ypasHenus y” +q(z)y=0
otHoweHue y'(z)/y(z) ybbiBaer npu Bo3pacTaHun T Ha uHTepBane, rae y(z) # 0.

§ 16. MeTtop N30OKNUH
ana pudpdepeHLmanbHbIX
ypaBHeHUiA BTOPOro nopsaKa
Metoa M30KAHH (cM. §2) MpUMeHseTC TakXe K PeleHUI0 HEKOTO-

pbIX ypaBHEHHMIl BTOPOTro nopsaka. TO Te ypaBHeHMsl, KOTOpble MOrYT GbiTh
CBEleHbl K YPAaBHEHMIO MEPBOTO MOPAAKA, HaMpUMep, YpaBHEHUS BUAA

d*x dz
Ez—+f(‘a‘y$) =0. (1)
B MEHHYI0 ¥ = d Tor. ¢z = 'vdv n ypaBHenue (1)
BeeM HOBYIO MepeMeHHY = — Torma —5 =v—— u yp
TNpuUMeT BUd )
dv flv,z
—_— = 2
dz v @

310 ypaBHEHWE TepBOro Mopsaika, B KOTOPOM & SIBASIETCSA He3aBUCHMMbIM
nepeMeHHbIM, ¥ sl €ro pelleHUss MOXHO NPUMEHUTb METOR M3OKIWH. By-

IeM BEeJIMYMHY T NMOHMMATb KaK nepemelleHHue Kakoi-11ubo TOUKHU CUCTEMBI,

dz
a 7 = ¥ — KakK ee CKOpOCTb.

TnocKocTb NMepeMeHHBbIX X, v Ha3biBaeTcs ¢ha3o60i naockocmoio. TakuM
o6pa3oM, ypaBHeHHe (2) onpeaensieT CKOpocTh Kak (PYHKUUIO NepeMelLeHHMsI.
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CTpos rosie H3OKIUH [Uis ypaBHeHUs (2), Mbl MOXEM BblYEPTUTb WHTErpalib-
HYIO KDMBYIO, €C/IM 3a7aHa HauaibHas Touka (Zo,vp). Takoe rpaduueckoe
n306paxeHue CKOPOCTM ¥ Kak (YHKUMM nepeMelueHus z: v = v(z) Ha-
3bIBaIOT (pazoeoli kapmunoli (pa3osbiit noprper). KpuBble B NIOCKOCTH T, v,
1306paxalolliMe 3Ty 3aBUCHMOCTb, Ha3bIBAIOTCA (DA3066MU MPACKMOPUAMU.
MrHOBEHHbIE 3HAYEHUU T M v ABASIOTCS KOOPAMHATAMM TOYKM ¢asoBoit Tpa-
ekTopui. Touka 314 Ha3biBaeTcs usoBpaxcarouieli mouxoil. C TedeHUEM BpeMeHH
n3obpaxaroLuas To4ka nepemewiaercs no ¢a3oBoit TpaeKTOpUK. 3aMeTUM, UTO

NMON0XHUTE/IbHas CKOPOCTb Bbi3blBaeT BO3pacTaHUE MepeMelleHUsa Cco BpemMme-

dz dz
HeMm. B camom aene, B cUNy MOACTAHOBKU ¥ = r npu v >0 u @ >0,

YTO O3Ha4aeT Bo3pacTaHMe T npu Bo3pacTaHWu t. Takum oBpa3oM, B BepxHeil
nonosuHe $a3oBOi MAOCKOCTH, rae v > 0, M3oOpaxalowas ToYka AOJXKHA
ABUraThCsl C/leBa Hanmpaso, a B HUXHell MonoBMHe MaocKocTH, rae v < 0
cnpaBa HaneBo. [loaToMy aBMXeHMe Mo (a3oBoil TpaeKTOPUM COBepLUaeTCs
noxoay 4acoBo#l CTpENKH.

Npumep 1. Noctpouts Tpaekropun B Ga30BOK NIOCKOCTU ANS yPaBHEHUR

d’z
— +2=0. 3
d? + (3)
dz
Pewerne. Monaraem yri v. Ypasuenue (3) npuHumaer sua
dv dv T
UE+3—0, WU E;——;. (4)

]
YpaBHenus usoknuH ana (4): -7 = k. CTpos U30KAHHbI, OTBEHAIOLLMNE PA3TUY-

HbIM 3HaueHUsAM k, Hafiaem, 4TO a30Bble TPAEGKTOPUU — OKPYXHOCTH C LIEHTPOM
B Touke (0, 0) (puc. 26).

OTMeTHM, YTO 3aMKHYTble (ha3oBble TPAEKTOPUM COOTBETCTBYIOT NEPUOAMYECKUM
ABUXKEHHAM. Jlerko BuaeTh, YTO B cayyae ypaBHeHUs (3) Mbl AEHCTBMTENBHO MMeeM
nepuoanyeckoe ABUxXeHue. Pewan (3) MeTonaMM, UITOXEHHBIMYU Bbillle, HAXOAUM

z(t) = C, cost + C;sint. >
Npumep 2. Moctpoutb $hasosbie TPAEKTOPUU ANA YpaBHEHUR

dz dz
d—tz—‘:i'{+w—0. (3)

dz
Pewenuve. Tonaraem v = T Toraa ypasHeHue (5) npuMeT BUA

dv wv-¢z

dz v

z
= k. ®a3oBble TPaeKTOPUU UMEIOT BUA pa3MaThiBa-

v
YpaBHeHUE U3OKNUH

]
owuxes cnupaneit (puc. 27). U3 ha3oBoit KapTHHBI MOXHO YCMOTPETb, UTO ABUXKEHUE
anepvoauyeckoe, ¢ aMMIMTYAOH, HEOrpaHUYEHHO Bo3pacTalolllelt co BpemeHeM. >
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Puc. 26 Puc. 27

3agaum pna CaMOCTOSATENIbHOro peweHnsa

MocTpouTh da3oBble TpaeKTOpHH AsI chedyowmnx AMddepeHunaibHbIX YPaBHEHHIA:

696. %+3—f+z=0. 697. %+22—f+6m=0.
698. ‘:Tf+2%+m=0. 699. %+(3—f)z+m=o.
700. %—2(§)z+‘;—:—2m=0. 701. Eidzt—::—aredz/dt:O.
702. ft’f+e'“/‘"—z=o. 703. %’m(‘;—f)z:o.
704. ‘:Tf+(z+'2)‘;—f=o. 705. %}——‘;—:+z—m2=0.

§ 17. Kpaesble 3apaum

PaccMOTpUM 151 MPOCTOTHI YpaBHEHHe BTOPOro Mopsiaka
¥ +pi@)y + paz)y = 0. (1)
Koadduuments pi(z) u py(z) Gynem cuntath HEMPEPLIBHBIMU B HEKOTOPOM
uHTepBane (a,b). Torna kaxnoe pewenue y(z) ypasHeHus (1) Gyaet onpene-

JIEHO BO BCEM 3TOM WHTepBaie. B nanbHeiwiem BMmecto ypasHeHus (1) Gyaem
paccMaTpuBaTh ypaBHEHUE BHIA

[p()y'] + q(z)y =0, p(z) > 0. )]
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YpasHenust (1) n (2) moryt 6biTh MpeoGpasoBaHbl OQHO B ApYyroe. YpaBHeHue
Buaa (2) Ha3bIBAIOTCS CAMOCONPANCEHHBIMU.
Pewenune anddeperHunan,HOro ypaBHeHust

[p(z)y'] +q(z)y =0

NOJIHOCTbIO ONpeaeNsAeTCs HaYATbHBIMU yCIOBUAMH Y(Zo) = Yo, ¥'(Zo) = ¥p-
OnHaKo BO MHOTMX U3HYECKMX 3aayaX MPUXOMMTCSl MCKATh PELUEHMS, 3a-
naHHble MHBIM croco6oM. Hanpumep, MOXET 6bITh NMOCTaB/ieHa 3a1aya: HaiTh
pelueHue ypasHeHus (2), npuHMMaloLiee B TOYKax @ W b 3alaHHble 3Ha-
yeHust y(a) u y(b). OGbLIYHO B TakMUX Clyuasx 3HAYEHMs PELIEHMS MLIYTCA
TobKO Wwisl T u3 (a,b). Takum obpazom. 3amaHHbie 3HaueHusi y(a) un y(b)
HaXOMATCs HAa KOHUAX MHTepBaia, MO3TOMY 3a4aud TAKOTO poja Ha3biBalOTCH
kpaesvimu (2panuunoimu) 3ad0auamu. B najibHewieM Mbl MOJOXHM B OCHO-
By nHtepsai (0,7) (OCHOBHOW MHTEpBan), YTO HE yMEHbLIAET OGLIHOCTH
paccyXIeHHn.

BecbMa OGLIMA BUA KPaeBbIX YCIOBMIA 1Sl YPABHEHHs! BTOPOrO MopsiaKa
caenyowmnit:

hoy(0) + hiy'(0) = A, koy(m) + ky'(m) = B, 3)

rne  hg, hy, ko, k1, A, B — 3agaHHble NOCTOsiHHble, npuyeM hg, hy, ko, k)
He paBHbl ONHOBPEMEHHO HYJIIO.

Ecnn A = B = 0, TO KpaeBble YCNOBUSl Ha3biBAlOTCA OOHOPOOHBIAMU,
HanpHMep:

1) y(0) = y(m) =0,

2) hoy(0) =4'(0), y'(m)=—hiy(m); ho,hs >0,

3) Y(0) =y'(m) =0,

4) y(0) =y(r), ¥'(0)=y'(m).

Boo6ile rosopsi, Kpaesbie 3alauH He BCeraa pa3pellvMbl, T.€. He BCe-

rla CyuleCTBYET TAaKOE€ pELIeHWe, KOTOPOE MpHHMMaeT TpebyeMble 3HAUECHUs
Ha KOHUax WHTepnafda. Hanpumep, kpaesasi 3a1aya

¥'=0, y0)-ym)=1, §O0)+y'(x)=0
HE UMEET HU ONHOro peLICHMUs. 3&[[3'48
¥ +2y=0, y(0)=y(r)=0 (4)

MMEET HCHYJIEBOE PeLlieHHE TONbKO TSl LEAOYNCTCHHBIX 3HaYeHnit VA, B ca-
MOM Jlene, 3 obuero peiueHust auddepeHUHaTbHOrO ypapHeHs (4)
Y= Cie —Az + Cre” —Ar
BbITEKAET, YTO KpaeBble YCNOBUS BbIMOJHMMbBI B TOM M TOJIbKO B TOM Clyuae,
2

ecin A = n° ecTb KBaapar ueaoro ynucia n. CoOTBETCTRYIOLIMMHU PELIEHUSIMH
SIBASIOTCS (DYHKUMM Y, = Sin nx.

Kak BMAHO W3 3TOTO MpUMepa. ecliy ¢ B ypaBHeHUH (2) ecTb hyHKLUMs
napaMeTpa A, TO NPH M3BECTHBIX YCJAOBUSIX CYLIECTBYIOT TaKKe 3HAYCHHMsI Ta-
pamMeTpa, Uisi KOTOPbIX OAHOPOAHAsH KpaeBas 3ajaua st ypasHeHus (2) umeet
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HeHynegoe pelleHHne. DTH 3HAYEHUS A HA3bIBAIOTCH COOCMBEHHbIMU 3HAHEHUAMU,
a COOTBETCTBYIOLLME UM peLUEHUST KpaeBoi 3afaul — cobcmeeHHbiMU YYHKUUA-
mu. MMocneaHune onpenensiorest JANilb C TOYHOCTbIO 10 MPOU3BOJLHONO NOCTO-
AHHOro MHOXuTens. Tak a5 KpaeBoit sanaun y” + Ay = 0, y(0) = y(7) =0,
gucaa 12, 22, 32, ... u dyHKuuM sin 2, sin 2z, ... SBASIOTCA COOTBETCTBEHHO
cOGCTBEHHBIMY 3HAYEHHUSIMU U COOCTBEHHBLIMU DYHKLUMAMM 3a0auH.

Hapsny ¢ npocmbimu coGCTBEHHBIMW 3HAY€HUAMU, Koraa OLHOMY COG-
CTBEHHOMY 3HauYe€HHIO OTBeYaeT oAHa coGCTBeHHass (YHKLMsA (C TOYHOCTbIO
10 MOCTOSSHHOTO MHOXMWTE/ISA), CYLIECTBYIOT KpamHbie COGCTBEHHbie 3Haye-
HUA, Koraa cob6CTBEeHHOMY 3HaYyeHHUIO Ay OTBevaloT ABe Uau Gonee JuHEHHO
He3aBUCHMble COOCTBEHHbIE DYHKUMH.

Mpu pewennyn KpaeBbix 3ana4 (L1s JMHEAHbIX OLHOPOAHBIX AN depeH-
UMaTbHbIX YpaBHEHWi) MOCTYMAIOT TaK: HaxoasT obllee pelleHWE NAHHOTO
anddepeHUNATLHOTO YpaBHEHNUSA

y = C () + Coya(z) + ... + Crya(c),

rae ¥1(z), y2(z), ..., yn(x) — MuHeitHO He3aBUCHMDble peleHus. 3aTem Tpeby-
10T, 4TOo6bl 3TO pelueHue y(T) YAOBNETBOPSIO 3alaHHbLIM TPaHUUYHBIM YCJIO-
BUSIM. DTO NPUBOAMT K HEKOTOpPOW JIMHENHOM! cucTeMe ypaBHEHMI s onpe-
npenenuns C,,C,,...,Cy. Paspewas 3Ty cucteMy, eciM BO3MOXHO, HaxoasT
pelueHHe JaHHOMN KpaeBoit 3apaun. Tpu 3TOM, ecivM Bo3HMKaeT 3ajadya O Ha-
XOXAeHWU COGCTBEHHbLIX 3HAYEHMil, yCNOBUEe HalUYUs HEHYJEBOro pelueHus
y cucteMbi, onpeaensiouweit Cy, Cs,...,C,, ABNAETCA YCIOBUEM, ONpeneas-
IOWMM coBCTBEHHble 3HaueHUsl. DTo GbiBaeT HEKOTOpoe BoOGlle TpaHCLEH-
JEeHTHOE ypaBHEHHWe 1as A.

Npumep 1. PewwuTh Kpaesylo 3apauyy

¥ -y=0, y(0)=0, y(1)=1.
Pewetne. O6iuee peLieHWe NAHHOTO ypaBHEHUS

y(z) = Cie® + Cre™, )
orcioaa

y'(z) = C e - Cre™™. (6)
Monaran =0 8 (6) u £ = 1 B (5) ¥ yuuThiBan KpaeBbie YCNOBUs, NOJy4aeMm Anf

HaxoxXaeHusa 3HaYeHUu# noctosiHHbIX C) U C; HEOOHOPOAHYIO NUHERHYIO cUcTeMy
C| - Cz = 0,
{ Cie+Ce™' =1.
Onpeaenutenb 3To#k CUCTEMBI

A= e e!

=e'+e=2chl #0,

caenoBaTe/ibHO, OHA UMEET EAUHCTBEHHOE peLCHUE
| 1

C=3ar “T7ar
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[MoacTasnsia HailneHHele 3HaveHuss C; n C; B (5), noayyaem pewieHue 3alaHHON
Kpaesoil 3ana4yu

e’ +e” chz
y(z) = Wl—, Win y(z) = m >

Npumep 2. Haiity cobeTBEHHbIE 3HAYEHUA U COBCTBEHHbI® PYHKUUKN Kpa-
€8O 3aaaun

Y +Ny=0 (A#0), (7
y(0) =0, y(m)=0. 8
Pewerue. OGuuee peuienue ypasHeuus (7)
y(z) = C, cos Az + C; sin Az, 9)
otciona
y'(z) = =C,Asin Az + CyA cos Az. (10)

Monarasi ¢ =7 8 (9) n z =0 B (10) U yuuTsiBas kpaesbie ycaosus (8), nonyuaem ans
HaxoxaeHus C; n C, OAHOPORHYIO IMHEHHYIO CUCTEMY

{C, cos AT + C; sin A = 0, (1)
C;A=0.
Cucrema (11) Gynet MMeTh HEHyNEBbIE PELICHHS TOTAA M TOBKO TOTAA, KOra ee onpe-

NeNUTeNb PaBeH HY/I0; NMPUPABHAB €ro Hy10, NonyYaeM ypaBHEHUE s HAXOXAEHHS
coBCTREHHBIX 3HAYEHWI 1aHHON KpaeBoi 3ajauu:

cos AT sinAw =0, nwm Acosiw =0,

0 A
Tak Kak 1o ycaoBuio A # 0, To cos A7 = 0, a 3Ha4MT cOGCTBEHHbIE 3HAYEHUS
n+1
A=A, = 2+ L n=0,1,2,....

MM cooTBeTCTBYIOT (C TOYHOCTBIO 40 NOCTOAHHOrO MHOXHTeAss C|, KOTOPbIA MOXHO
NONOXUTL PaBHbIM €AMHULIE) COGCTBEHHbIe (DyHKLMU

n+1

Yn(®) = cos z,

ABASIOWMECs peweHnsMHU Kpaeso#t 3anaun (7)—(8). >

3amevanne. CobcTseHHble 3HAYEHWA DPAcCMOTPEHHbIX Bbillie 3ajay obpa3y-
IOT BO3pacTaloWylo YMCAOBYl0 nociesosarenbHocTsh. Ecnu xe koapdpuuueHTh!
IubdepeHUNaNLHOTO ypaBHEHHS UMEIOT OCOOYI0 TOYKY HA rpaHMile OCHOBHOM
ofaacTu WK ecau ocHoBHas obnactb GecKOHe4yHa, HanpuMep BCs YMCI0Bas OCb,
TO cnekmp, T.€. COBOKYMHOCTb COGCTBEHHbIX 3HAaYeHUN, MoxeT ob6nagaTb UHOM
CTPYKTYpO#. B 4acTHOCTH, MOTYT BCTPETUTBCS CMEKTPbl, CONEPXKALUME BCe Uuciia
KaKoro-1u6o MHTEpBana 3HaYeHui A, Tak HasbiBaeMbie HEMPEPbIBHbIE CMEKTPHI.
Hanpumep, nyctb Tpebyercst peiwnTh ypasneHne y” + Ay = 0 ana uHTEpBana
~00 < T < +00 NPH «KpaenblX ycnoBuAx»: y(z) orpaHUyeHo Ha GeckoHeu-
HOCTU. OueBUOHO, B ITOM C/iyuyae BCSIKOE HEOTPULATENbHOE YUCIO A sIBAsieTCA

cOGCTREHHBIM 3HAYEHMEM C COBCTBEHHbIMU DyHKUMAMYU sin VAz u cos VAz.
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Ipu pelteHun 3anay MaTeMaTHuYecKoi Ghu3nKK, MPUBOMSLUMX K 3a1ayam
Ha onpede/ieHue COOCTBEHHbIX 3HaYeHHMit, yacto nonyuatorcs auddepeHun-
ajlbHble YpaBHEHUSI BUla

[p(@)y'] - 9(z)y + Ao(z)y = 0,

HO TaKKe, YTO B KOHLIEBbIX TOYKaX OCHOBHOM 06J1aCTH MOTYT UMETb MECTO OCO-
6eHHocTH auddepeHUMANbHOTO ypaBHeHUsl, HallpuMep, obpallleHue B HOMb
ko3bbuumnenTa p(z). ns 3Tx ocobbiX TOYEK M3 CAMOrO XapakTepa 3aiaduu
BO3HMKAIOT YCJIOBUSI, HANpUMeED, HENPEPLIBHOCTU WM OFPaHUYEHHOCTH pe-
WeHUs1 Unu obpalleHne ero B 6ECKOHEYHOCTb He Bblle 3aAaHHOro Mopsiaka.
OTH YCNOBUS UIPAIOT POJib KpaeBblX YCAOBUiA. TUMUYHBIM NPUMEPOM SIBJSIETCH
ypaBHeHHe beccens

It n2
(zy) - S Y +Aey =0, (12)

KOTOpOe MOSABSIETCSl B 3alayax MareMaTuyeckoit ¢usuku. 3mech p(z) = z
M clenaHHOe Bbllle npeanonoxeHue, yto p(z) > 0 Bo Bceit OoCHOBHOM
obnactu 0 < ¢ < 1 31ech yxe He sbinonHsietcs, Tak Kak p(0) = 0. Touka
z = 0 sBnsieTcst ocoboit Toykoi ans ypaBHeHusi Beccens.

TpeboBaHue, yToOHI peleHHe ObII0 OrpaHUY€EHO B 3TOM Touke, OyneT cne-
LHaTbHOTO BUAA KPaeBbIM YCJ0BUEM A1s ypaBHeHUs Beccens: HaiiTu pelieHue
ypaBHeHust (12), orpaHuueHHoe npu ¢ = 0 u, HampuMep, oGpaluaioleecs
B HOAbL Npu = = 1. ‘

Mpumep 3. Pewwnts kpaesyio 3apady z°y" + 2y’ — 6y = 0, y(1) =1,
y(z) orpanuuero npn & — 0.
Pewernne. lanHoe ypaBHeHMe sBaAseTca ypaBHeHue Diinepa. Ero obiuee pelue-
C
HHWe umeeT BuI y(z) = :c_; +Cyx? (cM. Hanpumep 1, 1. 4°, § 15). Mo ycnouio pewenne

y(z) monxHo GbITb orpaHuueHHbIM Npu = — 0. D10 TpeGoBaHue GyNeT BLIMOJIHEHO,
ecnu B obuieM peuieHun nonoxuts C; = 0. Torna Gynem umets y(z) = Cyz?. Kpaesoe
ycnosue y(1) = 1 naer C, = 1. CnenoBaTenbHO, HCKOMOE pellieHHe Yy = 7. >

3apaym ana CaMOCTOATENbHOro pewieHns

706. pu kakux 3HayeHusax A ypaBHeHHe y" + Ay = 0 UMeeT HEHyNeBOE PeLEHHE,
YAOBJIETBOPSIOILEE YCAOBUSIM:

a) ¥'(0)=y'(x) =0, 6) y(0)=y(r), y'(0)=y'(n)?

707. Mpu kakux 3HavyeHusx A kpaesas 3agasa y" + Ay = 0, y(0) = y(1) = 0 umeer
TpUBHaIbHOE peuteHue y = 0?
708. Kakas u3 clieaylommx KpaeBbix 3ana4 paspeiuuma:

a) y'-y=0, y(0)=0, y(2r)=1,
6) y"+y=0, y(0)=0, y(2m)=1?

709. Pewuts kpaesyw 3amady y” + (A — w?)y = 0, y(0) = y(1), y'(0) = y'(1).
Paccmotperb ciiyuan A —w? >0, A—w? =0, A —w? < 0.
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710. Haittu pewenue ypashenus yy” +(y')? +1 = 0, npoxonsiuee yepes touku (0, 1)
n (1,2).
PelnTh Clenylolye Kpaesbie 3a0auu:

711, ' +y=0, y(0) = 0, y(g)=a.

712, ' -y =0, y(0)=0, y'(1)=1.

718. ' -2 +2y=0, y(0)=0, y'(r)=e"

714. y"' +ay' =0, y(0) = €%, y'(1)=0.

715. y" +a’y =1, y0)=a, y(@)=0 0<a<l).
716. y" +y =1, ¥(0)=0, y'(r)=0.

717. y" + Ay =0, y'(0) =0, y'(m)=0.

718. ¥ + Ay =0, y(0)=0, y(v)=0.

719. y" +y" -y —y=0, (0 =-1, §(0) =2, y(1)=0.
720. " - My =0, y(0) =y"(0) =0, y(r)=y"(x) =0,
721. zy" +y =0, y(1) = ay’(1), y(z) orpanuueno npu z — 0.

722. 2%y" +4ay” +2y" =0, y(1) =y'(1) =0, y(z) orpanuyeno npu z — 0.
723. 2’y" + 62’y + 6xy” =0, y(1) =y'(1) =0, y(x) orpannyeno npu ¢ — 0.

§ 18. UnTterpuposaHue audpdepeHumnanbHbixX
ypaBHEHuiA Npu NOMOLLU PSAOB

1°. Pa3noxeHue peleHus B CTEMEHHOW PAA. DToT npuem

sBNsieTCsl 0COGEHHO yOOGHbIM B MPUMEHEHUHU K JHHEUHbIM auddepeHIHab-

HbIM ypaBHeHUsM. [1pousiiocTpupyeM ero NpuMeHeHUe Ha NpUMepe ypaBHe-

Hust BTOpOro nopsiaka. Ilyctb naHo auddepeHUnalbHOE ypaBHEHHE BTOPOro
nopsaka

n !
¥ +p(@)Y +q(z)y=0. (1)
Mpeanonoxum, uto koadpbuuuentst p(z) u ¢(x) npencraBiasioTcs B BUAE

PSIIOB, PACMOJIOXEHHBIX MO LENbIM MONOXKHUTENbHbIM CTEMEHsIM &, TaK UTO
ypaBHeHue (1) MOXHO nepenucarb B BiIe

V' +(@o+az+ax’+.. )Y +Go+bz+bz+.. )y=0. (2

PeleHue atoro ypaBHeHuUst GyeM UCKaTb Takxke B BUAE CTEMEHHOTO psjia
oo
k
y= E k. (3)
k=0

MoncTasnsist 3T0 BblpaXeHWE Y U €ro MPOM3BOAHLIX B (2), MosyyaeM

o]

) oo ) (e ]
Z k(k — ez 2 + Z arz” Z kepet ' + Z bzt Z et =0. (4)
k=0 k=1 k=0 k=0

k=2
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ITepeMHOXas cTeneHHbE pPsiibl, COGMPas MonOGHbIE YEHbI M NpUpaBHUBas
HYJ110 KO3 (bULIMEHTBI P BCEX CTEMEHAX Z B 1eBoil yacTH (4), noayyaem psag
ypaBHEHHUIA:

20 |2- ley + agey + bocp = 0,

z' |3 2¢3 + 2ag¢; + @16y + byey + by =0, (5)

z? | 43¢ + 3a9c3 + 2a,C3 + a2¢) + byey + byey + bacg = 0,

....................................................

Kaxnoe nocsenyiowee 3 ypaBHeHMil (5) CONEPXHMT OLHHM MCKOMBIM KO-
acdbduuneHToM Gonblie, yeM npeabiaylee. KoadpduumeHtol ¢y U ¢; ocra-
I0TCSl MPOU3BONbHBIMU W UTPAIOT POJib MPOU3BONbHBIX MOCTOSAHHBIX. [lepBoe
U3 ypaBHeHWii (5) maet c,, BTOpoe HaeT c3, TpeTbe — C4 U T. 4. Booblue
u3 (k + 1)-ro ypaBHeHMs MOXHO OMpPENENNTb Ciya, 3HAS Co, Cly -+« , Cht] -

IMpakTuuecku yno6HO mnocTynarb ciaenyiowuM obpasoM. Onpenennm
Mo ONMCaHHOW Bbllie cxeme aBa pelwenus yi(z) n ya(z), npuuem ans
y1(z) BbiGepeM ¢ =1 1 ¢, = 0, a wna y,(z) BbiGepem ¢g =0 U ¢; = 1, uTo
PaBHOCWIBHO ClEAYIOLUM HaYalbHBIMU YCIOBUSAM:

y;(O) =1, y1 (0) =0, yZ(O) =0, y;(O) =1L
Besikoe peluenune ypasuenus (1) Gyner JuHeiiHol KomMGuHauuell pelueHmit

y1(z) n yx(z). ,
Ecnu HavanbHeie yenosus umetoT Bua y(0) = A, 3'(0) = B, To oueBuaHoO,

y = Ayi(z) + By ().
MmMeeT MecTo cienyiolas TeopeMa.

Teopema. Ecau padel
00 [e <}
p(z) = Z wz' v q@)= E bez®
k=0 k=0

cxodamea npu x| < R, mo nocmpoeHHuili YKA3AHHLIM @biue cnocoboM
cmenennoli pad (3) 6ydem makce CXOOAUUMCA NPU 3MUX FHAHEHUAX T
u seumcs peweruem ypasrenus (1).

B uactHocTH, ecan p(z) u g(z) — MHOrouseHsl or &, To pan (3) Gyzer
CXOINTLCS NPHU JIOGOM 3HAYEHHH Z.

Mpumep 1. Haittu peweHus ypasHeHWUs
' —zy-2y=0

B BWAE CTeNeHHOro paaa.

Pewenne. Uwem y,(z) B Buae psna

n(@ =) ad,

k=0
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TOrda
x x
Yi(e) = Z kez™,  yi(z) = Z k(k = 1)c,z* 2.
k=1 k=2
Noacrasnss y(z), ¥\ (z) n y/'(z) B (6), nonyuaem

o x x
Z(k - Dkepz*™? - Z kepet -2 E azt = 0. )
k=2 k=1

k=0

Mpusoas B (7) noso6Hble 4neHbl U NpUpaBHUBas HYJIO Ko3hdULMKEHTB NPy BCexX
CTEMEeHAX T, MojyyaeM COOTHOLUEHUS, U3 KOTOPbIX HaiaeM KO3 PUUHMEHTHI Cp, Cy,y .. .,

Cryeeos
""" Monoxmum Lns onpeaeneHHocTH, 4to ¥, (0) = 1, y}(0) = 0. Toraa serko HaxoauM,
4TO
=1 ¢=0 (8)
Wrak, nmeem
z' | 2¢; —2¢ =0, orciofa U u3 (8) ¢; =1,
z' | 3-2¢3—1:¢,—2¢) =0, orctona u u3 (8) ¢ =0,

1
2} | 4-3¢,—2c;—-2¢c;=0, otciona ¢4 = 3
z} | 5-4cs5—3c;-2¢; =0, orciona c¢s =0,

|
z' | 6+5c4—4cy — 2¢4 =0, otciona q:c—;=—

3.5’
CnenosatenbHo, |
1
y,(z)=l+zz+§z4+ﬁz°+.... 9)
AHanoruyHo, Geps
x
n(z) = At (10)
k=0
U HauanbHsle ycnosus y;(0) =0, y3(0) = 1, nonyuaem
A =0, A =1 (11)

Moacrasnss (10) s (6), Haitaem

x x
D k(k - 1At =D (k+2) 4t =0,

k=0 k=1

20 | 24; =0, A =0,

1
z' [ 3:24;-34,=0, 4 =3 (B cuay (11)),
2} | 4.34,-44;=0, 4, =0,

1
223 5'4A5—5A3=0, A5=n,
:L“ 6‘5A6—6A4=0, A6=0,

1

517 -T745=0 = —
T 6A7 5 ,A7 2'4'6’

.........................................
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OueBuaHo, 4to
1
A =0, Awn =50 @K (k=1,2,3,...;

UTaK,

2 2 z’ = (z?/2)F 22
yz(z)—m+7+ﬁ+m+...—zz—————me . (12)

OGuwwee pewenue ypaBHenus (6) Gyaer nmers BuL

y(z) = Ayi(z) + By (z),
rae y(z) u y,(x) 3anatorca dopmynamu (9) u (12) coorsercTseHHo, a A U B —
npou3BoNbHbIe NoCTOsHHbIE, npuyem y(0) = 4, y'(0) = B. >

IMpuBeneM ewe oaMH crioco6 WMHTErpupoBaHUsi AubdepeHUHaNbHbIX
ypaBHEHHUI ¢ MMOMOLBIO PSIAOB, KOTOPbI OKa3biBaeTcsi Gojiee MPOCTbIM MpPH-
MEHMTENBHO K HeJIMHEMHbIM IuddepeHUnaibHbIM ypaBHeHUSAM. [TycTb naHo
nnbdepeHuUaNbHOE YpaBHEHUE

y™ = f(z,9,9,...,4"") (13)
U HayaJbHbIC yCJ'IOBml

- -1
Vo, =900 Vlpmgy =00 —r 4" =0 (14)

Beenem cnenyioluee onpeaeneHue.
®yHKuMA @(T) Ha3bIBAETCSl 2010MOPPHOI B HEKOTOPOW OKPECTHOCTH
|z — zg| < p TOUKM T = xp, €CAM B ITOM OKPECTHOCTU OHa NpelcTaBUMa

CTEIEHHbIM pSIOM
00

k
¢(m) = Z ck(m - (B()) y
k=0
cxondwuMcs B obnactu |z — zo| < p.
AHaiorn4Ho, dyHkuus (), x3, ..., T,) Ha3biBaeTCs 2010MopdHOL om-

HOCUMENbHO 8CeX CBOUX AP2YMeHmOo8 B HEKOTOPO OKPECTHOCTH
(0) .
Imk—mk |<pk *k=1,2,...,n)

0) (O 0
TOYKH (m(, ), wg ), ces ,zf,)), €CJIM OHa MpelcTaBUMa CTENEHHbIM PSIOM

k k k
o(z), T2y ..., Tp) = E Choky.. &, (T1 — mfo)) "(z; - mgo)) (= - :cf,o)) ,
cXxoAsilLiIMMCst B 06/1acTH
|k -:cg’)| <pr (k=1,2,...,n).

Teopema. Ecau npasas wacmo ypaeHenus (13) zonomopdna omuocumensho
écex ceoux apeymenmoé Y,y , ...,y ") & oxpecmnocmu Q:

|$-$0|<R, |y_y0|<Rl7 Iy"y6|<Rl’ sy |y(n—l)_y(()n—l)|<Rli
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-1
moukcu (o, Yo, Yo, ...,y(()" )), mo ypaenenue (13) umeem eduncmeenHoe
peuienue

y(m)—Jo+yo(m—wo)+ (m—w) +.

(n—l) (k)
e+ ae - e (ak=y%), 15

k=n

(

ydoenemeopsiouee Havarvhuim yeaosuam (14), u 2onomopgroe 6 Hexomopoii
OKpecmrocmu mo4ku T = .

Psan (15) cxonutcst B o6nacty

lz— 2ol < p, tme p=afl—e V(NI
31€Chb @ U b— MOCTOsHHbIE, yNOBAETBOPsiowMe yenoBuaM 0<a<R, 0<b< R
U
M = max|f(2,3,9,...,4"7")].
Q

MepBbie 7 + 1 ko3 duumreHToB psana (15) onpeaeasoTcs HayaabHBIMU YCI0-
suamMu (14) u auddepeHunansHbiM ypasHenueM (13). Crenyoue koabdu-
UMEHTHl psiia ompenesiotcs B cuiy auddepeHumanbHoro ypasHeHust (13)
nyTeM ero nocienoBarenbHoro aMddepeHunposaHus. Hanpumep,

a y‘"*')(a:o)
n+l = ( n+ ])! )
rae
of of of
(n+1) ! (k+1) _
V" ey = (fn ay” +Z a® )l
of of . 9f (k+1)
=l ot Wt o Y (@)
az =20 ay =T ° k=1 0y(k) =Ty

3ameyanne, Ecnn ypasuenue (13) nuneitnoe

¥ + @)y + .+ pale)y = ¥(2),

rze pr(z) (k =1,2,...,n) n Y(x) — dyHKuun, ronomopdHbie Ha Beeii ocn Oz,
1O psia (15) cXxomMTCs Takxe Ha BCe ocH.

Mpumep 2. Haiitu peweHue ypasHeHUs
Y +y=0, (16)
YAOBNETBOpPSIOLIEe HA4YanbHbIM YCAOBUSIM

Yoo =1, y'lz___0=0. (17)
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PeligHue. YactHoe pewenne ypasHenus (16), yrosnetopsioliee HaYalbHbIM
YCNOBUAIM il?i, WileM B BUAE psaa

0 ll 0 Ill 0
y(z) = y(0)+”() + 2(,) ot + 3(!):c’+..., (18)
rne y(0) =1, y'(0) =0
W3 nanHoro ypasHexus Haxoaum, uto y"(0) = —y(0) = —1. DuddepeHunpya

niochegosarenbHo o6e uactu ypasHeHust (16) u nonaras B MOJYYEHHbIX PaBEHCTBAX
« =0, 6GyaeM UMeTb:

¥"'(0) = -y'(0) =
¥V (0) = -y"(0) = 1,

0 e n=2k-1
™(0) = " "ok=1,2,..).
y ( ) { (_I)L’ e n= 2k ( ) &y )

HailneHnble 3HayeHus y"(0),y"(0),... noacrasnsem B paa (18). Monyunum uckomoe
peLieHne B BUIE CTENEHHOTO psija
Y= 1 - 2 za z‘ (-1)* I
R T @k
OueBnaHO, 4TO pall, cToAWMiA B npaBoit yactu (19), cxonuTtes Ha sceit ocn Oz

K GYHKUMM Yy = COSZ, KOTOpas SIBIAETCH pelueHWeM nocraBaeHHo# 3anauu Ko-
. >

+.o (19)

Mpumep 3. HailTn 4YeThipe nepBbIX YneHa pa3noxeHWs B psp Teinopa
peweHus y = y(z) ypasHeHns y" = e*¥, ynoBNeTBOPAIOLLEr0 HaYaNbHbIM
yenosusM 3|, = 1, ¥'|,, = 0.

PelugHue. Jlerko Buaetb, 4TO npasas YacTb ypasHEeHWs, T.e. dyHkuus eV
pasnaraetcs B CTENEHHOM pPAl MO cTeneHsiM T M y B okpectHoctu Touku (0,0),
cxomsiweiics B obnact —00 < z < +00, =00 < y < +0o (T.e. mpasas 4acTh
ronomopdHa).

Byasem uckaTh 4acTHOe pelleHKe B BUAe pana

M) y'(©) 2 ¥"0O) ,
y(z) = y(0) + T+ = o + TR (20)
Ucnonb3ys camo ypasHenue, Hanem y"(0) = e om0 = 1

Onddepenunpys nocnenopatenbHo obe YacTH ypaBHeHWst u nojaras z = 0
B NMONYYEHHBIX paBeHCTBaX, 6yaeM WMEThb

W@-@+w%ﬂﬂ—l
¥V (0) =24 + 2y’ + (y + zy))e?| =

Moacrasnsis B pan (20) HaitaeHnble 3naueHus y"(0), y”(0), y"’(O), noly4uM UCKOMOE
paioXeHUe peleHus
_, 2 2 g
y(z) = +-2-!-+§'+-4—!-+.... g
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3apaun gns CamMOCTORTENbHOrO pelueHns

B crenylowux 3aaayax HAiTH TPU MepBbIX WIEHA PalIOXEHUs B CTENEHHOM psia peLue-
HUs JaHHOTO AnddEpPeHUNANBHOrO YPaBHEHUs! A5l 3ANaHHbIX HaYalbHbIX YCA0BUIA:

724. y' =1 -2y, Y,00 =0
y-z

725- y’ = y+3’ ylzgo =1
726. y' =sinzy, Yoo = 1-
727. ' + 2y =0, Yo =0 ¥]omp=1
728. y" -sinzy =0, Vo =00 ¥]o=1
729. zy' +ysinz=2, y|_ =1, ¥|,_, =0
730. y'Inz -sinzy=0; y|,_, =e"', ¢, =0

_ ™
731. y" +zsiny =0, y'::o = 2’ yllzzo =0, yﬂlz=o =0.

[MpouHTerpupoBaTh NPU NOMOLWK PAROB caenylowne anddepeHuKaNbHbIE YPaBHEHUS:
732, y - 2zy =0, y(0) = 1.

733. y' +zy +y=0.

734, y' -y +y-1=0, y(0)=y'(0)=0.

B 3agayax 735-738 HaiiTh wwecTb YieHOB padioxeHus y(z):
735, y' - (1+a')y=0, 3(0)=-2, y(0)=2

;2_6, y'=a'y-y, y0) =1, y(©) =0
Ly -y =0.
738. y =¥ +zy, y(0) = 0.

2°. PaanoxeHue pewieHus B 0606L1eHHbI CTeneHHOM! psA.
YpaBHeHue Beccensi. Touka zo Ha3biBaeTCs 00uikHOBEHHOI moukol And-
depeHUHANBHOTO YpaBHEHUS

¥ +p(z)y +q(z)y =0, (1)

ecnu KoapduuneHts p(z) n g(z) ronomopdHsl B 3TOMH TOUKe: B MPOTUBHOM
cllyyae TouKa Ty Ha3blBaeTCst ocobold moukoi nuddepeHUHaNbHOTO ypaBHe-
Hus (21).

Pan Buna

zf Z e’ (co #0), (22)
k=0

00
rie p — 3aiaHHOE YUCHO, a CTENEHHON pal cxz® cxoautes B HekoTOpOiA
k=0
o6aactu |z| < R, HasbiBaeTcs 0600UieHHbIM cmeneHHuM padom.
Ecau p ectb uenoe HeoTpuLaTENbHOE YUCIO, TO 0006LUEHHDbI i CTENEHHOM
psia (22) obpaluaercsi B 0ObIUHbIH cTENeHHOM! paa.
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Teopema. Ecau mouxa © = 0 ecmv ocobas mouxa ypasrenus (21), ko3gh-
uyuenmor p(z) u g(z) ypasHenus npedcmaeumos é 6ude

00 k o0

3 arz 3 bzt

£=0 k=0

T) = ——— )= ———
p(z) - () o

20e padsl 6 yucAumensx cxo0ames é Hexomopoii obaacmu |x| < R, a ko3gh-
duyuenmu ag, by u by e paéne Hyawo oo0noepemerno, mo ypasrenue (21)
umeem xoms 6w 00HO peuwerue é aude 0600UeHHO20 cMenenHoz20 paoa

y=a"Y cz’ (o #0), (22)
k=0

Komopuili cxodumcsa, no kpaiineli mepe, 6 moii xce obaacmu |z} < R.

[ns onpeneneHus nokasarenst p U Ko3GOULIMEHTOB C; HYXHO NOJACTaBUTh
psan (22) B ypaBHeHue (21), cokpaTuTh Ha zf ¥ NPUpPABHATL HYIO KOoahdH-
UMEHTBI NPU Beex cTeneHsx & (METOM HeorpeaeeHHbIX Ko3dhGbUUUEeHTOB).

IMpu 3TOM uuCiO p HaxoAUTCSl M3 TaK Ha3biBaEMOFO onpedensrouiezo
YDAGHeHUs

plp—1)+ap+b =0, (23)
rae
ao = lim zp(z), by = lim z°q(z). (24)
z—0 z—0

Tlycts p; U p; — KOpHU onpefensiowero ypasHeHus (23). Bynem pasnnyatb
TpM Ciyyast.

1. Ecnu pa3HoCTb p; — p; HE PaBHa LIEOMY YUCAY WK HYIO, TO MOXHO
MOCTPOUTD ABa pewieHus Buaa (22)

o0 o0
k k
y =2z E az (o #0), y=2" S Apz” (Ao #0).
2. Ecau pasHOCTb p; — py €CTb LiEJIOE NIONOXUTENHOE YUCIO, TO MOXHO
MOCTPOMTb, BOOGLLIE FOBODS, ML OAMH Dsia (pelieHue ypaBHeHus (21))

o0
=z Z cez”. (25)
=0

3. Ecau ypaBHeHue (23) vuMeeT KpaTHbIii KOpeHb p; = p;, TO TaKXe,
MOXHO MOCTPOUTb JIMLIb OAUH psia — petueHue (25). [oHsITHO, uTo B NepsoM
cllyyae MOCTpoeHHble peileHus Y (z) U ya(x) OyayT JMHEAHO He3aBUCMMBbI
(T. €. UX OTHOLIEHUE He GYNeT MOCTOSIHHOI BEJUYMHON).

Bo BTOpOM U TPeTbEM CJlydasix Mbl OCTPOUIM TOJIbKO MO OLHOMY pelile-
HU10. OTMETHM, YTO €CJM Pa3HOCTb p| — P, €CTb LieJIoe MONOXUTENbHOE YHUC0
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WM HOMb, TO Hapsiay ¢ peweHUeM (25) ypasHenue (21) GyneT UMETb peLIeHHE
BUAA

[o o]
¥ = Ayi(z) Inz + 2 Z Az, (26)
k=0
B aToM ciyyae y;(x) comepxuT noGaBoyHoe craraemoe Buaa Ay (z) Inz, rae
1 (z) 3anaetca B puge (25).

Bameyvanmne. TMocrosirHas 4 B (26) MOXET Oxka3aTbCsi PaBHOM Hy/IO, U TOrAA
LISt Y, TOJNYYMM BhipaXeHue B Buae 060GILEHHOro CTENEHHOro psja.

Mpumep 4. Pewutsb ypaBHeHue
2e%y" + (3z — 227y — (z + 1)y = 0. (27)

Pewenue. Tlepennuiem (27) B Buae

3z — 22° z+1
" !
vt V- 2z1y=0’

Hi 3-2 +1
" — T T
- =0.
v+ 2z y 22?2 y

Pewenue y(z) Gyaem nckatb B BuIe

y(@) =2 Y Ciz* (Cr#0).

k=0
,D.J'Iﬂ HAaxXO0XIECHUA p BbIMULLIEM onpenensiiollee ypaBHEHUE
plp—1)+ap+b =0,

lim 3-2z 3 b lim z+ 1 1
Qo = —_— = = —_— P gp——
0= a2 y EIMNTT 2’

roe

T.€.
=0,

N -

-1+ 3p- =0 -
Ple=ND+3p=5=0 wm pf+3p

1
orciona p) = 2 pr=-L
CornacHo npuBeleHHOMY npaBuiy, 6epem

x ) I 2
n(z) =z'? Z Cie* (z>0); wiz)= 2 Z Azt
k=0 k=0

Ons toro, 4yro6wt Haittn Cy, C), ..., Cp, ..., Halo NOCTaBUTb Y;(T) W €€ MPOU3BONHbBIE
¥(z) n y/(z) B ypasHenue (27):

x

x
3 1 -
w(@) =Y G @) =" (k + 5)0@:‘ /2,
k=0

k=0

> 1 1 .
ylll(:l,') = Z (k + 5) (k - E)detk (1/2)‘

k=0
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MoacraHoska ¥, (z), ¥i(x), y!(z) B (27) naer

had 0
23 ("2 = 7}) Gz 4 (32 - 221 Y (k + %) Coz*~0? -

k=0 k=0

x
-(@+1))_ca =0 (28)
k=m0
Mocne npeoGpasosaHuit (28) nepenuwercs Tak:

o< o
S k(K +3)Ci2* P = 32k + 1)Ca* P = 0. (29)
k=0 k=m0

Tak Kak uwercs pewenue a1 x > 0, T0 (29) MOXHO COKpaTUTD Ha z'?, yro naer

x =5
D k@k+3)C" =D 2k + )G =0, (30
k=] k=0
OTciona HaxOAMM COOTHOLLEHKE Mis onpeaesieHnsi KoabbULKEeHTOB
z'|1.5C,-2-1C; =0,
2 |2.7C,-2-2C, =0,
@ [ 3:9C;-23C, =0, 31)

z" | n(2n + 3)Cy - 2nC,_, =0,

...........................

2

Monaras B nepsoM ypasHeHuW cooTHoweHuit (31) Cp = 1, nonyuum C, = 3
2 3
2

U3 sroporo ypaBHeHusi uMeem C; = 7 W3 tperbero C; = 579 u 1.4, Jlerko
3aMETHUTh, 4TO ”
“=sas ey OThAA)
UTaxK,
x k
— 4N (2z)
(o) =2 [l+§5-7-9...(2k+3) : (32)
AHAIOrMYHO HaxoauM U Ko3apduuneHTsl A;. Oka3sbiBaercs, YTO NpU Ag = |
1 1
A =1, A;=ﬂ, ey A= e
TaK uto
1 o 2 e 33)
yi(z) = z g T y(z) = - (
O6uwwee peluerue ypasHenus (27) y(z) = Ay, (z)+By:(z), rae A 1 B — npou3BosibHbIC
nocTosiHHble, & GyHKkunu ¥, (z) U y,(z) 3azaotca dopmyaamu (32) u (33). >

MNpumep 5. B3aumopelicTere Apyx saep € XOPOoWUM NpUBanxeHnem Mox-
-azr

HO ONUCaThb € NMOMOLLLIO NOTeHLMANa Me30HHLIX cun V = (npuTs-
XeHuio cooTseTcTeyeT A < 0). Haiitn B Buae psna peweHne BONHOBOrO
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—

—

ypasHeHus LLipeanHrepa

-z
y"+k<E— ‘“z >y=0, (34)

2m
ranea, A,Eunk= e NOCTORHHbLIG (OrPaHUYNTLCR TPEMA HEHYNeBLIMU

koadpPuumeHTamu paaa, otsevaowero 60NLWOMY KOPHIO ONPeAsNfIoWero
ypasHeHus).

Pewenne. Niem pelseHue y(z) naHHOrO ypaBHeHWUs B Buae 06oGLIEHHOrO
cTerneHHoro psaaa

x
y(z) =z’ Z cuz®.
k=0

Koabduumnentsl Ag u By onpeaensiowero ypasHeHus p(p — 1) + Agp + By = 0 6yayr
PaBHbl

Ay =limzp(z) =0, Takkak p(z)=0,
z=0

Ae-ﬂz

B, = lima%q(z) = lim 2’k (E - ) = lim(Ez? - Aze™*®) = 0,
=0 z=0 2—0

TaK 4TO OHO MpuUHUMaeT BUa p(p— 1) =0, otkyaa p, = 1, p; = 0.
O606Lu1eHHbIA cTENEeHHON psan ana cayyas p = |

x
y(z) = ch,,z" =cqr+cz+ar’ +ezt+...; (35)
k=0
Torna
v =co+202+3c8° + 43’ +...,

V' =2 +6c2 + 12c32° + ... .
Kpome Toro, umeem

- a’z? o’z o'zt

a2 __ - - -
e =l-az+ 2 3 + 2

Noacrapnsiem B ypasHenue (14) psiast ans 3",y u e™**

2¢, + 6caz + 1232 + ... +

1 2 3,2
[kE kA(— -—a+ % - %+...)](coz+clz’+c1a:3+...)=0.
MpupasHusaem Hyn10 KOIDOULHEHTHI NPU CTENMEHSIX Z:
2¢) = kAcy =0,

z' 6c; + (kE + a)cy — kAcy =0,

............................

Us MOAYYEHHbIX PaBEHCTB r0C/A€10BaTE/IbHO HAXOAUM

Ak Akc) — (kE + ad
c = TC(), C = ! ( 3 )Co’
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nimn
1/ A%?
= 3 -Z——kE-akA Cg MT.A.

MMoncrasnss HaitneHHble 3HaueHUst Koadduunentos s pan (35), nonaydyaem

Ak 1 (A%

y@)=cz|l+ =+ - — —kE—akd )z’ +...|.

2 6\ 2

rae co— Npou3BOJbHasA NOCTOSHHAS. >

3apaum Ana CaMOCTOSATENIbHOro peweHunsa

[MpouHTerpuposath Npu roOMoOLUK pANOB creayioiune auddepeHUnaNbHble YPaBHEHUA:
739. 4zy" +2y +y=0.
740. (1 +z)y —ny =0.
741. 9z(1 —z)y" — 12y + 4y =0.
742. KsaHTosblit aHanu3 addekra LiiTapka (B napaGoanueckoit cucteMe KOOPAMHAT)
NpUBOANUT K AMPGIEPEHUNANBHOMY YPaBHEHUIO
d, , 1 m 1,
—(zy)+|-FPr+a—- — - -Fz =0
3z @Y) (2 w4 o )¥sh
rae a, E, F,m — noctosinHble. Ucnonb3ys HanGonbluuit U3 KopHed Onpenensioero
ypaBHEeHHUsi, MOJYYUTb PeleHUE B OKPECTHOCTH TOuKM z = 0 B BMae psapa (Haiitu
nepsbie TpU KO3hdULLMEHT]).
743. B cnyyae oTcyTCTBMA a3UMYTAIBHOM 3aBUCHMOCTH KBAHTOBOMEXaHUYECKOE pac-
CMOTPEHME MOJIEKYIIPHOr0 HOHa BOAOPO/Ia NPUBOAMT K YPaBHEHUIO

d , _
10 =2 W1+ (@+pe)y =0,

rae a, 8 — nocrosHHbte. HailTu pewenune 3toro ypaBHeHus B Bue psaa (BbIMUCIUTD
NepBbiE TPU HEHYNEBbIX KO3(DGDULMEHTA PA3AOKEHHS).

Npumep 6. Pewuts ypasHenue Beccens

2y + 2y + (@ -py=0, z>0, (36)
roe p — 3aiaHHas NoCTOSHHaR.

Peiuenue. Mepenuiuem (36) B Bune
1 2 - p?
" !
= =0.
v+ oYy

3nech

2

zt—p

P ==, ql@)=

22’
Tak 4To
ag = limzp(z) =1, by = lim z’q(z) = —p’
z—0 z—0
(cM. dopmynbi (24)). Onpepensiioiee ypasHeHue wis p:
plo—=D+1-p=p'=0, um p’-p'=0,
oTKyAa py =P, py = ~P.
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Mepsoe qacmoe peuteHune Beccens (36) nwem B Buae 06061UEHHOTO CTENEHHOTO

pana y = xP Z C.z*. Noncrasnas y,y' v y" B ypasrenne (36), nonyuaem

! Z Cilk+p)k+p—-1)z*? 7 42 Z Ci(k+p)z***" + (z* - p) Z Crz**? =0,
k=0 k=0 k=0

WK, NOCAE NPOCThiX Npeobpa3oBaHuii U COKpallleHus Ha z¥,

x x
D Ik +p) - plICia* + > Gzt =0
k=0

=0

Otciona, NpUpaBHUBaR HYI0 KOI(MUUMEHTbI NIPU BCEX CTENEHSIX &, BYIEM HMETb:
2 | (0 -p)Co =

g | [(1+p) -p1C =0,

2 | [2+p) -pC+ Co =0,

2 | [3+p) -P1C+C =0, (37)

2 | [@+p) PG+ Cr =

e | [(k+p) = P’JCi + Cia = 0,

TepBoe u3 cootHoweHuit (37) ynoBneTBopsieTcs Npu Jio6OM 3HayeH U K03 dH-
unenta Cy. U3 Broporo coorrowenus (37) nonyyaem C; = 0, U3 TpeTbero

Co . _ Co
Q+p2-pr 22(1+p)’
u3 yerseproro C; = 0, U3 naroro

(&) _ Co
@+pP-p  2(+p)2+p)-1-2

OuyeBuaHO, yTO BCe KOIGDGHUMEHTb C HEYETHBIMU HMHAEKCAaMU PaBHbI HYNIO:
Cus1 =0, k=0,1,2,.... KoadduuneHTsl ¢ 4eTHbIMM UHAEKCAMU UMEIOT BUI:

(=1)*Co
2%(p+1)p+2)...(p+ k) Kk’
Ins ynpoluetins ganbHeRILnX BbIKNAAOK NPUMEM

1
2T'(p+1)’ (38)
rne I'(v) — ramma-dyHxuna Diinepa. famma-@dynkyus Sinepa T(v) onpeaensercs
LISl BCEX MOJIOKHUTENbHBIX 3HaYeHUA (a TakKe 19 BCEX KOMIMAEKCHbBIX 3HAYEHMit

C MOJIOKUTENbHON BELLECTBEHHOMR ‘-IaCTHO) caenyounm 06p330M2
x

L) = /e“'m"" dz.

0
lamMMa-¢dyHKuMA obnagaeT cnenyioliMMy BaKHbIMIW CBOHCTBAMU:

1. T( + 1) = uT(v).
2.0(1)=1.

Cz=—

C4=—

Cu =

=1,2...

Co=
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Ecau k — uenoe nonoxurenbHoe Yucio, To
ATw+k+1)=@w+ 1) +2)...0v+k)I(+1).
4. T(k+1)=k

Monb3ysco (38) u ceoiicTsamu I'-pyHKuUMM, K0addULUKEHT Cyy 3aNULLEM B BUIe:

Cn = (=1* _ =
BT o) p+2)...(p+k)-K-2PD(p+1) 25+, KD(p+k+1)

u6o (p+1)(p+2) ... (p+k)I'(p+1), cornacHo coitcray 3, pasHo I'(p+k + 1). Tenepn
YacTHOe pelleHue ypaBHeHus Beccens, kotopoe Mbl GyaeM B nanbHeiieM 0603HayaTh
yepe3 J,, NPUHUMAET BUA

B ) (-l)k z 2k+p
=2 e (3) ®)

k=0

A1y hyHKUMIO MPUHATO Ha3bIBaTh beccenesoil gynkyueli nepgozo poda nopadka p.
Bropoe uacTHoe peuieHue ypaBHeHus Beccens (36) uisem B Buae

oc
y==z"? E Ciz*,
k=0

rie p — BTOPOH KOpEHb Onpenensioulero ypasHeHus. SICHO, YTO 3TO pellleHne MOXeT
661Tb nonyyeHo u3 (39) nyrem 3aMeHbl p Ha —p, Tak Kak ypaBHeHue (36) coaepxur p
B YETHOIt CTENEHU U HEe MEHAETCA NpPU 3aMeHe p Ha —p.

Hrak,
o< k k-p
(=1 z
J_o(x) = —_— [ —
»(2) g;mrw+|—m 2
31y dyHKkuuio HasbiBaloT Beccenesoii gyrkyueli nepeozo poda nopadka —p.

Ecau p He pasro uenomy uncay, to pewenus Jp(z) u J_,() sapasiotcs auneiHo
HE3aBUCHMbIMH, TaK KaK UX PallOXEHHs B PSbi HAYUHAIOTCS C PadIMYHbIX CTENEHei T
M, CNef0BaTeNbHO, NMHEHas KOMOUHAUNS aJ,(Z) + aaJ_p(2) MOXET TOXIAECTBEHHO
PaBHATLCH HYJIO Wb NpU a; = a; = 0.

Ecan p ecTb uenoe uucno, To MOXHO YCTAHOBWUTb JMHEHHYIO 3aBHCHMOCTD
oyHkumnit Jy(z) u J_p(x), a MMEHHO OKa3bIBaeTCs, YTO

J_n(z) = (=1)"Ja(z) (n — uenoce).

WTak, npu uenom p BMecto J_,(x) Halo UCKaTh APYroe pelueHue, KOTopoe Gbio Gbi
JMHEHHO He3aBucuMo ot Jy(z). s aToro BBENEM HOBYIO DYHKLKIO

Jp(z) cos prr — J_,(x)
sin pmw

Y,(z) = , (40)
cyuTas CHayala, YTO p— HELENoe YUCO.

OuyeBUIHO, YTO TAK oMnpeaencHHas GYHKUHMA Y,(z) Apnsercs pelueHneM ypapHe-
Hus (36) (B CBA3M C TeM, UTO OHA NPEACTABAACT JUHEHHYIO KOMOGHHALMUIO YACTHbIX
pewenui Jy(z) u J_p(2)).

Mepexons x npeaeny B (40) npu p, cmpemawemMca K UeaoMy wucay, nonyyaem
YacTHoOe pelueHe Y,(z), NMHENHO HedaBUCKHMOe OT Jp(x) u onpeneneHHoe yxe U 414
LeabIX 3HAYEHUNA p.

BaenenHas anech dynkuns Yp(x) Hasvisaetcs Geccenesoll pynxuueli emopoeo poda
nopadxka p. Takum o6pa3oM, A1s BCAKOro p, ApoGHOro MAM LIEJOro, Mbl NOCTPOMIN
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@yndamenmansryio cucmemy pewenuil ypasHenus Beccens (36). Otciona BbiTeKaeT, 4TO
obuiee peleHue ypaBHerus (36) MoXeT GbITh NpeCTaBNeHO B BUAE

y = AJy(2) + BY,(2),

rie A ¥ B — npou3Bo/bHbIE MOCTOAHHBIE,
B cayuyae, korna p He sBisieTcA LENbIM YMCIOM, OOliee pellieHHE YPAaBHEHUA
Beccensi MOXHO GpaTb B BUe

y = C Jp(z) + CoJ_,(2),
rae C; n Cy— npou3BoibHblE MOCTOSHHbIE, >

3amevanune 1. Yacto BeTpeyaiouleecs ypaBHeHUe

2y + 2y’ + (k22 - pY)y =0, (41)
rie k— Hekotopas nocrosHHas (k # 0), npuBoauTcs K ypaBHeHuio Beccens
d2
sdf,+£ Z+(E -y =0 (42)

nyTeM NOACTAHOBKU § = kZ.
O6wum peweHueM ypasHeHus (42) (Npu p, OTAMYHOM OT LIEJIOFO YMCAA)

Gyner
y=0C Jp({) + Clj-p(f)’

a Torza obuiee pelueHye ypapHeHus (41) npuHuMaeT Bua
y = C\Jp(kz) + CaJ_p(kz).

Mpu p uenom y = CyJ,(kz) + C,Y,(kz).

3amevanue 2. O6wupHbIit K1acc ypaBHEHMIt Buaa

28y

dx?

rze a, b, ¢, m— nocrosuHsie (¢ > 0, m # 0), NPUBOAMTCA NPU NOMOLLYM BBEAEHUS
HOBOro nepeMeHHoro t U HOBo# (yHKUMH u no hopMynram

OxON
= - u, = -
y 0l 0

K ypaBHeHulo Beccens

dy my,
+aza-r;+(b+cz )y =0, (43)

du du
dt’ +t +(t2 plu=0,
-1 2 -1)2 -4
rnea:a ,,B—?,'y— f L Mpuc=0unum=0

ypaBHeHue (43) aanserca ypaBHeHWeM Diinepa.
Mpumep 7. MNpusectn ypasHeHue
L
da?
K ypaBHeHuIo Beccens v HaiTh ero obLee pelueHue.

dy 4
oo+ (@' - 12)y=0 (44)
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]

Pewenue. B Hawem ciyyae KoabduuuenTs pasHbl @ = =3, b= —12, ¢ = 1,
m = 4, No3TOMy
a-1 m a | 1
= = =2 = — =2 -— =1, ===
a 2 b ﬂ 2 Y ﬂ ﬂ 2’
X/ 1, (a1 -4b
7= m 2 P = m? =
BBeneM HOBYIO He3aBMCHMYIO nepeMeHHyio ¢ 1 dyHKuMio u no ¢popmynam
t -a/B
y= (‘7) u, win y=2ut, roe u=u(t), (45)
t -1/B
T = (‘—y-) , wm oz =V (46)

Toraa
dy _ d(2ut)/dt
de =~ dz/dt
AHQJIOTUYHO HaxXOoUM

_ d _ 32 du 1/2
—\/Z—tdt(2ut)—2\/§(t - Tt

d? d? du
8y _ 4l 1062 + 2u.

dz? de?
dy d?
Moacrasus B (44) BMmecTO Z, ¥, 22’ da? WX BblpaxXeHHus yYepe3 ¢ U u, nonyyaem
ypaBHeHue Beccens
,du  d

U
t t-E-t-+(t2—-4)u=0,

a

oblee pelleHne KOTOporo

u = C\Jy(t) + Cr1a(t).
2

Sy u= —y-z- , KOTOpbI€E MONy4aloTes
z
13 (45) un (46), nonyyaem obuiee peuieHue JAHHOTO ypaBHEHHUS

= o [C.Jz(%z) +Gh (%2)] ’

3apaun ona CaMoOCTOSITENbHOIrO peweHuna

IMepexoas K NnepeMEHHbIM T W y no dopmynam ¢ =

Haiitu obuine pewenus crenyroumx ypasHeHuit beccens:

744.a:y +a:y+<a:——>y 0. 745.a:y +a:y+(a:--‘]i)y=0,
746. y" + %y' + %y =0. 747. 4" + iy’ +4y=0.

748. zy" - 2zy +4(z* - 1)y =0. 749. zy' + %y' + -‘liy =

5 3
750. " + ;y’ +y=0. 751. " + ;y’ +4y=0.
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3°. HaxoxpeHue nEpUOANYECKUX PEeLUeHUA JIMHEeRHbIX
anddepeHunanbHbiX YypaBHEHUR. [lyctb naHo NMHeHOE HEOAHOPO-
Hoe auddepeHUMaNbHOE YypaBHEHUE BTOPOro MOPSKA C MOCTOSIHHBIMK KO3()-
(uuneHTaMu

¥ +py +py = flz), (47)

rae f(z) — dyHKums, nepuoaMyecKas C NepHOIoM 27, pa3naraowasicsi B psia
dypbe

f(z) = 92—0 + Z(a,. cos nz + by, sin nz). (48)

n=|

Mepuoaunyeckoe petueHue ypasHeHus (47) uiem B Buae

A o0
y(z) ==+ Z(A,, cos nx + B, sin nz). (49)

20
2 n=|

Moncrasnsiem pan (49) B ypasHeHne (47) v nonGupaeM ero KoabduLUeHTb
TaK, 4YToGbl paBeHCTBO (47) ymosierBopsiioch ¢opMaibHo. [lpupaBHMBas
cBOOOMHbIE YleHbl U KOI(PDULMEHTHI MPU COS RT M Sin NZ B JIeBbIX U MpaBbiX
4acTAX NOJIyYeHHOro paBeHCTBA, HaitleM

A _ @ A _(pZ_nz)an_plnbn
0 — T n = 272 2.3
P2 (p2 — %)’ + pin
) n=12,.... (50)
B. = (p2 — n%)by — pinan
n =

(p2 — n?)? +pin? ’

MNepsoe U3 paseHcts (50) naeT HeOGXOAMMOE YCNOBHE CYLLECTBOBAHHS pellie-
Hus Buna (49): ecnu ap # 0, To HeoGxoanumo, yTobbl p; # 0. Moacrasassa (50)
B (49), nonyyaem

y(z) = S . i [(p2 — n?)an — pinbs] cos nz + [(p2 — n?)b, — pinas]sin nz
2y, o (p2 —n?)? +pin?
(51)
Korga py =0 u p; = n?, roe n = 1,2,..., nepuoanyeckoe pelieHue Gynet

CYLLECTBOBATh TOJIBKO MPH YCNOBUM
. pis . 27
=~ /f(:z) cosnzdr =0, b,= - / f(z) sinnz dz = 0. (52)
0 0

Koadduunentst Ay u By npu k # n pacxoastcs no cdopmynam (50),
a ko3dduumreHTsl Ap W B, OCTalOTCSA NPOU3BOJBHBIMU, TAK KaK Bblpaxe-
Hue A, cosnz + By, sinnz sBasercs o6LMM pelleHHeM COOTBETCTBYIOLLETNO
OIHOPOAHOTO YpaBHEHMUSI.
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——

B cnydae HeBbinoaHeHHs ycnoBuit (52) ypasHeHue (47) nepuonnueckix
pelieHuit He umeeT (Bo3HKKaeT pesoHaHc). IMpu p; = 0 u @y = 0 xoadbdU-
LUMEeHT Ay ocTaeTcs HeomnpeleNeHHbIM U ypaBHeHue (47) UMeeT GecKOHeuHoe
MHOXECTBO MepUOAUYECKUX pelIeHUM, OTAMYAIOLLMXCA APYT OT Apyra focro-
SIHHBIM C/1araeMbiM.

Ecau npaBas yactb f(z) ypaBHeHus (47) umeet nepuoa 2! # 2w, To Hano
paanaratb f(z) no nepuoay 2! u UckaThb pelieHue ypaBHeHHUs (47) B Buae

= A°+i(.4 cosmw+B sin nwz)
=2 L)

®opmyssl (50) npu 3TOM COOTBETCTBEHHO W3MEHATCH.

Mpumep 8. Halitn nepuoanueckie pelieHUs ypasHeHUs

[e <] .
" _ sinnz
Yy +4y = E et
n=3

1
Pewenne. Umeem p, =0, p, =4=2% ay=0, a, =0, b, = = (n=3,4,...).

PyHKuus
x

o= 3 e

n=3

He CONEPXHUT PE3OHUDPYIOLLEro YaeHa a; cos 22 + b, sin 2z, 3HaYUT, ypaBHEHUE UMeeT
nepuoauyeckue peleHus, NpUToM GeCKOHEYHOEe MHOXECTBO.
Mo dpopmynam (50) HaxoauM KO3bGULMEHTSI

A0=An=0, B| =0, B, = m’ n=3,4,... .
Bce nepuoamyeckue peweHus gaorca dopmynoi
x .
sin nz
) = A, cos2x + B, sin 2z — ————
y( ) 2 COS + b gnz(n2_4)’
rae A; U B, — npou3Bo/bHblE MOCTOSHHbIE, >

Mpumep 9. Haiit nepuoaunyeckme pewweHus ypasHeHus ¥ +y = cos z.

Pewerue. B navHoM cayusae p; =0, p; = 1. MposepuM BbiNOAHUMOCTb YC/0-

But (52). Umeem
r i
/coszcoszda: = /coszzdz =7#0;

0
x

coszsinzdzr =0 (anecbn =1).

o
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Ycnosus (6) cyuwecTBoBAHUS NEPUORUYECKOTO pellieHHs HE BbinonHsoTcs. CnegoBa-
TE/IbHO, NaHHOE YPABHEHHE NEPHONMUECKHX PeLUCHHUH HE HMEET. B camoMm aene, obluee
pelueHue ypasHeHus y” + y = cos x ecTb

. 1.
y(x) =C cosz + Cysinz + e sinz,
KOTOpOE, OYeBUAHO, He SBAAETCA MEPUOLHWYECKUM H3-32 HAIHYMUA CllaraeMoro

1.
~zsinz. >
2

Mpumep 10. Haiit neproauyeckoe pewenne ypasHerus ¥ —y = | sin z|.

PeuwegHue. ®ynkuus f(z) = |sinz| — nepuoanyeckas ¢ nepuoaom w. Paana-
raem ee B paa Dypbe B KHTEpBane (-1r 1r)'

cos 2nz
|sing|= — = = E ye— (==, m).

PelueHue NaHHOro ypaBHEHHUs HLUEM B BUAE

A
y@) ==+ Z(A,. cos nz + By sin nz).

n=|

Umeem 4
=0, pp==1; a= o G-l =0,
4 1
azn=—-;4nz_—l, bﬂ=0 (n=|,2,...).
®opmynsl (50) nalot
4 4 1
Ay = - Ay =0, Apy= BT B, =0.
CnenoBateibHO, ypaBHEHHE UMEET NEPHOANYECKOE pellieHHe BUaa
2 4. cosnz
V@ =Lt o >

3apaum ona CaMOCTORTENbHOro peuweHnna

HaliTu nepuoauyeckue peweHus (ecau OHM CyLIECTBYIOT) caelyrollux AuddepeHin-
1bHbIX YPABHEHHMH:

x .
cosnz + sinnz cos nz
752, o +3y =143 SBNZHsinnz 753. ' +y =
754, " +y= z s nz. 755. y" +y = cosz cos2z.
n-Z
T
756. y'+y' = 2 s":_: . 757. y' + 4y = cos’z.

nm=|
758, y' —4y' +4y=m'-2', -wm<z<nm T759.y" -4y=|coswal.
760. y" - 4y + 4y = arcsin (sin z). 761. y" + 9y =sin’z.
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4°. AcuMnTOTMYECKOe WHTerpuposaHue. [lyctb umeeM psan
(BO3MOXHO M pacxoasLiuiics)
A A A
Ao+—'+—2+ +24 (53)

0O603HaunM yepe3 S, (z) cyMMy nepBbix n + | 4/eHOB psaa.
Byaem rosoputb, uyto psaa (53) npeacrasasier co6oii aCUMMTOTHYECKOE
pasnoxeHue GpyHkUuM f(z) anst goctaToyHO GoMbluMX ||, ecan BoipaxeHue

Ry (z) = 2"{f(z) - Sn(z)}

YAOBJIETBOPSIET YCJIOBUIO

. 1

lim Ru(z) =0, wmm R,(z)= o(—") (54)

|lz]—00 T

(n — nio6oe dbuxcuposaHHoe yucno), naxe ecan lim |Ry(z)| = oo (z —
n—00

¢dukcuposaHo). To 0o6CTOATENLCTBO, YTO AaHHbIHA Psll €CTb aCHMITOTHYECKOE

pasnioxeHue GYHKUMM f(z) (acMMNTOTHYECKMIi cTemeHHOl psan), 0603Haya-

eTcs Tak: -
f(z) ~ E Az,

n=0
CMbICI aCUMIMTOTMYECKOTO Pa3fioXeHUsl COCTOMT B TOM, YTO psin (53)
MOXET CIY)XXHTb UCTOYHMKOM MPUOIUXKEHHBIX HopMya

A A
f(m)on+?'+...+m—:, n=0,1,2,...,

TaK 4T0 pasHocTb f(z) — Sp(z) = pa(z) npu |z| — oo Gyner GeckoHeuHO
MaJioii Mopsiika Bbille 7, T.e€.

. palx) . n
lim =0, wm lim |z T) =
lzl__,w ‘/|w|n ) |z|_'m| l pn( )

Mpumep 11. Haiitn acumnToTUdeckoe pasnoxeHue GyHKUMK
+00
f(z) = / t7'e"tdt, z>0. (55)
z

Peuwenue. TpumeHss n pa3 HHTErPUPOBAHHE M0 YACTAM, MOryYaeM

f(z)=_::;_L2+£ (= I)”_l(nm )+( 1) n'/ez_tdt.

T 23 tntl

- 'm—-1y -
O06o3HaAYUM Uy ) = (—_)——mf‘—) U NOJOXUM

112 )"l &
s,.(z)=;——+——‘..+( )"=Zu,,.‘

x2 23 gnt!
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Umeem
U

m
=— —>00 NpUH m — 00,

Um—)

n
TaK 4TO psan E Uy 6y11e'r pacxoAsiliMMCsi U1l BCEX 3HAYEeHUH . OnHako 3ToT paa
m=0
MOXET ObITb MPUMEHEH A1 BbIYUCAEHHUSA 3HAYEHUH f(:t) npu GoNbLIMX 3HAUYEHUAX .
B camoMm nene, CbMKCMp)'ﬂ HEKOTOPOE 3HAYEHUE N, MONAYYUM

+3¢ 2t

1@) =85u(2) = ()" + 1) [

z

otclona, nockonsky et < 1 (t > x), Gynem umers

+xX 2t +
e dt n!

|f(a:) —S,.(m)l =(n+ I)!/ prve dt < (n+1)! / i ;Tﬁ (56)

z T

Jlns 3HaYeHU#H T, LOCTATOYHO GOMbLIKX, MpaBas 4acTh 3TOr0 HEPABEHCTBA MOXET GbiTh
cAieaHa Kak yrogHoit manoi. Tak, aas x > 2n 6yaem WMETb

1
lf(z) - Sn(z)l < ntin2?
Mo3TOMY 3HaueHHe GYHKUMH f(Z) MOXET GbITb BBIUMCAEHO ¢ GO/IBLION TOYHOCTHIO Aist
n
GONbLWIKX 3HAYEHHUI T, €CU B3ATb CYMMY HAUIEXALIEro YMCNA YIEHOB PIAA D Uy,.

m=0
W3 ouenku (56) cnenyer, yto

R.(z) =2"{f(z) = Sa(z)} =0 npu z-— o0

n
Wisi BCAKOTO GUKCUPOBAHHOIO N, TAK YTO PAL 9 Uy AAET ACUMITOTHYECKOE Padfio-
m=0
XeHHe NaHHoi dyHkunu f(z). [

Ecnu Beinonnsiercs ycnosue (54), To anst koadbuumeHToB A psina (53)
u3 (54) nonyvaem

Ay = lim f(z), Ap=lim z2"{f(z) - Su=i(z)}, n=1,2,.... (57)

Otcioaa cienyet, uTo eciau GyHKuUMs f(Z) UMeeT aCUMNTOTUYECKOE Pa3OXKe-
HKe, TO OHO eAUHCTBEHHO.

HanpoTus, onuH u TOT Xe psa Buaa (53) MOXET CyXWTb aCHMATOTHYE-
CKMM pa3ioXeHWeM s pasHbix dyHkuuit. Hanpumep, a1 GyHKuuu

f@)=e" (0<z<+00)

B cuay (57) acMMNTOTHYECKMM pasiokeHueM siBsieTcs psa (53), Bce Koad-
buumMenTsl A, KOTOPOro paBHbl Hy/0. OYeBUAHO, YTO ITOT Xe Pl SABASETCS
aCHMMTOTHYECKUM pasfioxeHHeM M wnsi ¢yHkumu f(z) = 0. [oBopaT, uTo
ACMMMTOTUYECKUIX PSA MPEACTABNSIET He OfHY (QYHKLMIO, a KIacC aCHMMTO-
THYECKH PaBHbIX QYHKLHHA.
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Onepauuv Han acumnToTndeckumm psgamu. 1) Ecan

1@~ A, g@)~ Y Bz, (58)
k=0 k=0
TO o
f(z) £ g(z) ~ ) (Ax £ Bz ™. (59)
k=0

2) Ecan umelor MecTo acMMNTOTHYECKHE pa3noxeHUs (58), To acUM-
NTOTHYECKOE passioXeHWe GyHKUNUH f(z)g(x) MOXeT GbITh Mony4eHO NyTeM
¢opManbHOro MepeMHOXeHUs pasnioxeHuit (58).

3) Ecau dyHKuus f(z) MMeeT aCHMNTOTUYECKOE Pa3NoXeHHe

@~ (60)

k=2

HauyuHamwuieecs ¢ wieHa 3_2, TO UMEET MECTO aCUMNTOTUYECKOE PA3NIOXKEHHUE

]of(w)dw~kz:;7££d

z
Win

/ 1(2) da ~ 2 s (61)

T.€. aCHUMMTOTHUYECKOE pasnioxeHne (60) MoxHO GopManbHO WHTErPUPOBATDH
NOYIEHHO.

4) ®opmanbHoe nouneHHoe AnddepeHUPOBaHUE ACHMMTOTHYECKOTO
pasfioXeHust, BoobLue robopsi, HEAONYCTUMO.
B camom pene, paccMOTpPUM GYHKLHIO

f(z)=esine®, 0<z< +o0.

ee acCHMMTOTHYECKMM pa3foXeHWeM nBaAseTcs pAa ¢ Ko3dduunmeHTamu
Ay =0, k=0,1,..., B To Bpems KaK npou3BoaHas ¢yHkuuu f'(z) =
—e"%sine® + cose® He UMeeT aCUMMTOTHYECKOTO PAa3oOXEHUsA, NOCKObKY
f'(z) naxe He umeer npenena npu T — +00.

A A
OnHako eciiu oyHkumnsa f(z) ~ Ao+ ?' + m—: + ... auddepeHunpyema,

a GyHKuMs f'(z) MoXeT GbiTb pa3joXeHa B aCUMMTOTHYECKUA CTerneHHOM
pal, To
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3apayn ona caMOCTOATENIbHOrO pPeLleHns

762. MNoka3aTh, YToO

+00

0
rae > 0 BELWECTBEHHO.

763. Moka3ats, YToO

+o¢
2,0

z

e-zt
/|+t1dt~_'_

ez /e"’.1:""da:~l
z

21 4
2

-1 -1)(a-2
o1, 06D,
F 2z

118 GONbLIMX MONOXHTEbHBIX 3HAUEHHUH 2.
764. Halitn acumMnToTHYECKOE pasnoxeHne GYHKUUN

f(z) = -:; +e%sine®®, 0<z< oo

IMokasatb, 4To npou3BoaHas f'(z) He MMEET ACHMNTOTHYECKOrO PANOKEHMS.

5°. MpunoxeHns K MHTErpmposannio audpepeHunanbHbIX
yPaBHEHUN. 1. PaccmoTpuM anddepeHuHMATbHOE YpaBHEH HE

dy 1
Pﬂﬂ 1 I 2 1
! ! n!
rile - A A (63

pacxoasiuuiics NpU Bcex 3HauyeHUAX =, PopMaNbHO YAOBNETBOpSET AaHHO-
MY YpaBHEHMIO, B YeM HeTpydHO y6eauTbcs HermocpeacTBEHHON npoBepKoi.
YpasHeHuio (62) ynosnetBopsieT hyHKLUUS 2,
z
y=¢e" / t~'e dt,
-00
npuyeM MHTerpan B npaBoit yacTu Haxoautcs npu z < 0. IMoBTOpHbIM
MHTErpupoBaHMEM MO YacTAM HAXOAUM
7 1 n o2 |
-z PRI T L) n.
e /t e dt_a: a:2+a:3 +"'+_a:"+' + Pns
-00

Z ot

€
2 @yHKUUS, onpeaensieMas HHTErpanoM / T dt, Ha3bIBAETCH IKCNOHEHYUAN-unmezpansioll

-
ynxyued n o6oaHauaeTcs cumMBonoM Bi(z).
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roe

r ot

- e
pn=(n+1)e */t"+2 dt.

—00

MMpu ¢ < 0 nMeem

lpal < (n+ 1)t €7

z
1 t (n+1)!
Im|n+2 /e dt = Im|n+2 :

—00
CremoBaTe/ibHO, B3SIB NEPBLIE 1 YWIEHOB PAla, Mbl COBEPILUMM OLUMGKY, MEHb-
wyio (n + 1)-ro wieHa. HeTpyaHo BUAETb, YTO B JAHHOM CJlyyae

Ru(z) = 2"{f(z) — Su(z)} =2"pn(z) =0 npn z— —o0.
[M03TOMY NOCTPOEHHBIil PAN ABAAETCA ACHMNTOTHYECKMM M MOXeT ObiTh
MCMOJb30BaH [UISl BLIUMCIEHUS MHTETpala M TeM CaMbiM PELIEHMSI ypaBHe-
Hust (62). >

2. Ecnn J,(z) ecTb pewenme ypasHenus Beccens zy” + zy' + (z? —

uz)y = 0, T0, noaACTaBUB BMecTO J, GYHKLHIO z”" 2y(:c), 0GHapYXHM, UYTO
y(z) Gynet ya0BIETBOPATH YpaBHEHHUIO

s 6onbwnx z(z 3> v) 3TO ypaBHEHME ECTECTBEHHO MOMNbBITATLCA 3aMe-
HUTb YypaBHEHHEM

¥+ =0, (65)
KOTOpOe MMEET peleHue
Y = apsinz + by cos x.

MOXHO yyuLIMTh TOYHOCTD (ISt GONBIINX Z) 3aMEHOM NOCTOSHHBIX ag M by
Pa3NoXEHUAMM MO OTPULATENLHBIM CTEMEHSIM T:

[o.e] o0
E a,z ", E baz "

n=0 n=0

DTO 03HauaeT, YTO pelleHue ypaBHeHUsi (64) MOXHO MCKaTb B BUAE

y(z) = i apz "sinz + i bpz ™" cos z. (66)
[MoactaBuB BbipaxeHKe (g6=)03 ypaBHEHUE (6n4=)(i nojyunm
o) = [ao 7 -22/4) . i (I/;();s(:; —O/M, 4 ] «
X sinas [bo N - 21/4)%_ - (1/;();2; /) ] cosz.  (67)
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DTOT NPOLECC MOXHO NPONOHXUTL U Aanbliue. CyuleCTBEHHO 3aMETHUTb, YTO
1

3TH BHIPAXEHHWA NPUBOAAT K TOYHOMY pe3yibTaTy s v = i—’ii"”

(cM. BecceneBbl dyHKLUMM MOayLENOro WHAeKca). YpaBHeHue (65) sBnsercs,

KaK TroBOpST, npedeavHviM ypaBHEHMEM [jisi ypaBHeHus (64) (ypaBHeHue (65)

nonyyaetcs u3 (64), ecnu B koahpULMEHTE NPU Y COBEPLINTD MpeaebHbI

nepexon npu = — 00). Pewenne ypaBHeHus (65) wnst 6obwmnx = (0co6eHHO

1
) AOCTAaTOYHO XOpOoLUO OofnpenensieT NOoBEACHUE PELUCHUSA

s v ==
MCXONHOTO ypaBHeHUs (64). >

[IpuMepbl MoOKa3biBalOT, YTO ACUMMIITOTHYECKOE MOBeAEHHE PpeELUEHUI
anbdepeHUNanbHOTO ypaBHEHUSI He BCeraa MOXHO BbIBECTH U3 MOBEdEHUs
pellieHWi npeaesbHOro ypaBHeHHS.

BosbMeM yHKiHIO

y(z) =z%sin(@® +C), @>0, >0 (68)

M CKOHCTpYWpyeM AnddepeHumansHoe ypaBHeHe, als Kotoporo y(z) 6yaeT
peluieHueM. UMeem

¥ =z 'sin(ef + C) + B2 cos (2F + C),
yn= [a(a_ 1) 162

z2 - m]w sin(z” + C) + B(2a + B — z**P2cos(z” + C).

[Tonpo6yem, uTo6bl @@ U B GblaN CBSA3aHbI COOTHOLUEHHUEM

BRa+pB—-1)=0. (69)

Torna 3anaHHas ¢yHkuus y(z) Gyaet ynosaeTBopsTh AubdepeHUNaNLHOMY

YPaBHEHHU IO
a(l - a)]

¥+ [ 755 T =0. (70)

1
MpennonoxuM, uro 0 < B < 1, HanpuMep, B = 3 Toraa u3 ycnosus (69)

1
HailaeM a = Z W pelueHue

y(z) = ¥z sin (VZ + C) (71)

ypaBHenus (70) npu « — +o00 Gyaet konebalownmes. C apyroi CTOpOHBI,

[ (R}

lim

Z=4-00 z2-28 z2

NMo3TOMYy NpeneibHbIM YPaBHEHWEM, COOTBETCTBYIOIUMM YypaBHeHuio (70),
6yner
y" =0. (72)
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Ero obluee peweHue
y=Az+ B (73)

He CofiepXHT Kosnebnioweics yacTu.

Wrak, acumnroTHyeckoe noseaeHue pewwenus (71) andodepeHunanbHoro
ypaBHeHHUs (70) Henb3s «yranaTb» Mo noseleHHIo peleHus (73) npeneabHOro
ypaBHeHus (72).

MpuBenem HekoTOpbie OTHOCALLMECA cloaa pe3yabTaThl. [TycTs AaHo and-
¢epeHUHaNbLHOE YpaBHeHHE

¥ +p1(@)y +pa(z)y =0, (74)
rae
a  a
P|($)=ao+;+;§+~--,
b b
p@E) =b+_—+5+...,
TaK YTo
lim pi(z) = ao, lim pa(z) = by. (76)
T—0 T—00
MpenenbHoe ypaBHeHME B JaHHOM Ciy4ae WMEET BUI
y" + aoy' +by=0 (77)

W ABNSAETCS! YPaBHEHUEM C MOCTOSHHbIMU KoadduumneHTaMu. Tyctb Ay, Ay —
KOpHH (KOTOpble Mbl 15l NPOCTOTHI MpeAnonaraeM pasaniHbLIMU) XapakTepH-
CTHYECKOrO ypaBHEHHUS

A+ agh + by = 0. (78)

Pewenus npenenbHoro ypaBHeHUss — 3KCMNOHEHTbI e*", e
OkasbiBaetcsa [16], yTo acMMNToTMYecKoe MoBeaeHHWe peleHHi ypas-
HeHusi (74) aHANOrMYHO He MOBEACHUIO JIMHEHHBIX KOMGMHALUIA SKCTOHEHT

l\zz

eM® e a noBeneHNIO MMHENHBIX BYHKLMHA
e/\|$z0‘| , e;\zzmo‘z’ (79)
rae nokasaTeau g, oy Onpenesiores bopMynamu
a A +b ajA;2 + by
g =Mkl _ahth (80)
ap + 2) ap + 2X;

®yHKuum (79) 3aBUCAT He TONBLKO OT ag U bg, T.e. HE TOABKO OT NpeeabHbIX
3HayeHu# p|(z) u pa(z) npu & — +00, HO TaKxe U oT KO3 HHLHEHTOB ay, by,
y4acTBYIOILMX B NpaBblX yacTax paBeHCTB (75).

Teopema. Ecau xapakmepucmuueckoe ypasrerue A2 agA+ by = 0 umeem
DPA3nUMHble KODHU A U Ay U ecau

_a.)\|+b| _ aA+ b
221 +ap’

7= T
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mo ypasHenue
" a 0 ) b b
—— — e — — s — 0
y+(a0+w+w2+ >y+(bo+w w2+ )y

obradaem auneiino Hesasucumvimu pewenuamu Y (z) u ya(x), xomopeie
MOXNCHO npedcmasgume acumMnmMomu4eckum padamu:

A A
yl(z)’vea\uz Ul(]+_l_+_2+ .)’

(81)
n(z) ~ e "’(1 +B & )

Ecan KopHM XapakTepuCTMUeCKOro ypaBHEHMs COBMalaloT, TO MOXeET
NoABUTLCS JorapudMHUueckuit uneH. PeweHnue ¥y (Z) MOXHO NpeacTaBuTh
acHMNTOTHYECKUM PALOM THUNa NepBoro psaa (81), Torna Kak apyroe pelueHue
¥2(x) Tenmepb npeacTaBUMO PSAOM BHAA

K, K
v2(z) ~ Ay () Inz + M2 (I{ +—+ —2 +. ) (82)

KosdbduuueHTsl A;, B;, K; Moryt 6b1Tb Ipy 3TOM HalA€Hbl U3BECTHBIM CNOCO-
6oM HeonpeneneHHbIX K03hHULUMEHTOB NyTeM MOACTAHOBKM BbipaxeHHuii (81)
uau (82) B ypaBHeHHe ¥ MPUPaBHUBaHWS HYII0 KO3((ULMEHTOB NpU CTe-
neHax e lpu atom dopManbHoe anddepeHLIMPOBAHME ACHMMTOTHYECKUX

Pa3NoXeHUi, 3aKOHHOCTb KOTOPOro anpHopH HesicHa, NMPUBOAUT K MpaBH/ib-
HbIM aCUMMTOTUYECKMM NpPEACTABAEHUAM HCKOMbIX GYHKLMIA.

3apaun AN CaMOCTORTENbHOrO peLleHns

765. Mokasats, yTo ypasHeHue y" + (l + )y =0 npu & — 400 HMeeT ABa
peleHns BuIa

wl(z) = (1 +0(%>) cosz, y(z)= (l +0(£))xsinm.

a
766. Mokasats, uTo ypaBHeHue y" — (l - _z)y =0 npu & — +00 HUMeeT apa

pelleHus Buaa

yi(z) = (1+0(£))e’, p(e) = (1 +0<£>)e".

8




rNABA Cucremei

3 AnppepeHumnanbHbix
ypaBHeHnu

§ 19. OcHoBHble NOHATUS U onpeaeneHus

CucreMa 06bIKHOBEHHbBIX AN depeH LIMalbHbIX YpaBHEHU I

(3 k: n
Fk(xyyl)y,l""»yf )7y2’y’2,"')y§ 2)7~">yn)y:)"“)y(k )) =0» (])

k=12,...,n,
(k1) , (k) (ka)
paspelleHHas OTHOCHUTENbHO CTapLIMX MPOU3BOAHBIX ¥, ', Yy ..., Yo, HA=
3bIBAETCS KaHoHuveckol cucmemoti. OHa UMeeT BUL,

k ki1 ky=1 -
y} I)=f|(z)yl)ylla“"yfl )>y2»y12)"'1y§2 )»"wymy:n"')yr(lk I)))

k) k- Ky -
Z‘/g 2)=f2(-’b‘,yl,y’n-~»3/$' I))ybysa'”’ygz )y""ymy:u'”)yr(lk" I))) (2)
Pt L_ .............. L-] ................... e
yv(zk")=fn(m)yl’y;r“)y§l l),yz,ylz,---,ygz ))""ymy:n"'» r(zkﬁ ]))~

Iopsdkom cucmemer (1) Ha3bBaETCS YUCIIO P, PaBHOE
p=ki+ky+...+ kg
Npumep 1. MNpuUBECTU K KAHOHNYECKOMY BUAY CUCTEMY YPaBHEHWN
Yoy —In (¥ - 91) =0,
{ e~y —y,=0.
Pewenne. [lannas cucteMa MMEET TPETUR MOPANOK, TaK Kak k; = 2, k; =1

H, 3HauuT, p = 3. Pa3peluas nepsoe ypaBHEHHWe OTHOCHUTENBLHO ¥, a BTOPOE OTHOCH-
TENBHO Y, MOJAYYUM KAHOHHYECKYIO CHCTEMY

¥ =y +e, g =In(y +1) >

Cucrema 06bIKHOBEHHBIX AuddepeHUHanbHbIX YpaBHEHU MepBOro mno-
psaxa Buia

dmk
dt
roe ¢ — He3aBMCHUMas NePEMEHHas; Ty, T, ..., T, — HEU3BECTHbIE QYHKUMU
OT ¢, Ha3bIBAETCS HOPMANbHOLU CUCmeMOIl.
Yucno n HasbiBaeTcsl nopadkom Hopmanbiol cucmemsi (3). [Be cUCTEMB
InddepeHUHaNbHbIX YpaBHEHUH Ha3bIBAIOTCSI 3KEUBANEHMHbIMU, €CIA OHHU
0651a1al0T O0HUMU U TEMU XKE PELIEHUAMM.

=fk(tamlam2)-“1wn)7 k=1,2,...,n, (3)
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Jlio6y10 KaHOHMYECKYIO cUCTEMY (2) MOXHO MPHUBECTH K SKBHBANEHTHOM
eit HopManbHO# cucteme (3), NpuUYeM MOPAAOK 3THX CHCTEM OyaeT OAHMM
n TEM Xe.

Mpumep 2. MpuBecTn K HOPMaNLHOW CUCTEME Cheaylowylo cuctemy aud-
depeHUnanbHbIX YpaBHEHUN:

dz

a V=

d
t’d—f—2m=0.

dz dz,
Peuwenne. Monoxum z = x,, i T, Yy = z3. Torna 6yaeM nmeTthb e z,

d dz
d—f = d_ts’ M AaHHas CUCTEMa NpMBEAETCA K cleaylolleili HOpMaibHOU cucreme
TPETbETO NOPSAAKaA:
d$| z
dt =<y
d.’Bz
7 =3,
dz; 2
@ -6 >
Mpumep 3. MNpueectn auddepeHumansHoe ypaBHeHUe
d*z dz
— +p(t)—+qt)z=0
K HOpManbLHOW cucreme.
Pewerne. TMono T d z,, Toria dz, ik dz;
. XUM T = -_—= . —_—= —_— = —
e bog T T oA g v W T
HOACTaBJIﬂﬂ 3TH BbipaXC€HUs B IaHHOE ypaBHEHME, MONYYUM
dz
d—t’ +p(t)z; + q(t)z, = 0.
HopmanbHas cuctema Gyaet MMeTh BUL
dz, d$2
T T -p(t)z; - q(t)=). >

Pewenuem cucmeme: (3) B uHTepBane (a,b) Ha3biBaeTcsi COBOKYMHOCTb
N06bIX N PYHKUMI

T = ‘Pl(t), T2 = ¢2(t)’ ey BTy = ‘Pn(t):

onpelesieHHbIX U HeMpepblBHO AnddepeHumpyembix B MHTepBane (a, b), eciu
OHM 06pallaloT ypaBHeHUs cUCTEMBI (3) B TOXAECTBA, CNpaBeMIUBbIE A1 BCEX
3HaueHuil t € (a, b).
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1
Npumep 4. MNokasatb, 4TO cucteMa GyHKUMIA ¢, = il z; = —tint,

onpepneneHHbix B uHtepsane 0 < ¢ < +00, ABNAETCA pelleHVemM CUCTeMb
AndpdeperumnantHblix ypasHOHUM

%—'— = 2tw¥,
gz _ %
dt t
Pewerue. Umeem dTa;,_ = t%’ % = —1=Int. Noacrapnsis B ypaBHEHHE JaHHON
CHCTEMbI BMECTO &), T, g;tl " % MX BbIpaXEHHs uepes ¢, MOMYyUHM TOXAECTBA
%E%E%, -Int-1=-Int-1, 0<t< +o0. >

3apauu ANA CaMOCTOATENbHOr0 peLueHus

[MpoBepuTb, SBAAIOTCA AU JAHHbIe CHCTEMbl QYHKUHMA pelIeHUAMU OAHHBIX CHCTEM
nnddepeHUnaNbHbIX ypaBHEHUNA.,

dr dz -

d—"=.—2ta:f, - 1 —d-tl=e‘ =, 2 =t,
767. { % 'S 7es. .

gz _@tt |4, =t 921 _ gen 2 =2

dt t dt ’

d—z‘y 2t dy z-1 z

=9 z=e az .z =z+e

760. { % ,’ 770, { 42 = ymETe

dy _ ¥ y=¢é. & y-z z=¢€""

a z’ dz ’

3adaueir Kowu nnsi cuctembl (3) HasbiBaeTcs 3a1aya HaXOXAEHHS peLLEHUs

T = £B|(t), Ty = mZ(t)’ ceey Zp = :Bn(t)
3TOi CHCTEMbI, YAOB/ETBOPAIOLLEr0 HaYaibHbIM YCAOBUAM
0 0
zi(to) =2}, z(to) =23, ..., @alte)=2n, (4)
rae to, 2%, 23, ..., % — 3anaHHble yucaa.

Teopema CyLeCTBOBAHUS U GAMHCTBEHHOCTH pelleHns 3aaayn Kowm,
Tycms umeem Hopmanvhyio cucmemy duggepenyuanshoix ypaerenuii (3)
u nycmo @yukyuu fi(t, ), €z,...,2,), = 1,2,...,n, onpedenensi 8 He-
Komopoii n+ 1 -meproli obaracmu D usmenenus nepemennbix t, ), Tz, ... , Ty.
Ecau cywecmeyem okpecmuocms 2 mowxu My (to, 23, 23,...,23), 6 ko-
mopoii pynkuuu f; a) Henpepvignsl, 6) umeom o2paHudeHrbie YacmHue npo-
U3600HBIE NO NEPEMEHHBIM T, T3, . .. , Ty, MO Halidemes unmepean to — h <
t < o + h usmenenus t, 6 Komopom cywecmeyem eOuHcmeeHHoe peuienue
HopmanbHoli cucmembl (3), ydosaemeoparowee HauaroHuim yeroeuam (4).
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Cucrema n auddepeHunpyeMbix hyHKUHNA
z; =z;¢C,Cp...,C), i=1,2,...,m, (5)

He3aBUCHMOMW nepeMeHHOM ¢t U m NPOU3BOALHBIX NOCTOAHHbIX C), Cy, ..., Cy
Ha3blBaeTCs 00UUM peleHuemM HOPMabHOM crucTeMbl (3), ecau: 1) npu n10GbIX
pomnycTuMbix 3Havennsax Cy, C,,...,C, cucteMa ¢ynkuui (5) obpaiuaer
ypaBHeHUst (3) B ToxaecTBa, 2) B 06/1acTW, Tie BbIMOJHAIOTCA YCIOBUS
Teopembl Kowu, dyHkuuu (5) pewaiot no6yto 3agayy Koww.

Mpumep 5. Mokasatb, 4To cucTeMa PyHKuUi

z,(t) = Ce”t + Cre,

- (6)
z(t) = 2C e~" - 2Cye™
ABNAETCA O6LMM pelleHneM CUCTeMbl YpaBHeHuit
dz, =z -2
dt =4 2
; ™
i z; -4z
it 2 1.
Petwet+une. B nanHoM npumepe obaacts D ecTb
—00<t<+00, —00<T,T; < +00. (8)

Moacrasnss dyHkunu z,(t) u z,(t) u3 (6) B cucremy ypasHeHuii (7), nonyuaem
TOXZAECTBa Mo ¢, CMpaBeLIMBbie MpPH JOObIX 3HaYeHUAX nocTosHHbIX Cp, C,. Takum
oGpa3oM, ycnosue 1), onpenensiiouiee obliee pelueHne, BHIMOTHEHO.

[poBepuM BbINONHEHHE YCNO0BHUS 2). 3aMETUM, YTO AN CUCTEMbI YpaBHeHuU# (7)
YCIOBMSl TEOPEMbI CYLUECTBOBAHHS M eAMHCTBEHHOCTH pellieHus 3anaun Kowu Beinos-
HslloTCs BO Beelt o6nactu D, onpenensieMoii cooTHoweHusMu (8). Moartomy B kayecTse

HayanbHbIX YCJOBUIA MOXHO B3sTb J1l06yio TPOitKy uucen to, z?, mg Torna cooTHoOLue-
Hus (6) nanyt ang onpeanenenus C,, C; cuctemy

2l =C-le + e,
2] =2Ce™ - 2Cye™.

Onpenenutens 3TOAH cUCTEMBI A = —4¢M # 0; cnesoBaTesibHO, OHa OLHO3HAYHO
paspelnma oTHocuTensHo Cy, C; npu no6bix x5,z U ty. D10 PaBHOCHILHO TOMY,
4TO paspelunma sioGan 3aaaya Kown. Urak, cucrema dyHkuuit (6) ssasercs obumm
pelueHnem cucTemsl ypasreHu# (7). >

PewieHusi, nonyyalowmecss U3 obluero npu KOHKPETHBIX 3HAYEHMSIX MO-
crosHubix Cy, Cy, ..., Cp, Ha3bIBAIOTCSH YACMHBIMU PEWEHURMU.

Mpumep 6. Vimen obLuee pewenne (6) cuctems (7), HalTH YacTHOe pelue-
HWe 37Ol CUCTeMb!, YAOBIETBOPALLIEe HavabHbIM ycnosusM z;(0) = 0,
32(0) = -4,
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Pewenne. 3agaya cBOOUTCA K HAXOXIEHMIO TAKKUX 3HAUEHHiH MOCTOSAHHbIX C)
u C,, yTo6bl BHITIONHAIUCH COOTHOLIEHUS

0=C +C;, -4=2C, -2C,.
Peiuas 3ty cuctemy, Haxonum C; = —1, C, = 1. Uckomoe yacTHoe pelieHue
z,(t) = —e" + ¥, z,(t) = —2e7" — 2™, >

3amevanme 1. He Bcakyio cucremy auddeperumnanbHbIX ypaBHEHHHE MOXHO
CBECTH K OfHOMY ypaBHeHuio. Hanpumep, cucrema

d:c, _

E ==y,
dl‘z

o ™

pacnagaeTcsi Ha JBa He3aBUCHMbIX ypasHeHusi. Obllee peweHne B 3TOM Ciyuae
NOJIy4aeTCsi HHTErPUPOBAHUEM KAXIOrO ypaBHEHUSI B OTAEIbHOCTH:

-t ¢
Z|=C|€ ) zy = Che.

3ameyanne 2. Ecnyn umucio ypasHEHH B CHCTEME PaBHO 7, @ YHC/IO MCKOMBIX
dbyHkumit N, npuyem N > n, To Takas CUCTeMa siBsieTCA HeonpedeaerHoii. B aTom
Cllyyae MOXHO BbIGUpPaTh NPOM3BOJALHO N — n UCKOMbIX GYHKUM (nwb Gbl
OHM BbLIM HYXHOE YMUC/IO pa3 AnddepeHUUPYEMbIMU) U B 3aBUCHMOCTH OT HUX
HaxXOAMUTb OCTalbHble 1 YHKUHIA.

3amevanme 3. Ecau cucTeMa COCTOMT M3 n YpaBHEHMI, @ YUCJIO MCKOMbIX
¢dyHkunit N, npuyeM N < n, TO 3Ta CHCTEMA MOXET OKa3aThCs HecogmecmHoll,
T.€. He UMEIOILMIt HH OQHOTO PELLEHHA.

MycTtb naHa (ais NpocToThl) HOpMaibHas cucTema ABYX AuddepeHLM-
aJIbHbIX YpaBHEHU I

dfl)|

T filt, =1, 32),

iz )
2 — "

dt - fZ(t’a:IymZ)'

Bynem paccmaTpuBaTh CUCTEMY 3HaUeH Ui £, T, T; KaK NPsSIMOYrojibHbie AeKap-
TOBbI KOOPAWHATbI TOUKH TPEXMEPHOTO MPOCTPAHCTBA, OTHECEHHOTO K CUCTEME
KoopauHat Otz z,. PeuieHue

z) =z(t), = =),

NPUHNMAIOLIEE MPH ¢ = ¢ 3HAYEHHUE T\, T), N306GPaxaeT B 3TOM NPOCTPAHCTBE
HEKOTOPYIO JIMHUIO, TMPOXOASILUYIO Yepe3 TOYKY Mo(to, m?,mg). OTa JIUHUA
Ha3blBaeTCsl UHMe2panbHoll Kpugol (aunueil) HOpMalbHOM cucteMbl (9).
3anaua Kowwu ns cuctembl (9) mosnyyaer cieylowylo reoMeETPHYECKYIO
(OPMYJIMPOBKY: B TPOCTPAHCTBE NEPEMEHHbIX (L, T, T3) HANTH HHTErPAIbHYIO
KpUBYIO, MpPOXOLALLYI0 Yepe3 AaHHyio Touky (fo,z),23). Teopema Kowm
yCTaHaB/IMBAaeT CYUIeCTBOBaHME U €AMHCTBEHHOCTb TAKOW JIMHUMU.
HopmanbHoit cucteme (9) 1 ee pewieHMI0O MOXHO JaTh elie Takoe Mc-
TonkoBaHue. Bynem HesaBucHMMylo nepemeHHylo ¢ paccMaTpuBaTh Kak BpeMsl,



§ 19. OcHosHble MoHaTUA u onpeseneHns 153

a CUCTeMy 3HauyeHUit GyHKUMH T, Ty KaK MpsAMO-
yrojibHble 4eKapToBbl KOOPAMHATHI TOUKU TJIOCKO-
ctu z,0x,;. DTy NJOCKOCTb MepeMeHHbIX &,0Z;
Ha3blBalOT @azosoii naockocmero. B ¢a3oBoit nnoc- B

KOCTH pelleHHue A/W

T = :B](t), Ty = $2(t)

T

cucrtemsl (9), npuHuMaloLiee Npu ¢ = ¢y Havalb-
Hbl€ 3HaYeHHsd :1:?, mg, n3obpaxaeTtcst iMHueid AB Puc. 28
(puc. 28), mpoxoasiueii yepes TOUKY Mo(a:?,a:g).
DTy AMHUIO HA3bIBAIOT mpaekmopueii cuctembl (¢asoeoii mpaekmopueii). Oye-
BUOHO, YTO TPAeKTOpUs cucTeMbl (9) ecTb MPOEKLUMUS UHTErpasibHOI KpUBOM
Ha ¢a30Byl0 MJOCKOCTb.

Cucrema (9) onpenensieT B KaXablii MOMEHT BpeMeHM ¢ B JaHHOI TOY-
Ke z,T; $a30Boi NIOCKOCTH KOOpAMHaTHl ckopoct {fi, f.} ABMXyLeiics
TOYKH.

Mpumep 7. Pewnts cucteMy ypasHeHuUi

R (10)
NPy HavyabHbIX YCA0BUSAX
z(0) = 2o, y(0) = go. (11)
Pewenne. NnddepeHunpys onuH pa3 no ¢ nepsoe ypasHenue cuctembl (10)
M TIOACTaB/AS B MOJNYYEHHOE ypaBHEHUE d_!t/ = —z, csegeM cucremy (10) k onHomy
YPaBHEHMIO BTOPOro nopsaka ‘-;jg + x = 0, obpasyiolilee pelseHUe KOTOPOro

¢ = C, cost + Cysint.

dzx
Tak KaK y = & To y = —C, sint + C, cos t; utak, obiee pewenue cucremsl (10):

£ =C,cost+ Cysint, y=—C,sint+ C;cost. (12)

YacTHbiM pewteHneM cuctembl (10), YIOBTETBODSIOWMM HAYalbHbIM YCJIOBH-
am (11), 6yner

T==xgcost+yysint, y= —xzpsint+ yocost. (13)

WUcknioyas ¢t u3 ypaBHeHuit (13) (nyTem BO3BeACHMs B KBAIpaT M (OYNEHHOrO
CJIOXEHUS), NojlyyaeM ¢a3oByl0 TPAEKTOPHIO

o +y' =R, (14)

rie R = \/zg + yg. 370 OKPYXHOCTb, Npoxoasiuan yepes Touky Mo(zq, ¥o). Mpeacra-
BUB ypasHeHus (13) B sune
z = Rsin (¢t + @),
y=Rcos(t+a),

(15)
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. Ty o
roe R=+/ zg + yg sina = 7 cosa = yi’ 3aMmeyvaeM, 4To ypaBHeHus (15) Boipaxaior

3ABUCHMOCTb OT BPEMEHM TeKylMX Koopauuat Touku M (z(t),y(t)), man koporko
M(t), xoTopas HaunHaeT cBoe ABUXeHHe Npu t = 0 oT Touku My(zy, yo) ¥ ABHUXETCA
no okpyxxocti (14) (puc.29, a).

Hanpasnenue aBuxeHus Toukn M (t) onpenenum € MOMOLUbIO 3aiaHHON cH-

crembt (10). Mpu z > 0, corracHo ypaBHEHHIO —!t/- = —z, Be/iHuMHA y YOblBaer
(xak, Hanmpumep, B Touke M,(t)), a npu = < 0 BeanyuHa y Bo3pacTaeT (Kak, Ha-
a) npuMep, B Touke M;(t)). Takum obpasom, Touka M (t)
y asuxercs no kpusoit (14) no xoay vacoBoil cTpen-

k1. W3meHssi npou3BosbHO HayanbHbie ycaoBus (11)

M, (ocTaBasich, OAHAKO, B GU3NYECKK JONYCTUMBIX Mpeje-
M, Nax), T.e. U3MEHAS Kak YrofHO MoJIoXeHWe HavyanbHOM

Touku My(zg, Yo), NosyyaeM BCeBO3MOXHBIE (da3oBble

0 M, = Tpaextopuu (14).
JlanuM Tenepb ApYroe WCTONKOBAHME YpaBHe-

uuit (15) (wau, yto To Xe, ypaBHeHuit (13)). B Tpex-
2 MEPHOM NPOCTPAHCTBE BO3bMEM MpPaByio 1€KapTOBY CH-
6) cTeMy KoopauHat Ozyz. Jlerko ybeaurtbesi, 4To Touka
N(z(t), y(t), 2(t)) (unu xoporko N(t)) c koopauHara-
mu (puc.29,6)

z(t) = Rsin (t + a),
y(t) =Rcos(t+a), z(t)=t (16)

, \ HauuHaeT cBoe AsBuxeHue npu t = 0 oT HayanbHOIM
A(f)__.---' Touku Ny(Zo, yo,0) ¥ c Bo3pacTaHuem ¢ moaHUMaeTcs

x‘i i no BUHTOBOM AuHUK (16), pacrONOXKEHHON HA LUINH-
&‘\'II/I(;) 0 ) Ape ¢ OKpYXHocTbio (14) B ocHOBaHKK 1 06pasylOLIUMHU,

napanenbHbiMu ocH Oz.
N, Y OueBHAHO, 4TO TOYyKa Ny COBMagaer ¢ Toukoi My
M M yTO npu 1oGoM ¢ Touka N (t) NPoeKTUpYeTCs B TOYKY
0 M(t) Ha dasosoit TpaekTopuu. Tak kak Touka M ()

T

NBUXETCS MO XOA4y 4YacOBOW CTPENKHU, TO MUHTErpaib-
Puc. 29 Has kpuBas, onucsiBaemasi Toukoit N(t), ectb sieBas
BUHTOBAA JIMHUS HAa LWIMHAPE C OKPYXHoCTbio (14)
B OCHOBaHWM M o6pasyiolnMMHK, napanienbHsiMd ocu Oz. Tlpu pasnuyHbIX nono-
XeHusIx Toukn No(Ty, Yo,0) MHTerpanbHbie kpusbie cuctembl (10), cooTsercTByioLLMe

padiuyHbIM 3HayeHneM R = / a:oi +y07, NpPOEKTUPYIOTCS Ha njockocTs Oy B pas-

nuyHbie KpuBbie (14), a uHTerpaibHble KpUBbIE, COOTBETCTBYIOLLUE OLHOMY U TOMY Xe
3HauyeHHI0 R, MpoexTUpyIoTCs B OfHY M Ty Xe Kpusyto (14). >

Humezpanom Hopmanshois cucmemw (3) HasbiBaetcs dyHkuus (¢, z),
Z3,...,&s), ONpeleseHHass U HenpepbiBHas BMeCTe CO CBOMMM YacCTHbIMM
o by

ot' Oz’
€c/IM NPH NOACTAHOBKE B Hee NPOU3BOILHOTO peleHus T (t), z(t), ..., Tu(t)
cucTembl (3) OHa MPUHMMaET NOCTOAHHOE 3HayeHHe, T.e. dyHKuus P(t, o),
z3,...,Tp) 3aBUCHUT TOAbKO OT BbiGopa pewenus (), z2(t),..., Ta(t),
HO He OT nepeMeHHoMN ¢,

NPOU3BOAHBIMMU MEPBOro Nnopsaka k=12,...,n, B obaactu D,
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ITepevim unmezpasom HupmanvHoii cucmems: (3) Ha3bIBAETCSl PaBEHCTBO
"/’(t) Tiy Ty ... )zn) =C,

rae ¥(t, 2,,2,,...,2,) — wuHTerpan cuctemsl (3), a C — npousBonbHas
nocrosiHHas .

Mpumep 8. MokasaTb, 4TO PyHKUMA
T
'¢(t,$|,32)= 72' =y, (17)

onpepeneHHas B obnactu D: t # 0, —o0 < zy,2z; < +00, ABARETCA
VHTErpanoM CUCTEeMb! YPaBHEHWI

dz,
— =,
at 't
ecnu oflee pelueHne aTo CUCTEeMbI 8CTb
z,=Ct, z=Ct*+Cyt. (19)
Pewenve. Moacrasnss (19) B (17), nonyyaem

Cit?+Cyt
t
B obnactu D. CnenosarenbHo, dyHkuus (17) sisnserca B obnactu D uHTerpanom cu-

Y(t, 2, 22) = ¥(t, Cit, C\t’ + Cot) = -Cit=0C,

T
cTeMbl ypaBHeHHii (18), a 3HaUMT NepBLIA HHTErpan 3TOM cUcTeMBbI ByaeT 7 n= C,

rae C — npou3sofibHasA MOCTOSIHHASA. >
Teopema. s mozo 4mobu yxuus P(t, x,, zy, ..., &,) Obira unmezpa-
AoM cucmembl (3), Heobxo0umo u AOCMAMOHHO BbINOAHEHUR YCA08UA
W < 8y
— La), Ty .., Zy)— =0 20
ot +§fk(a 1y &2, ) ")823}: ( )
8 obaacmu D.

Mpumep 9. Moka3saTb, 4TO PyHKUURA
Y, 21, z2) =arcts-zl -t (21
2

ABNAGTCA VHTErpPanoM CUCTeMBl YpaBHEHU

gﬂ—ﬁ de; _ o} (22)
a "z, d =z

') MHoraa nepBbIM MHTErPAOM CHCTEMBI (3) HA3BIBAIOT HHTETPAN 3TOH CHCTEMBI.
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Pewenne. B naHHoM cryuae

2 2

T z
f|(t,$|,$2)= _I$ fz(t,$|,22)=—'—2~ (23)
T )
Haxoanm yacTHble npon3soaHbie AaHHOI GyHKUMK P(t, x|, ;). UMeeM
oy Y F 2 oy T)
—_—=]l, —=—a— — == 24
ot ' 8z, zi+zl’ Oz, 2l +ad (24)

Moncrtasnss (23) u (24) B nesylo vactb (20), nonyyaem

oy oy oy
5t +f|(t,1l«'n12)8ml +f2(t,1'|,1‘2)822 =-1+

T Zy 3 T

. = m——t+=-1+1=0
T, Ty+T; T TY+IT

B obnactn D: —oo <t < 400, z) #0, z; #0.
WUTak, dyHkuus (21) ectb MHTErpan cucTeMbl ypaBHeHHit (22) 1, cnenosaresbHo,
nepBblii KHTErpan cuctemsl (22) Gyaer

T
arctg 2ot= C,
5]

rne C — NPOU3BOJIbHAA NMOCTOSIHHAA. >

HopmanbHas cucreMa (3) MMeeT 6ecKOHeYHOe MHOXECTBO CHCTEM MEPBLIX
MHTErpaJios.

Unterpanbi ¥y, %3, ..., %n CUCTeMbl (3) Ha3LIBAIOTCA HE3ABUCUMBIMU
OMHOCUMENbHO UCKOMBIX (YHKUUI Ty, T3, ...,Tn, €CAU MeXAy DyHKUHMAMH
¥1, %2, ..., %n He eylllecTByeT cOOTHoleHus BuUoa F(¢;, %3, ...,%,) = 0
HU NpU KakoM BbiGope ¢yHKUUU F', He 3aBUCALUEH ABHO OT Ty, T3, ..., Ty.

Teopema. s moeo umobvi ynxyuu P, %a, ..., Yn, UMelOUWUE yacmHbie

Vi .

npou3godnvie . (5, k=1,2,...,n), 6buu He3asucumMbimu OMHOCUMEALHO
Tk

Ty, &3, ..., Ty 8 HekOMOpoii obnacmu D, Heobxo0umo u docmamo4Ho, ¥mobvi

AKobuar amux QyHkyuii 6sin omauuen om nyas 6 obaacmu D,

oo o ow

oz, Oz oz,
D(V’I)'/)Z,...,V)n) _ % % Y, Iy
D(z, 2., Tn) oz, Oz, dz, .

.......................

O6uium unmezpanom Hopmansroii cucmemui (3) HasblBaeTCs COBOKYNHOCTb 7
HE3aBUCHUMBIX MePBbIX MHTEMPATOB 3TON CUCTEMbI.
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Ecau ussectHbl k, rae k < m, He3aBUCHMBIX MEPBbIX UHTErPAIOB CUCTE-
Mbl (3), TO ee MOPSIOK MOXHO MOHU3NTh Ha k €AWHHULL

3anaum ang CaMOCTOSITE/IbHOrO peLueHus

[TpoBepUTD, SABJISIIOTCS 1M AaHHbIE GYHKLUMH Y NepBbIMU MHTETPAIaMHU JaHHBIX CUCTEM
nuddepeHUHaANbHBIX YPaBHEHUIA.

d:t. T
==
771. d‘i‘ L ¥ = z,z0e”".
—C.Rz =& Ty
dr e*°
==
772. dt t — -z _ y
d_y=£_y. Y= (1+z)e e
dt t ’
dr  y+1

a " z+y e vi=z+y-—t,
dy _z—-t 6 phr=z+y+t

dt  z+y’
Jns cnepyowmx cucrteM auddepeHUHaNbHbIX YpaBHEHU NpoBepuTb, 06pasyloT JH
DaHHble napbl GYHKLUUHA CUCTEMbl HE3aBUCUMBbIX MEPBbIX HHTErPaJIOB:

dr t-y

dat  y-z' zTHy+t=0C,

773.

774- iig 3 z—t zZ+y2 +t2=CZo
a  y-=z’
dz t+y T—-y
Ft_=z+y’ t—a!;C“
T Vay t+s  t-z
—y= =Cz.

d z+y’ t—-y

§ 20. MeTopn ucknioueHus
(cBepeHue cucrembl
AndopepeHumnansHbiX ypaBHeHUA
K OAHOMY YpaBHEHMUIO)

YacTHbIM cllyyaeM KaHOHMUECKOI cucTeMbl AnddepeHLNnaNbHbIX YpaB-
HeHMii SIBJIETCA OJJHO YPaBHEHHE N.-T0 NMOPAIKa, Pa3pellieHHOEe OTHOCHTENIbHO
CTaplieil Mpou3BOAHOM.

™ = ¢z, ... ,m("")).
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BeepeHnem HoBbIX PyHKUHMMR

2=2@), @=a"l) .., zn=2""()
3TO ypaBHeHHWe 3aMeHsIeTC HOpMalbHOM CUCTEMO n ypaBHEHMH
( dz

=T =2,

dt

de,-
.stl =f(t,$,$|,w2,.--,zn—l)-

MoxHO yTBepxIaTb W obpaTHoe, 4TO, BooGlue roBops, HopmalbHas
cHcTeMa n ypaBHeHMi MepBoro nopsiaka

( dz
Ttl.=f|(t)z7zhz21""$“)’

dz,
e ez 2,

.............................

de
L -d_t"n' = fn(t)z)mhzh”' 7zn)

.

3KBUBAJEHTHA OJHOMY YpaBHeHWIO nopsiaka n. Ha 3Tom ocHoBaH oOMH
U3 METOJOB WHTErpUpoBaHusi cucTeM AUDbepeHUNaTbHbIX YpaBHEHUR —
Memoo UCKNIOHeHUR.

TMpOKANIOCTPHPYEM STOT METOA Ha NPUMEpE CUCTEMbI IBYX YPaBHEHMiA:
dz d
= = ez by + 1), = ca+dy+g(0) (1)

3nech a,b,¢,d — nocrosiHHble Ko3dduunentsl, a f(t) u g(t) — 3anaH-

Hble dyHKuuK; z(t) n y(t) — uckombie dHyHKUMK. U3 nepBoro ypaBHeHHUS
cucremsl (1) Haxoaum

v=3(%-a-10) 2)

MoacraBnsisi BO BTOpoe ypaBHEHHWE CUCTEMbI BMeCTO ¥y Mpasylo yacTb (2),

d
a BMecTo d_!t/ NpOU3BOAHYIO OT MpaBoit yacTH (2), nojydaeM ypaBHeHHe
BTOPOTO MOpsKa OTHOCHTENbHO Z(t)

d’z dz
A:i—tT +BE + Cz + P(t) =0,
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nme— —

rae A, B,C — noctosiHHble. OTciona Haxoanm z = z(¢, Cy, Cy). Moacrasus

de
HaldeHHOe BbipaXeHHe 11 T W T B (2), HallaeMm y.

Mpumep 1. MpouHTerpupoBaTs CUCTEMY YpaBHEHUNA

2 oyt
i y+1
0 )
—=z+ 1.
=t
d
Pewenune. W3 nepsoro ypasHeHus cuctembl (3) HaxoouMm y = E‘:— -1, Torna
dy d’z
dt ~ dt?’ )

Moxcrasass (4) Bo BTopoe ypaBHeHue cucTeMbl (3), nonyuaeM uHeitHoe andbdepeH-
LiHaNbHOE ypaBHEHHEe € NMOCTOSIHHbIMU KO3 bHLUMEHTAMN BTOPOro NMOpsAaKa

d’z

W -z-1=0. (5)
OGuuee peutenue ypaBHeHus (5)
T = C,e' + Cze_t -1 (6)
Haxons npoussoanyio o ¢ ot (6), nonyyaem
dz -
=d—t-|=C|et+Cze ‘—1.
O6wwee pewweHne cucrembt (3):
t=Ce+Cet-1, y=Ce'-Ce'-1. >
Mpumep 2. PewuTtb 3agavy Kowwu ans cucTems!
dz
- =3z + 8y,
dt
. ™
Y- 3
dt y’
z(0) =6, y(0)=-2. (8
PeweHune. W3 sroporo ypaBHenus cucteMb! (7) HaxoanM
dy
z= 3y - dt’ (9)
OTKyza )
de _ _dy dy
dt ~ “at  a?’ (10)
Noacrasnas (9) u (10) B nepBoe ypaBHeHue cuctembl (7), Mosyyaem ypaBHeHue
dzy

V= 0, ofuee peLueHHe KOTOPOro

y=Cie' +Cpe™. (11)
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Moncranass (11) B (9), Haitaem
z=—-4Ce' — 2Ce”"
O6uee pewenue cuctemsi (7)
z=-4Ce' —2Ce™, y=Ce' +Ce™. (12)

Mpy HayanbHbIX ycnoBusx (8) u3 (12) nonyunM cucTemy ypaBHeHU#t Lis onpedeneHus
C], Cz:
{ —4C, - 2C; = 6,
C| +C, = —2,
pewiasi koropylo, Haiinem C, = —1, C; = —1. lNoacraBnsas ati 3HayeHus C, u C,
B (12), nonyyaem pellieHHe nocrapieHHo# 3anayn Kowu:
z=4e'+27!, y=-e-e. >

NMpumep 3. Pewutb cucteMy ypasHeHWUi

122 oyt
— =-z
dt Y
dy
2= = —2z + yt.
dt y
Pelenne. U3 nepsoro ypaBHEHUsi CUCTEMbI HAXOAUM
_z+dz I dy :c+l dz+d2:c
y=1T @ at et a T a
d
nOﬂCTaBﬂﬂﬂ 3TH BbIPAXEHUSA OnA yHu d—!t/ BO BTOpPOE€ ypaBHEHHUE, noayvyaem
dz dz dz d’z
2 _ 2
t ?+t5 z——2m+w+td—t, wm t— Pl =0.

d’z
Cuwras t # 0, 13 nocnesHero ypaBHeHUsI UMeeM i 0 # nocne WHTErpUpPOBaHUS
noayuuMm z = C, + Cyt. Tenepb Nerko HaxoauM

_ z dz C] + Cyt _ C
y= + at - : +C,=2C,+ T

O6uuee peieHUe JaHHONH CUCTEMDbI
C
z=C +Cyt, y=7‘+2c,, t#0. >

3amevanue. He Bcsakas cuctema nuddepeHUHaNbHBIX YPaBHEHHIT MOXET GbITh
dz
cBelleHa K OHOMY ypaBHeHMIo Gosee Bbicokoro nopsiaka. Hanpumep, a7 ==z,

d_!tI = y HE CBOAMTCA K OHOMY ypaBHeHUI0 Broporo nopsiaxa. Ee obuiee peueHue

T =Clet; y= Czet.
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3anaum ans CaMOCTOATENLHOrO peweHns

MeToa0M UCKITIOYEHUS PEILHTD CEAYIOUINE CUCTEMBI AN dEPEHLIMANbHBIX YPABHEHHIA:

dzr 9 dz +t
—_— = = y, - = y ]
776. { 777. { *
-(—i—y- =z ﬂy =z-1
a7 dat '
dz dz
78 E+3m+4y=0) z(0)= 1, E =f'3+5y, 3(0)=_27
. dy 779. dy
—(—E+2:c+5y=0, y(0) = 4. EZ:—z—By, y(0) = 1.
dzx +
dz d @ YA
4d—::—-£-+3z=sint, gt
780. { ¢ 781. d_i’ =z,
z+y=cost. 1{_ -
dt = z.
dzr
a y+z d’z B
dy daz ~
782. ¢ L=z, 783. 3 %,
d —_— =
d—; =Tty at?
d’z + dy + 0 dz 3
-5t +e =3z +y,
dt? dt ’ dt?
784 ¢ " S 785. { ¢
—m —y— = —y = -2z
dt dt? dt ’
dz
s86. | @ =z'+y, z(0)=2'(0)=1,
B PN ©)=0
a - g Tm vO=E

§ 21. HaxoxpeHue uHTerpupyembix
komOuHaumii. CummeTtpuyeckas ¢opma
cuctembl audpPpepeHunanbHbIX ypaBHEeHU

1°. HaxoxaeHue MHTErpupyembix KOMOGMHaLWA. DroT MeTon
UHTErpupoBaHusl cucTeMbl AnddepeHUHaNbHBIX YPaBHEHU I
da:k
_dt—:fk(t’wl’wb"‘)zn)v k=l,2,...,n, (I)
COCTOMT B ClieAyIOoLIEM: C MOMOLBIO NMPOXOoasILUUX apucbmemqecxux onepauuﬁ
(cnoxeHus, BBIYMTAHUAA, YMHOXEHHS!, AeNeHNsI) U3 ypaBHeHHIt cucTembl (1)
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o6pasyloT Tak HasbiBaeMbie WHTErpUpyemble KOMBMHALMM, T.€. LOCTATOUHO
NpPOCTO peluaeMbie ypaBHeHUs BUAA

du
F(t, u, E) = 0,

rie ¥ — Hekoropasi GYHKUUA OT UCKOMON GyHKUMK Z(t), Z2(2), ..., Za(2).
Kaxaas uHTerpupyeMasi KoMGMHaLMs faeT OAMH nepeniit unmezpas. Ecan Hait-
AEHO T He3agucumbix TEpBLIX MHTerpanos cucTeMsl (1), To ee UHTErpUpoBaHUe
3aKOHYEHO; €C/M Xe HAaWJeHO m He3aBUCUMbIX MEpBbIX MHTErpanoB, rae
m < n, To cucTema (1) CBOAUTCA K CUCTEME C MEHBLUWM YMCOM HEU3BECTHBIX
dyHKUKi,

Mpumep 1. Pewutb cuctemy
d$1

2, .2
-Et_ = 2(3; + 32)t,
()
dzz
_&t— = 4z,zzt.
Pelwenune. Cknaabisasi nouseHHo oba ypaBHeHHs, NonyyaeM
d(z, +z
——( ldt 2) = (31 + z1)22t,
oTKyaa | |
- =t1-C), wwm +t1=0C,.
z + " )+ '
BulunTas nouseHHo o6a ypaBHeHus, nonyyaem
d(z, — =
‘Ld—t"i) = 2(z, - 2,)%,
OTKyna
1 2
+t°= C|.
Ty -2
WUtak, HaiimeHbl 1Ba NEpBLIX WHTErpana 1aHHOH CHCTEMbI
t =t =C
it 21, 2) +a:|+:cz b
ity 2, 23) = t? + z - 23 =0,
KOTOpbIE ABARIOTCA HE3ABUCMMBIMH, TaK KaK AKOOGHaH OTIHYEH OT Hyis:
o oy | |___ 1 1
D(y,¥)) |02 8z | | (mi+z)!  (m+az)?| 2 <0
D(zi,2)) |9yy Oyn| |__ | 1 (@-22)?7
9z, Oz (= —x,)? (z)~z,)?
O6wuit nHrerpan cucrems (2)
t+ =C, t'+ =C,. (3)

&) + T2 ) — 2
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Pa3pewas cucreMy (3) OTHOCHTENbHO HEM3BECTHbIX GYHKUHMI, nonyuaeM obliee pe-
weHKe cuctembl (2):

= M Ty = ——C'z_--cn_ >
'TAC -G-8 TG -G-8
Mpumep 2. PewunTb cuctemy
dz, _ T -2
dt - T3 -t !
dzy -2
- = “
dt T3 — t
dzg
—_— =g -+ I
dt 1 2+
PelgHue. BblunTas MOYNEHHO W3 NEPBOrO YPAaBHEHWs BTOPOE, MONYuaEM
d(z, — z;) _
& - 0, oTkyaa nepBbi#t HTErpan cucteMsl (4)
-2 = C|~ (5)

MoacTaeus (5) Bo BTOpoe u TpeTbe ypaBHEHUsi CHCTEMBI (4), MONYYUM CHCTEMY C ABYMS
HEU3BECTHLIMU GYHKUHMAMM

dz; _ C|
d oz -t
oo ®)
@ ot
W3 sroporo ypaBHeHus cucteMsl (6) Haxonum
23 =(C, + Nt + C,. (7)
Moncrasass (7) B nepsoe ypaBHeHHe cucteMbl (6), 6yaeM umeThb
dz; C|
—_— = C. .
& -Ciic o In|Cit+ Cy| + Cy

Urak,
2 -2;=C, Z=m|Cit+C|+C;, 23 =(C +1)t+C.
Otciona Haxonum obuiee pewieHue cuctemst (4):

2y =In|Cit+Col+Ci+Cy, Zy=m|Cit+C|+C5, z3=(C,+1)t+Co D>

Mpumep 3. HaitTi 4acTHO® pelieHne cUCTeMsl

dz _ 1
="y
dy _ |

i z-t

YAOBNETBOPSRIOWIE HaUBNLHLIM YorosuaM & |,_ = 1, y,_,= 1.
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Pewenne. 3anuuem JaHHYI0 CUCTEMY B BHAC

dz d(z -t)
= 1) = A a7
y(cit ) ' V" b

dy dy
- _ z—t)— = 1.
(z-1) it 1, (z-1) it
CknaabiBasi MOYNEHHO NOCNEAHNE YPaBHEHUS, NOAyYaeM

d(z-1t)
dt

dy d
+(z-t) i 0, wmm E[(z —t)y]l =0.

C
Ortcloga Haxoaum nepsbiii uuTerpan (z —t)y = C,. Tak Kak ¢ — t = —‘, TO BTOpOE

d
ypaBHEHHME CUCTEMbI NIPUMET BHIL E‘:’:— = Ey- , oTKyaa y = Ce!/€' . Urax,
1
t/C
(z-ty=C), y=Cpe'l®.
OTKyaa nojyyaem obiilee peuteHue
C _
e=t+ e y= Cetl®,
(05}
. C
Monaras ¢t = 0 B 3TUX paBeHCTBax, Haigem | = o 1=0C,, re. C,=0C, =1,
2
M MCKOMbIM YaCTHbIM pelueHueM Gynet
z=t+e’, y=¢. >

Mpumep 4 (pasnoxeHue Bewectsa). BeuiectBo A pasnaraertcs Ha gsa
Bewectsa X u Y co ckopocTbio 06pa3oBaHva Kax[oro U3 HWX, npo-
NopUMOHANLHOM KONMYECTBY HepasnoxXxwsLuerocs seuiecrtsa. Hantu 3akoH
M3MeHeHus konndyecTs £ 1 y sewectsB X u Y B 3aBMCUMOCTU OT Bpeme-

a 3a
Hn t, ecnm npu t = 0 umeem =z = y = 0, a yepesa yac ¢ = 3 Y= 3

rae a — nepaOHaYanbHOE KONNMYeCTBO BewecTBa A.

PeleHne. B MoMeHT BpemeHM ¢ KONUYECTBO Hepa3nioxXuBlUerocs BewlecTsa A
paBHO @ — ¢ — y. B cuny ycnosus 3anaun OyneM MMeThb

dt (8)

Pa3nenuB NOYNEHHO BTOPOE ypaBHEHHME Ha MEPBOE, NONYYNUM

dy kz kz

— = —, oTKyaa =—z+C.

at " TR y=EEaa

Mpu t = 0 uMeem = = y = 0, NO3TOMY M3 nocnenHero ypaBHeHus Haxoaum C, =0,
a 3HauUT

y= 2 )
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Moncrasus (9) 8 nepsoe ypaBHeHHE CUCTEMbI, MONYYNUM ypaBHEHHeE

dzx
— + (k1 + k2)z = kya,

dt
oflliee pelieHUE KOTOPOro
kia —(ky+ka)t
+ Che (k) +ky) .
k] + k2
" kia
WUcnonb3ya HayanbHOE yCIOBUE ""I:=o =0, Haiiaem C; = TR AR TaK YTo
] 2
k.a 1 +k
= L[] = g Wtk 10
= ) (10
Moxcrasass (10) B (9), Gyaem uMerb
[1 - e~thrio], (10)

k| -I- kz
Jns onpenenerusi KoapduuneHToB k) M ky; npuMeM 3a eIMHHLY BPEMEHM yac.

3a
YuurbiBas, uto T = g-, y=— nput=1, u3 (10) u (10') Haiigem

8
ky (k) ] ky iy _ 3
k|+k2[l—e ]—g, k|+k2[l e ]_
OTKyza
ky =3k, k +k;=In2,
In2 3
TaK yT1o k) = 7 ky = 7 In 2, u uckoMoe peweHue cucteMsl (8)

a _ 3a -
m=z(l—2t), y=7(1-2‘). >

Npumep 5 (pasHoBecHe razos B coobiaiowmxca cocynax). ycrs ume-
1oTCa ana cocyna o6vemos Vi u V; COOTBETCTBEHHO, HANONHEHHbIE ra3oMm.
DaBnenve rasa B HavanbHbIi MOMEHT BpeMeHn pasHo P, B nepsBoM co-
cyfae u P, — B0 BTOpoM. Cocyabl coeaviHeHbl TpyOKoli, NO KOTOpoi ras
nepetekaeT u3 OQHOrO cocypa B Apyroi. Cuutas, 4TO KONMYECTBO rasa,
nepeTekaloLlero B 0AHy CEeKyHAy, NPonopuUMOHanbHO Pa3HOCTY KBaapaToB
AaBNeHWin, onpenennTs AABNEHUA P U P B COCYAAX B MOMEHT BpeMeHu ¢.

Pewerye. TNycth a — KOANYECTBO rasa, NEepeTEKaioLlero B eiMHULY BPEMEHH
NpHU pa3sHOCTU JaBneHWi, paBHO! eauHuue. Toraa B TedyeHHWe BpeMeHM di M3 OQHOrO
cocyla B ApYroii NpoTeueT KoauuecTso rasa a(p? — p3) dt. D10 KOnNM4ecTBO paBHO
y6biny rasa 3a Bpemsi df B OIHOM cocyde M NpubbIIM 3a TO Xe BpeMs — B APYroM.
MMocneanee Bbipaxaercst CUCTEMOIA ypaBHEHHM

d
a(p} - p}) =sz—pz-,

dp,
dt’

(11)
a(pi - p}) = -bV, =+

rae b — nocrosgHHbIN KOIGPHUUHMEHT.
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BuiuuTas nouseHHo ypasHeHus cuctemst (11), nonyyaem

dp dpy
Vigg Vg =0
OoTKYyZa
Vipi + Vip, = C\. (12)
YMHOXHM 06e yacTu nepBoro ypaBHeHus cuctemsl (11) Ha p,V,, a BToporo — Ha p,V;
¥ CJIOXUM TOYNIEHHO:

d; d
ot - )iV + k) = 090 (B2 -, L), (13)

YuurbiBas (12) u aens obe uactu (13) Ha p?, Gynem umers

5(2)-[- &)1

aC, )
rae k = ———. OGo3HauuB — = z, nonyyaem
A7 P y
dz 1+2
=z = kdt, orkyna In ]——z‘ =2kt + In C,
Han 1+2
2kt
—_—= . 14
-2 Cae (14)
MoacTasnss B (14) BMECTO 2 BEAUUUHY %, nony4yaem
|
p+p Wt
— = (e, 15
ph—-p : ( )

B HauanbHblt MOMEHT BpemeHu t = 0 umeem p, = P, p; = P, TaK 4to
U3 ypaBHeHUa (12) umeem
Ci =PV, + PV, (16)
a 13 ypasHeHus (15)
C,= P + P
1= P] - Pz )
W3 ypasuenuit (12) u (15) Haxoaum uckomble NaBneHus p)(t) u p,(t) B noGon
MOMEHT BpEMEHH ¢, Mpu 3ToM noctosHHbie C; U C, onpeaensiorca dopmynamu (16)
u (17). >

3apnaum Ana CaMOCTOSTENIbHOIO pelleHus

Pewntb cnenyiowne cuctembl AnddepeHUHaNbHbIX YPaBHEHHIH:

d d

S =%ty 20=1, S =2w-y, 2(0)=-1,
787. dy 788. dy

S =+ v =-1 %=t 0 =3

dz zz + yz dz _ 1

—_— = R 7]
789, { & 790. ;" y

y =2y 4 =

ay 1
dt ’ t oz
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dz =z 2y
— -, . - — 9
791 { & ¥ 792, { ¥ -V
dy _y @ _ .z
it z ad  z-y
de _ . r dz 1
— =sinz cosy, - =
7903, { & 794. { % ¥
-dl=coszsiny e,d_y_l
dt ' dt =z
22— cosz cos 2y +sin 2z cosy, 2(0) =0,
dt
795. dy 1
7 = "7sn 2zsiny, y(0)=0.

2°, Cummerpuueckan ¢popma cuctemsl auddepeHumans-
HbIX YPaBHOHUN. [lns HaxoXOEHUS UHTErpUpyeMbIX KOMGHHaALMIA NpH pe-
LeHUH cucTeMbl AnddepeHLManbHbIX ypaBHeHuR (1) MHoOraa GbiBaeT ya06HO
3anucath ee B CHMMETPUYHON (opme

dz, _ dz, _
fl(taxlaxh"'axn) f2(tamlaw2’“-;mn)

_ dz, _at (18)
" fn(t)zhzb"')zn) ].

B cucreme auddepeHunanbHbIX ypaBHEHUI, 3aNHUCaHHOR B CHMMETpHYe-
cKkoit ¢popMe, nepeMeHHbie ¢, 2|, Ty, ..., Ty, PABHOMPABHbI, YTO B HEKOTOPbIX
clyyasx ynpoulaeT HaxoXAeHue UHTerpupyeMbix KOMGHHaLMA.

Ana peieHust cucteMbl (18) 160 GepyT napbl OTHOLIEHUH, AoNyCKaloLLe
pasjiefieHne nepeMeHHbIX, TM6O Xe UCMOoNb3YIOT MPOU3BOAHbIE NPONOPLIUH

a9 _ % am _ Mg+ A0+ ...+ Amlm

S e——,,, = —= |9
b b bm  Aibi+ A8+ ... + Al (19)
rae KoapduuKUeHTbl Ay, Az, ..., Ay MPOU3BOAHBIE U UX BLIGUPAIOT TaK, YTOObI
yucautenb 6bin anddepeHunanoM sHameHarens, 1M60 paBeH HyJIO.
NMpumep 6. Haiitn obuee pewieHne CUCTEMbI YPaBHOHWIA
dt de d
==Y (20)
2z -Int Int-22z
dt dz
Pewenue. Tepsas uHTerpupyeMas KomMGuUHauus % = YR Pasgenssn nepe-
MEHHbIE U UHTErpupys, Hailaem nepsbiit UHTErpan
t(int—1)+2'=C,. (21)

Bropyto MHTerpupyemylo KOMGHHALMIO MOAYYUM, MCMOb3YS NMPOU3BOAHBIE MpPONOP-
umnu (19). st 3TOro CNOXUM YUCIANTENU U 3HaMeHaTeau apoGel cucremsl (20):

d¢ dz = dy  dt+dz+dy
22 -—Int Int-2z 0 ’
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3pecb Ay =1, Ay =1, \y=1.Orciopa dt +dz +dy =0, nan dt+z +y) =0 u,
3HAYHT,

t+z+y=0Cs (22)
Mepsbie uHTerpans (21) u (22) naior o6wmit uHTerpan cucremsl (20)
g +tnt-1)=C),, z+y+t=0C,
M3 KOTOPOro Haxoaum obuiee peleHe CHCTEMb

z=%4/C +t(nt-1), y=C,—tF4/C +t(Int-1). >

Mpumep 7. PewnTb cuctemy ypasHeHWi
a  de  dy
4y — 5z St—3y 3z —4t
Pewerue. YmHoxas B cucreMe (23) unciutenu v 3HameHatenu apobeil coor-
BETCTBEHHO Ha 3, 4, 5 M CKNaabiBas YUCANTENM M 3HaMeHaTenu, nonyyaem B cuny (19)
3dt ~ 4dz S5dy  3di+4dzr+5dy
12y — 15 ~ 20t — 12y ~ 15z —20t 0
(3mech A\, = 3, A\; =4, A3 =5). Otciona 3 dt + 4 dz + 5dy wau d(3t + 4z + 5y) =0,
a 3HayuT 3t + 4z + Sy = C, — 370 nepBbIii HHTerpan cucremsi (23).
YMmHOXast B cucTeMe (23) 4MCAUTEAN WM 3HaMeHaTenu 1poGedl COOTBETCTBEHHO

Ha A} = 2t, Ay = 2z, A; = 2y M CKNaAbiBasi YMCAUTENW WU 3HAMEHaTeNH, noJlyyaem
B cuay (19)

2dt 2xdz  2ydy _ 2tdi+2zdz+2ydy
8yt — 10zt~ 10tz — 6yx  6zy — 8ty 0 ’

(23)

orcioaa
tdr+2zdr+2ydy=0, wm d(t*+2z>+y’)=0,
W, 3HaYUT, BTOPOM MepBblit WHTErpan Gyaer P+ 22+ y2 =C;.
CoBOKYNHOCTb NMEPBbIX MHTErPaloB, KOTOpbie ABIAIOTCA HE3aBUCUMbIMM, OaeT
o6uinit uHTerpan cucrems (23):
3t + 4z + 5y =Cy, t2+:1:2+y2 =C,.
WTak, cucrema (23) peleHa. >

3apnaun ans camoCTONTENIbHOro pelueHnsa

PewnTb cnepyioutne cucreMbl aubdepeHuUnaNbHbIX yPaBHEHUI:

t d d d
706. L _ & _ 4 797. £ __ W
t T ty Ty yt xt
d d d d dt
708. & __ W _d__4 799, BT _ % _
y z 9q 4 -yt xy
de  3t-4y
d  de _ dy dt ~ 2y-3az’
800. R-gl-y Az Uy 801. dy 4z -2t
dt ~ 2y-3z’
tdz = (t — 2z) dt tdt d d
aoz.{ (t = 20) dt, 803. =2 -2
tdy = (tz + ty + 2z — t) dt. 22 -2zy—y? zT+y =z-y
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§ 22. WHTerpmpoBaHue 0AHOPOAHBIX
JINHENHbIX CUCTEM C NMOCTOSHHbLIMU
koadPpuuneHtamu. Meron dinepa
Jluneiinoli 00HopodHOU cucmemoli ¢ NOCTOSSHHBIMU KO3 dHUHUEHTAMMN Ha-

3bIBaeTCsl cCUcTeMa AuddepeHUHaNbHBIX ypaBHEHHIT BUAa

n
dz;

——Ea,,,zk(t), i=12,. (1)

rae Ko3hGULMEHTb! a;;, — NOCTOsIHHbIE, a T (t) — uckombie GyHKLUHU OT L.
Cucremy (1) MOXHO KOPOTKO 3anucaThb B BHUAE OQHOTO MATPUYHOIO
ypaBHEHMUS

aX AX
a
rae
d(B]
a;  ap Qn 2i(t) d(fzfz
A= @y G Qo X = zz(t) 1‘{ — 7
................... ’ : ) dt :
Qny  QGn) Qnn {l!n(t) d:;:
n
dt
OnHocTon6uoBas MaTpula
yi ()
y2(t
vip=| Y
yn(t)

Ha3blBAETCSl 4acMHuM peweHuem ypasHeHus (2) B uuTepsane (a,bd), ecam
BBIMOJIHAETCS TOXIECTBO

dYy
=AY(t) min a<t<b
dt
CucreMa 4acTHbLIX pelleHn i
2, (t) 2() a ()
) ) @
Xit) = ‘.( C =290 L xe=|"®
(n)(t) (")(‘) z(t)

(3nech B 3amMCH ¥ HUXHMI MHIEKC yKasbiBAET HOMED PELUEHMS, a BepX-

HHUIt — HOMep GYHKUMHU B PELUEHMM) Ha3bIBAETCS (yHOAMEHMAAbHOH HA UH-
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tepBane (a,b), ecu ee onpenennteas BpoHckoro

') <) =
2 2 2

W) = WX\, Xay ... Xn) = |20 ¢) D@ ... 2P| #o.
27 ) <

ans Beex t € (a, b).

Teopema. Ecau cucmema wacmuwvix pewienuii 00HopodHoz0 ypaeHenus (2)
Aeasemca gyyndamermanvHoii, mo obuiee pewlenue 3Moz0 YpaAGHEHUA uMeem
eud

X(t) = C\ Xy (t) + CrXa(t) + ... + Ca X (2),

20e C), Cy, ..., Cy, — npoussosvHbie nocmosHmble.

JIuHelHble CHCTEMbI MOXHO WHTErpHpoBaTh Pa3ivM4yHbLIMU crocoGami,
paccMOTpeHHbIMU paHee, HaNnpUMep METOJLOM MCKJIOYEHUs, MyTeM Haxoxie-
HUA UHTErpupyeMbix KOMOHMHaUMA U T. 4.

[nsi MHTerpupoBaHUsi OLHOPOAHBIX JIMHENHBIX CUCTEM C MOCTOSAHHBIMU
Ko3pduureHTaMU NpUMEHsieTC Takxe Memod Jilrepa.

PaccMOTpHM 3TOT MeTOA B NMPUMEHEHWHM K CUCTEME Tpex JIMHEHHBIX
nnddepeHUMaNbHBIX YPABHEHU:

dz
— =az + by + ¢c2,

dt

d

—y=a,z+b|y+c|z, 3
dt

éi—aa:+b + 02

at 2 Y + Q2.

PeweHue cucteMsl (3) uilem B Bule
z=2Ae", y=pe™, z=ve". A\ p,vur— const. (4)
Moxctasnss (4) B (3) 1 cokpaiuas Ha €', nonyyaem cucTeMy ypaBHeHHH
NS onpeaeNeHnn A, p U v:
(a=r)A+bp+cv=0,
ad+ (b =T)p+cv =0, (5)
a A+ b+ (c;=r)v=0.
Cucrema (5) MMeeT HeHy/eBoe pelueHWe, KOraa ee onpeleanTeb A paseH
Hy”Io,
a-r b c

A=|a b-r ¢
az bz -7

I
e

(6)

YpanHeHue (6) Ha3bIBaETCA XapaKmepucmueckuM.
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A. Tyctb KOpHU 7|, 7; U T3 XapaKTepUCTUYECKOTO YpaBHEHUsI — geuje-
cmaeHHble u pazruynsie. TloncTaBus B (5) BMECTO T YUCNO 7| U PELINB CUCTe-
My (5), moayuuM umuciaa Ay, g M vy. 3ateM nooxum B (5) r = ry U noayuum
yucna Ay, f2, V2 M, HaKOHEW, NpU T = 73 NOAYYUM A3, 43 U v3. CooTBeT-
CTBEHHO TPeM HaGopaM uYMuces A, 4 ¥ v MOJYYUM TPHU YacTHBIX peLIeHust

— it - rit - it
zy=Me", oy =me, z =y,
— rat _ rat - rat
T =Ner, = mer, zn=wne,
— rit —_ rit - Pyt
z3=Me¥,  yy=pe™, 23 =pe,

O61uee pelueHue cucteMsl (3) UMeeT BUA

T = C,A,e"' + sz\ze"' + Cg/\ger’t,
y=Cipe™ + Copze™ + Cypze™,
z=Ce™t + Cane™ + Cyrze™.

Mpumep 1. Pewwuts cuctemy

dz
i z-y+2
dy
il + 5y - 2,
dz _ T + 3z
a - TTYToE
Pewerune. CoctaBnsieM XapaKTepUCTHHECKOE YPaBHEHHE
J-»r -1 |
-1 S-r -1 =0,
-1 3-»r

wam r = 11r? 4 36r — 36 = 0.
KopHusam r, =2, r; = 3, ry = 6 COOTBETCTBYIOT YHCNa
=1 m =0, v =-1
A =1, p =1, n=1
=1l o w=-=2, w»n=1
Boinucbisaem yacTHble peLleHUA

= olt - — et
=y n= 05: e
z2=et’ y=e7, =e,
zy=e¥,  yy=-2e% =

O6Liee peLeHHe CUCTEMBI:
z=Ce¥ + Cye™ + Cye®,
y = Cye* - 2Cye®,
2 ==Cie? + Cre + Cyet. >
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B. PaccMoTpuM Tenepb ciyyaii, KOraa KOpHU XapaKTepUCTUIECKOTO ypaB-
HEHUS KOMNAeKcHble.

Mpumep 2. Pewwutb cuctemy

dz
@ = ()
gg =2z —-y.
di
Pewenne. BoinuiueM cucTeMy ISt ONpeeNeHus A U p:
(1=r)A=5u=0,
{2/\—()]+r)z=0. ®)
XapakrepucTuyeckoe ypaBHeHHe
! 2 " -1 i r|=0
uMeeT KopHu 7, = 3i, r, = —3i. [Moacraensia r, = 3i B (8), nonyyaeM aBa ypaBHeHUsI

st onpeneseHust Ay u p:
(1=3)A =54, =0, 2X —(1+3é)u, =0,

M3 KOTOPbIX OHO SIBNAETCA CJEACTBMEM APYIOoro (B CHy TOrO, YTO OMpEAE/UTENb
cucrembl (8) paBeH HyJNO).

Bo3bmem A} =5, py =1 — 3¢, Toraa nepBoe YyacTHOe pellieHHe 3alUILETCA TaK:

z, =5, y =(1-3i)e* )
AHajnioruyHo, noactasnss B (8) kopeHb r, = —3i, HaiineM BTOpPOE 4aCTHOE pelleHHUe:
z=5¢7, gy = (14 3)e™ . (10)
[epeitnem kK HoOBOW (yHAAMEHTAIbHON CUCTEME peLlieHU:
,i_a:|+a:2 5_1:1—1’2
1= ) ) 2= 2% ] (l I)
~ Yty ~ _ Y-y
Y 7 Y2 %

Monb3ysick u3BecTHO# dopMyoit Diinepa e** = cos at + i sin at, u3 (9), (10) n ('1 1)
nonyyaem
T, = Scos3t, T, = 5sin 3t,
Y, = cos 3t + 3sin 3¢, Y, =sin 3t — 3 cos 3t.
O6wuM pelteHnem cucremsi (7) 6yaer
z = C\Z, + C,T, = 5C, cos 3t + 5C, sin 3t,
y = C\y, + Gy, = C\(cos 3t + 3 sin 3t) + Cy(sin 3¢ — 3 cos 3t). >

3ameyvanue. Haiins nepsoe yactHoe peiweHue (9), MOXHO 6bi10 6bi cpasy
Hanucarb obutee peieHue cucrembt (7), noabaysics GopMynamu

z=C Rez, +CyImz,, y=C Rey, +CImy,,

rae Re z u Im z 0603HayalOT COOTBETCTBEHHO AEACTBUTENBHYIO U MHUMYIO YacTH
KOMIUIEKCHOTO YUcha z, T.€. eci z =a+bi, To Rez =a, Imz2 =b.
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B. Cnyuyaii KpaTHbIX KOpHEH.

Mpumep 3. Pewutb cuctemy

& s
=2z +y,
it
12
& (12

Y4z
a 972

PelieHne. XapakTtepucTHYecKoe ypaBHEeHUe

2—-r 1
-1 4-r

=0, wm r’-6r+9=0

WUMeEET KpaTHbIil KOpeHb 1y = 1y = 3.
PeuieHue cieayer uckars B BUae

z=\ +mt)e”, y= A+ pt)e®. (13)
Moacrasnas (13) B nepBoe ypaBHeHue cuctemsl (12), nonyyaem
3+ pit) + pr =20 + wit) + (A + pat). (14)

MpupaBHuBas Ko3DPUUMEHTHI NPU OOMHAKOBLIX CTeneHsx ¢ B JieBOH M MpaBoit
yacru (14), nonyyaem:

3A+p =20+ Ay,

3 =2p0 + o,
OTKyza

A=A+ pm, =@ (15)
BeanuuHbt A, M p ocratorcs mMpou3BoibHbIMU. O6GO3Ha4Yasi UX COOTBETCTBEHHO ye-
pe3 C, u Cy, nonyyaem obuee peweHune cucrembi (12):

z=(C +Ct)e*, y=(C +C +Cot)e™. >

3amevyanme. Jlerko npoBepuTb, 4To eciu (13) MoAcTaBUTH BO BTOPOE ypaBHEHUE
cucremsi (12), To noayuum ToT Xe pesyastar (15). B camom zene, n3 paseHcTBa

B2+ 3(A2 + pat) = 4(Ay + pat) = (A1 + i)
MoJTyyaeM [1Ba COOTHOLLIEHUA LISl ONIPEfeNeHna Ay U iy Yepe3 A U fu;:
B2+ 30 =4X — Ay,
3pr =4py —
OTKYIa Ay = Ay + 2, M =

Mpumep 4. PewnTb 3apayvy Koww gns cucremsl

dz

E—gy)

dy

o9 _ 16
5 = 2% (16)
92 et 8y—2

g ety

€ HayanbHbiMu yenosuamn z(0) = —4, y(0) =0, z(0) = 1.
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PeweHune. XapakrepucTuyecKkoe ypaBHeHHE

-r 8 0
0 —r =2 |=0, wwm (r+2)(r*+16)=0. 17y
2 8 -2-r
Kopuu ypasuenus (17): v, = =2, r; = 4i, r; = —4i. [lelicTBUTENbHOMY KOPHIO
r; = —2 OTBevaer peLieHue
z=xed, y=me ™, z=pe (18)

Moncraanss (18) B cucremy (16) u cokpaiuas Ha e™*, nonyyaem
=20 =8y, =2 ==, -2/, =2)\+8u -2y,

oTkysa A, = —4u), v, = p,. Monaraem, Hanpumep, p; = 1, Torna A, = -4, v, =1
1 yacTHoe pewenue (18):

g o=-4e, y=e¥ z=e (19)

KomniekcHOMy KOpHIO 1 = 4¢ OTBeyaeT pelueHue
4it 4it 4it
zy=XAe", p=me", n=wne,
noactasup Kotopoe B (16) 1 coxpawas Ha €*¢, nonyunm

4ihy = 8y, 4dipy = =2, 4div,; =2 + 8y — 21y,

OTKYA& A; = —2il;, V3 = =2iu;, TaK YTO, Hanpumep, Npu U; = { UMeeM A; = 2,
V3 = 2 1 YacTHOE pelleHue
2y =2, yy=ie't, 2z, = et (20)
KopHio r; = —4i COOTBETCTBYET pelleHHE, KOMMIEKCHO COMpsiXeHHoe pelue-
Huio (20), T.e.
zy=2e"" yy=-ie™, z3 = (21)

Yuutsisas (19), (20), (21), nonyyaem obuiee peuseHue
T = —4C,c'2‘ + 2C;e4“ + 2C;e"“,
y=Ce™ 4 Chie* - Cyie™, (22)
z=Ce* + 20" +2Cye~ ",

BbizennM, HaKoHell, peleHmre ¢ HadanbHbIMU yciaopusmu £(0) = —4, y(0) = 0,
z(0) = 1. U3 (22) npu t = 0 umeem

—4 = —4C, +2C; + 2Cy,
0=C, + Cyi - Ciyi,
1=C, +2C; +20;,

i i
orkyaiaC, =1, C; = 7 Cy= -3 Hrak,
z = —de¥ 4 ie¥ — i~
- 1, 1,
y=e 2 _ -2-e'“— Ee “t

z= e-u + iei“ - "e-l'“'
Bocnonb3opaBwinck dopMyramu Ditiepa e
NoNy4 UM

= cosat £ isinat, OKOHYATENbHO

z=-4e"-2sindt, y=e*-cosdt, z=e2-2sindt >
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3agaun Ans CaMOCTORTENbHOrO pewieHns

Metonom Ditnepa HaiTH obluee pelleHHe JAHHBIX CUCTEM M, FOe YKa3aHO, BbiAENUTb
pelleHue, yIOBNETBOPAIOLIEe NOCTABIEHHbIM HaYa/lbHbIM YCJOBUAM.

dz 8y—z dz z-y
o =oy-—-z, =Ty
804. g; 805. g;
3?=z+y. g—t-—y—z
z z
Ft'=22+y’ ld—t=z+y’ 2(0) =0,
806. dy 807. dy
E=2—3y, z(0) = y(0) = 0. -;t-=4y—2:c, y(0) = -1.
(& o o ziy+z
d - )
£=4z—5y, z(0) =0, gt
gos. { 2 309.4'33‘-’=z-y+z,
d_t=z’ y(0) = E-—z.g. .
d th“ o
z z
Et-—2:n—y+z, d—t—22-y+z, z(0) =0,
dy dy
10. { = = - 11. { == =
810 ~ T+2y -2, 8 < = z+2, y(0)=0,
dz dz
E-—z—y+2z. ‘E—y—zz—.‘}z, z(0)=1.

§ 23. MeToabl uHTErpupoBaHus
HEOAHOPOAHBIX NUHEWHbIX CUCTEM
C NOCTOSIHHbIMU KO3 PULUEeHTamMu

[TycTb MMeeM HEONHOPOAHYIO JIMHENHYIO CUCTEMY C NOCTOAHHBIMMU KO-
abduuneHtTamu

de; < ,
—ﬁl=§:aikwk(t)+f‘(t)’ i=12...,n
=]
KOTOpYIO KOpo4€ MOXHO 3anucatb B MaTpUYHOM BULE
dX
—d—t- =AX +F,

rie F — onHocTtonGuoBasi MaTpula, 3JleMEHTaMH KOTOpoit ABAAIOTCA GYHK-

unu fi(t).

Teopema. Obuee pewenue X (t) HeoOHOpOOHOI AuHeliHOl cucmembl paeHo
cymme obuezo pewenun X, o(t) coomeememayrowseis 00HopodHol cucmems
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ax
e AX u mwb6ozo wacmnozo pewenus X, ,(t) dannoil HeoOHOPoOHOI

cucmenot

X(t) = Xoo+ Xuu(t) = Z Cka(t) + Xu.n(t)’
k=1

ede Cy, Cy, ..., Cy, — npoussonbHvie nOCMOsHHbIE.

PaccMOTpHM HEKOTOpble METOAbl MHTErpMpOBaHMSI HEOOHOPOAHLIX JIU-
HEMHbIX CUCTEM.

1°. MeTon Bapvauum NPoM3BONbHbLIX NOCTOSIHHLIX (MeTopA,
JlarpaHxa). lpounnocTpupyeM 3TOT METOL Ha MPUMEpe CHUCTEMbl TPEX
HeoaHoOpoaHbiX ypaBHeHuit. [lycTb 3anaHa cuctema

' +az+by+ez=fi(t), (1.1)
Y + axx + by + ez = fo(t), (1.2)
2+ a3z + byy + e3z = fi(t). (1.3)

Bynem npennonaratb, YTo oflliee pelieHWe COOTBETCTBYIOLLEH OAHOPOL-
HOM CHUCTEMDI yX€ HalOeHO:

z = Cz; + Gz, + Ciz3,
y=Ciyi + Cya + Cays, )
z2=C 1z, + Cyzy + Cs323.
PelueHue HeonHoponHO# cucteMbt (1) vieM B Bule
z = C\(t)z, + Cy(t)z, + Ci(t)s,
y = Ci(O)y + Cat)y2 + Cs(t)ys, 3
z = C|(t)z) + Cy(t)z; + Cs(t) 23,

rae C;(t), Cy(t), C5(t) — noka HenssecTHble GYHKLUH.
Moacrasum (3) B (1), Toraa ypasHenue (1.1) npumer BUA

C:(m + Cé:l?z + C§w3 +
+ Cl(iv'l +a1z + by +ez) + Cz(w'z +a1z+ by +e12) +
+ (x5 +azs +biys +ez) = fi(t). (4)

Bce cymMbl, cTosilume B cKoGKax, 06paTaTcs B HOJb (B CHJY TOTO, 4TO (2) ecTb
peLIeHNE COOTBETCTBYIOLLEH ONHOPOAHON CUCTEMBI), Tak YTO GyAeM UMETDH

Cizi + Cyzy + Ciz3 = fi(2). (5)
Axanornuno u3 (1.2) u (1.3) nocne noacraHoBku B HUX (3) noayuum
Ciyi + Coya + Ciyys = filt),

6
C;Z| + 0522 + C§z3 = f3(t). ( )
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Cucrema ypasHeHuit (5), (6), nuHelinbix oTHocutensHo Ci,C3, C; umeeT
pelleHHe, TaK Kak ee OnpeaenuTeb

Ty Ty T3
A=fy v ys|#0
2z 23

B CMJY IMHENHON HE3aBUCHMOCTH YaCTHBIX PELIEHNH COOTBETCTBYIOLLETH OHO-
poaHoii cuctembl. OTbickas Cj(t), C;(t), C5(t), 3aTeM ¢ NOMOLLbIO UHTErPUPO-
BaHuUs HaiineMm C(t), Cy(t), Cs(t), a TeM caMbIM v peiuerue (3) HEOAHOPOAHOM
cucremsl (1).

Mpumep 1. MeTogom Bapuaumy NOCTOSHHBIX PELWUTL CUCTEMY

dz
— =2z -4y + 1 + 4,
dt )
—_— =- =t°.
at yr3
Pewenye. CHayana peuium cOOTBETCTBYIOILYIO ONHOPOAHYIO CUCTEMY
d
-ﬁ = -2z — 4y,
o, (®)
Friaiat y.
W3 Broporo ypaBHeHus cucTeMbi (8) umeeM
_ dy dz dy dY
T=y o’ TaK 4YTo il TR

dz
[MoacraBuM 3TH BbipaXeHUst IS T U a7 B NepBoe ypaBHeHHE cucteMsl (8):

dy dy
—2 42 _6y=0;
a Ty T
obiuee pelleHHe 3TOrO ypaBHEHUs
y= C'eZt + C)e-3t~
dy
Tak Kak ¢ =y — R TO OyaeM UMeETh
T = —C,eu + 4C;e"3'.
OG6uuee peueHue ogHopoaHoW cucTeMbi (8) ecTb
z=-Ce*+4Ce™, y=Cet+ e
Peuenne HeonHopoaHoit cucremsl (7) uiuem B BUae
z==C\(t)e” +4Cy(t)e™™, y=C\(t)e? + Cy(t)e ™. 9)
MNoacrasus (9) B (7) U npuBens NOOGHbIE YiEHbBI, MONYYHM
~Ci(t)e* +4C)(t)e™ =1 + 4t

Cle™ + Cit)e™ = 3¢,
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l

OTKyaa
(6t -4t —1)e7

(32 + 8t + 2)e*
5 ' '

civ = -

WUnterpupys, Hailnem

C;(t) =

1
C (t) = —g(t + 3t2)e'“ +C,

| (10)
Cot) = 5 (2t +8)e¥ + O

rae C, u C; — npou3sonbHbie nocTosHHbie. Moactasnsas (10) B (9), nonyunum obuuee
petueHue cuctemsl (7)

- - 1
z=—C‘e“+4Cze "+t+t2, y=C,e“+C;e "—-2-+t’. >

3anaum AN CaMOCTONTEIbHOr0 PeLleHus

MeTonOM BapHALUYM NPOU3BONBHBIX MOCTOSHHLIX HANTH Obuiee pelleHue Ceaylowmux
JIUHERHBIX HEOXHOPOLHBIX CHCTEM:

dz
Et-=z+y—cost,
812, dy 813. dy
v __ 2 @9 _ .
% 3z + 2y + 6e™, I y — 2z +cost +sint,
4 y(0) = -2, )
Z—f=y+ts’t—l, d—:="42-2y+-7_—|‘,
814. { & 815. § & 5
g—t=tgt—z. E=6z+3y—e_‘—_l'
z
gre. { &
" ldy _ 1
dt cost

2°. MeTtopa HeonpeaeneHHbix K03¢dPuuUUeHToB (MeToq noa-
6Gopa). Dtor MeTon NpUMeHsSETCS AN peLieHUs HEOAHOPOAHOH CHCTEMBI
JIMHEeAHbIX YpaBHeHWit Toraa, Koraa ¢dyHKuuu fi(t), crosiuve B npaBoil ya-
CTH CHCTEMbI, UMEIOT CrieLMabHblil BUA: MHOrouneHbl Py(t), nokasareibHbie
byHKuMM €, cuHYCbl M KOCHMHYCHI sin Bt, cos Bt W Npou3BeNeHHS 3THX
¢dyHkuuit. MponniocTpupyeM 3TOT METOA Ha NpUMepax.

Mpumep 2. Haiitu obuwee peleHne HEOAHOPOAHOWN CUCTEMBI

d—f:z-—2y+e',

(11)
d—y=m+4y+ez'
dt '
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Pewenne. Hainem cHavana ofuiee pelieHMe COOTBETCTBYIOLLEH OLHOPOAHOIA
CHCTEMBI

dz
< =2- 23/,
oy (12)
— 4
2t z+4y
XapakTepucTuyeckoe ypaBHeHHE UMEET BUL
1-x =2

KopHu 3toro ypaBHeHus A, = 2, A; = 3. KOpHIO A; = 2 COOTBETCTBYeT 4YacTHoOe

pelieHne CUCTEMbI 2
¢

2 —

Ty = e, Yyr=uve.

Moacraensa z, u y; B (12), nosyyaeM CHCTEMY YPaBHEHHMR 15 HAXOXKIAEHUSA W) W V.
- =2=0, p+2 =0

Orciona umeeM, Hanpumep, i, = 2, v, = —1, TaK YTO NEpBOE YACTHOE peLUeHUE
oanHopozaHolt cuctemsl (11) ects
z) = 232‘, %= —ez‘.
KOpHio A; = 3 COOTBETCTBYET YACTHOE peLIeHHe
3 3t
Ty = e, p=ne.
Yucna u; ¥ v; HaxoAUM M3 CHUCTEMbI
{ =2py - 2, =0,
w41, =0,

KOTOpO# yN0BNETBOPAIOT, HANPUMED, Yucaa uy = 1, v; = —1, Toraa BTopoe yacTHOe
pewenue cucremsl (12) ecTb

3 3t
=€, Yyr1=-€.

O6wee peweHre onHopoaHo# cuctemst (12):
T= 20)62‘ + C;e“, y= —C,e” - C;e“.

MeTonoM HeompeaeneHHbIX KOID(ULUUEHTOB HAaXOAMM YACTHOE PELIEHME HEOIHO-
ponHo#t cuctemsi (11). Mcxons u3 supa npasbix uacted f(t) = €' u fy(t) = e*,
3aNMCHIBAEM BUA YACTHOTO peluerus (cM. Taba. 1)

Tun = Ke' + (Lt + M)e¥, yo = Ne' + (Pt + Q)e™. (13)
Moacrasnssn (13) 8 (11), 6yzeM nmeTsb
Ke' +2(Lt + M)e* + Le* = Ke' + (Lt + M)e* - 2Ne' — 2(Pt + Q)e* + ¢,
Neé' +2(Pt + Q)e* + Pe® = Ke' + (Lt + M)e® + 4Ne' + 4(Pt + Q)e* + €.

IMpupaBHusas koadduunenTs npu €', e* u te B oGeux acTAX 3THX TOXIECTB,
noly4aeM U3 Nepeoro;
e |K=K-2N+ 1,

e* |2M+L=M-2Q,
te | 2L =1L -2P,
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W3 BTOPOToO:
¢ | N=K +4N,
e |20+P=M+4Q +1,
te | 2P = L + 4P.
3 1
Pelwas 3ty cucremy ypaBHeHuit, HaxoouM K = —=, L =2, M =0, N = 2’ P=-1,
= —1. 3Hauut, yactHoe peutenue (13) nMeer Bul
3 1
Tyy = —-Ee‘ + 2te2t, You = Ee' - (t+ I)eu.
Obuiee pelleHUe HEOAHOPOAHON CUCTEMBI
3
z =2C % + Cye - 5e‘ + 2te?,
1
y= "'C|€2t - Cze” + Eet + (t + I)e". >
Npumep 3. PewnTtsb cuctemy
dz
d_t =z +2y,
(14)
i Ssint
— =z —J5sint.
dt
PelueHne. XapakTepUCTHYECKOe ypaBHEHUE
I-x 2
O A1=0 wm A -a-2=0.
KopHu xapakTepuCTH4eCKOro ypaBHeHUsa A = —1, A, = 2. Obluee peuieH1e CooTBeT-

CTBYlOLLIEH OTHOPOAHOW CUCTEMBbI:
F=Ce" +2Ce¥, §=-Cie™ +Ce™.

HaiineM yacTHoe pelleHHe HeOQHOPOAHOI CHUCTEMbI (I4), UMess B BUAY, YTO
fit) =0, f,(t) = —5sint. 3anuwem z,, ¥ y,, B BUIE

2,4 = Acost + Bsint, y,y =M cost+ Nsint
1 noacrasuM B cucremy (14):
—Asint + Bcost = Acost + Bsint + 2M cost + 2N sint,
—M sint + N cost = Acost + Bsint — Ssint.

MpnpasHnBaeM ko3bduliMeHTsl Mpu sint u cost B 06enx 4acTsx paBeHCTB:

—A=B+2N,
B=A+2M,

-M =B-5,
N = A,

orciogja A=-1, B=3, M =2, N = -1, rak uro

z,, = —cost+3sint, y,, =2cost—sint.
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OG6iuee pellieHHe UCXOAHON CUCTEMBI:
z=F+z,,=Cret+ 2Cze2' —cost + 3sint,
Y=+ Y= —Cre + Cye¥ +2cost —sint. >

Npumep 4. Pewntsb cuctemy

dz
i T + 2y + 16te’,

15
W 2e-2 e
— =2z - 2y.
dt y
PeieHne. XapakrepucTuueckoe ypaBHeHHe
I=A 2 _ 2 _
2 —2-Al=0 wm AX4+2-6=0.
KOpHU XapakTepUCTHUYECKOro ypaBHEHUsl Ay = 2, Ay = —3. OGiuee ‘peLiueHne: 0qHO-

POAHOM CUCTEMBI, cooTBeTCTBYIOWE cucTeme (15):
F=20e"+ C;e'”, y= Cie¥ — 20,7,
YacTHoe pelueHHe HEOAHOPOAHOI cHcTeMbl ypaBHeHUit (15) nuieM B Buae
Zun = (At +B)e',  yuu = (Mt+N)e' (16)
Monctasum (16) B (15) 1 cokpatum Ha e':
At+ B+ A= At+ B +2Mt + 2N + 16t,
Mt+ N+ M =2At+2B —-2Mt - 2N,
orcioga A =-12, B=-13, M = -8, N = —6. Utak,
Zop = —(12t +13)€,  yo = —(8t + 6)€'.
OG1uee peueHe UCXOQHON CUCTEMbI:
T =F+ 2y, =2Ce% + Cre™ - (12t + 13)é',
Y =T+ You = Cr% = 2C,e7* — (8t + 6)¢. >

3apaun Anga CaMOCTOATENbHOrO peLueHna

TMpouHTerpupoBaTh HEOAHOPOAHbIE JIMHEHHBIE CUCTEMBI, C NIOCTOSAHHBIMU KO3 dUUK-
€HTaMMU.

dz dz

'Et'zy’ Ti-t.=3_2y’
817. dy 818. y

.E-_:]_z . =2z-2

dz ¢

Tit-=—y+smt, -&?=3+y+e,
819. 820.

d dy ¢

— =z 4 cost. —=z+y-—e.
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d
d—f=4z-5y+4t-1, 2(0) =0, d—z=y—z+e', 2(0) = 1,
821. { & 822. d;
— -_— = 0. — 2 -— ¢ = 1.
:t z-2y+t, y(0)=0 gt z-y+e, y0)=1
] d -
o Fv=*t d—:+d—f+y e,
823. 824.
Eg—z— 2dz+dy+2 =sint
a = a y=s
z B B dz ot _
X =2r+y—2z+2-1t, 5 +z+2y=2e"", =z(0)=1,
dy dy
825. { = =1 - 826. ¢ = = =
% 1 -z, dt+y+z 1, y0)=1,
dz dz
-&?—z+y—z+l—t. E+Z—l, z(0)=1.

3°. NMocrpoenne nHrerpupyembix kom6uHaunin (meton Aa-
naMGepa). 3TOT METOA CNYXHUT AR MOCTPOEHHUS] HHTErPHUPYeMbiX KOMOK-
HaUM Npy pelieHUH CUCTEM NHHERHBIX ypaBHEHH I C MOCTOSIHHBIMU KO3b K-
uneHTtamy. [NokaxeM ero npuMeHeHHe LS pelleHUs CUCTEM ABYX YPaBHEHMIA:

dz
i =az+by+ NH(t),

(17)

d
73:' =az + by + fz(t).

YMHOXHMM BTOpOE YpaBHEHHWE HA HEKOTOPOE YMUCJIO A M CAOXHM MOYJEHHO
C MepBbIM YpaBHEHHEM:

dlz+ A
'(—Ei) = (a1 + Aaz)z + (b) + Ab2)y + f1(2) + Af2(2).
Mepenuiem nocienHee ypaBHEHHE B BUAE
d(z + Ay) by + Ab;

= (@ +)\az)(w+ y) FAO M. (18)

dt a) + Aay

BriGepeM uncio A Tak, YToGbl

by + Ab, _

a; + Aay (19)

Toraa (18) NpuBOAMTCS K YPaBHEHUIO, TIMHERHOMY OTHOCHTENBHO & + AY

d(z + Ay)

— = (a) + Aa2)(z + Ay) + £1(t) + Afa(2),
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MHTETpUpYs KOTOpOE, Mnojy4yaeM
z+ Ay = e<“'+*“="{c + / [£1(t) + Afa(t)]e™(Oreredt dt}. (20)

Ecau ypaBHenue (19) MMeeT pasiuuHbie BELLECTBEHHbIE KOPHH A} U A,
1o u3 (20) nonyuuMm nBa repBbIX MHTerpana cucteMbl (17), W, 3HAYMT,
MNHTErpHpoBaHue 3TOi cucTeMbl GyaeT OKOHUYEHO.

Npumep 5. Pewntb MeTogoM Oanambepa cucremy

dz

- t
7 =5z+4y+e,

21
Wzt syt o
it yr b
Petwenue. Buibepem A no dopmyne (19): 4+ 5A = A(5+4X), oTkyaa Aj; = £1.
Toraa no ¢opmyne (20) ans cayyas A = 1 GyneM nMmeTb
T+y= e"*"')‘{Cn + / (€ + 1)e" G+t dt} =

= e"{C. +/(e'“ +e7%) dt} =Ce" - %e' - %

Ins A = —1 aHaIOrHYyHO Monyyaem
z-y= e("‘”{Cz + /(e‘ - 1)e - dt} = Cre' +te' + 1.
WTak, UMeeM 1Ba NepBbIX HE3aBUCHMBIX HHTErpana cuctemsi (21):

(z+y+ -;-e‘+ %)e-m =C, (e-y-te-1et=0.

NHTerpupoBaHne CUCTEMBI 3aKOHYEHO. >

3ameyanmne. Ecnn npasbie HACTH HOPMAIBHON CHCTEMbI ypaBHEHHA NMEIOT BHA

az + by +cz + P(t
. y+t - ()' rae a,b,c — noctosiHHbie, a P(t) MHorouneH ot ¢, To

noacTaHOBKA ¢ = €7 NPUBOAHUT K CHCTEME C NMOCTOAHHLIMU KoadduLneHTaMH,

Mpumep 6. Pewuts cUcTemy ypasHeHuit

d
2 = 2z 42y 44,

dt
dy 2
tdt = -z -5y+t.
Pewenune. Caenaem 3ameHy nepeMeHHoro ¢ = e”, Toraa
dz dz dr | de dy 1 dy

d dr d t dr' dt t dr
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U CUCTEMA NMPUMET BUI

dz

o= -2z 42y +e,
’ (22)

dy

dr

Onst pewenust cucremsl (22) npumenum Merton Janambepa. YMHOXUM BTOpoe
ypaBHEHHE CUCTEMbl HA A M CJIOXHM MOYJIEHHO C NEPBbIM:

=-z-5y+e.

d
E(z +AY) =(-2-z+ (2 -5y +e +re”,
win

d —_ () — A T 2r
:l;(z+/\y)—( 2 A)[:c+_2_,\y]+e + Ae”. (23)

BuibepeM A Tak, uTo6bl K03 dULMEHT NPU y B KBaapaTHO ckobGke Obl1 paBeH A,

2-5A
T.e. — 3= X, A2 =324+2=0,0tkyna A, =1, A, =2.Tpu A, =1 u3 (23)
noay4aem
d

oTKyaa, cornacHo ¢opmyse (20), 6yaem uMetb

z+y=e" [C. + /(ef + e d‘r].

Mocne uHTErpUpoBaHua Nojiyyaem

1 1
z+y=Cet+ Ze' + gez’. (24)
Mpu A; = 2 u3 (23) aHANOrMYHO HaXoANM
1 1
c+2y=Ce M+ ge' + sezf. (25)

Pewan cucremy (24)—(25) otHocuTenbHO = M Y, MojyyaeM ofluee pelieHWe cHUCTe-
Mbl (22):

1
z=2Ce" - Cye™" +0,3¢" + Eez',

_ _ 2
y=—Ce " +Cpe™* —0,05¢" + Ee”
Bo3sspawasch K nepemeHHo# ¢ (e’ = t), nonyuyum obluee peleHHe SJaHHON CUCTEMBI

2c._9+3t+t2 c.+c2 t+2t2 >
g F 0 YTTETE T s

3apaum ans CaMOCTOSITENILHOrO pelueHUs

Pewuntb Merogom [lanambepa ciedylowme CUCTEMbl YPaBHEHUH:

dz dz dz

—t=5:c+4y, E=6z+y, E=2w—4y+l,
827. gy 828. { 2 829. ¢ %

E=$+2y. E=42+3y. -E?z—z+5y.
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d. dz

d—::=3$+y+e‘, E=2z+4y+cost,
830. d 831. d

%=z+3y—e‘, d—"::—:c—2y+sint.

§ 24. NMpumeHenne npeobpasoBaHus
Jlannaca K peLieHuMIO INHEeHbIX
AnddepeHumnanbHbIX ypaBHEeHUA U CUCTEM

1°. O6wwue ceeneHus o npeobpasosaxum Jlannaca. Opuru-
Han n uzobpaxernne. Dynkyueli-opuzuHasomM Ha3biBaeTCs KOMIJIEKCHO3Ha4YHas
byHKuns f(t) ReACTBUTEILHOTO NEpeMEHHOrO ¢, yaoBleTBOpsioLas cileaylo-
MM YCIIOBUSIM:

1) f(¢)=0,ecan t<0;

2) f(t) vnTerpupyema Ha J11060M KOHEYHOM WHTepBale OCH t;

3) c BospacraHueM ¢ Moayab GyHKuuM f(t) pacteT He GhicTpee HEKO-
TOpOi Moka3aTesbHOI GyHKUMM, T.e. cyulecTByloT Yucaa M > 0 u sp = 0
TaKue, 4TO 11 BceX ¢ UMeeM

7)< Me*. (1)

H3zobpaxcernuem pynxkyuu-opueurnasa no Jlannacy HasbiBaetcs (GyHKUMS
F(p) KOMMIEKCHOIO MEPEMEHHOrO p = S + 10, OnpeaeasieMasl paBeHCTBOM

Fo) = [ 107 at )
0

npu Re p > sy. Ycnosue 3 obecreynsaer CylecTBOBaHUe UHTerpana (2).

MNpeobpasosanue (2), crassiiee B cooTBeTcTBUe opuruHany f(t) ero
n3obpaxeHue F(p), Ha3viBaeTcs npeobpazoeanuem Jlanaaca. TIpy 3ToM nuiuyT
1) = F(p).

Csaoiicrsa npeobpa3sosanus flannaca. Bciofly B faibHelleM CYUTAEM, 4YTO

f@t) = F(p), g¢(t) =G(p). 3)
1. Ceoiicmeo auneiinocmu. s a106bix KOMNAEKCHHX NOCMOAHKHYX a U 3
af(t) + Bg(t) = aF(p) + BG(p). (4)
1. Teopema nodobus. las awoboeo nocmosnrozo o > 0
1 (P
t)=—-F| = ).
ety = 2 (2) )

‘I, Jugppepenyuposarue opueunana. Ecau f' (t) ecmv opuzunan, mo

I'(t) = pF(p) - £(0). (6)
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OG6obOweHue:

Ecau f(t) n pa3 HenpepweHo dugpgpepenyupyema na (0, +00) u ecau f(")(t)
ecmb opuzuran, mo

1) = p"Fp) - p"'1(0) - "2 () - ... = #O700).  (7)

IV. dudpdepenyuposanue uzobpasxcerus pasHoCUALHO YMHONCEHUIO ODUUHA~
NG HQ <MUHYC apeymenm», m. e.

F'(p) = -t1(2). (8

O6o6weHne: . .
F'(p) = (-1)"t"f(2). 9
V. Humezpupoeanue opuzurana cao0umea K OeaeHuio U306paxceHus Ha p:
/ ryae= L “’) (10)
V1. Humezpupoearue usobpaxcernus paerocunrbro deseruro Ha t opuzurana:

t

/ F(p) dp ( 1) (1)

(npedonoaazaem, umo unmezpan f F(p) dp cxodumcs).
?

VII. Teopema 3anasdweanusn. [as a106020 nonoxcumensnozo vucaa T
ft-1)=e"F(p) (12)

VIHI. Teopema cmemernus (yMHONCeHUE OpU2UHANA HQ NOKA3AMENbHYIO PYHK-
yuio). [ns 4106020 KoMnaeKCHO20 Hucaa A

eMf(t) = F(p- ). (13)

IX. Teopema ymuoxcenus (3. Bopeav). [lpoussedenue dgyx uzobpasicenuti
F(p) u G(p) maxoce aarnemeca uobpaxcenuem, npusem

t
F(p)G(p) = / F(r)g(t - 7 dr. (14)
0

Wurerpan B npasoit yacth (14) Ha3svisaeTcs ceepmkoii @ynxuuii f(t) u g(t)
1 0603HauaeTcsi CUMBOJIOM

t
(fx9)= [ f(r)g(t —7)adr.
/
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Teopema XI yTBepxaaer, UTO yMHONCeHue U306paxicenuil pagHoOCUABHO caep-
Mbl6AHUIO OpUSUKAN0E, T. €.

J()G(p) = (f *g)- (15)

OrsickaHne OpurnHanos ApPOOHO-pauNOHaNbHbIX n3obpaxennid. dns Ha-
XOXNeHust opurnHana f(¢) mo uspecTHomy u3obpaxeHuio F(p), rae F(p) =

Alp)
B(p)

€MBbl.

€CTb NpaBubHas paUMOHaNbHAs ApOGb, MPUMEHAIOT CedyloLLne NpH-

1) 31y npobb pasnaraloT Ha CyMMY MpocTeilnx apobelt U HaxomAT Ans
KaxX[Ioi M3 HUX OpPUrMHai, noab3ysich cBoiicrBaMu I-IX npeo6GpasoBaHus
Jlanaaca.

2) Haxoast noniocsl pg, k= 1,2,...,m 3TOH Apo6H K UX KPATHOCTH N,
Torna opuruHanoM wis F(p) 6yneT QyHKUHUs

1) = Z (nk Ty i d — —{(FO)p-p™ e, (16)

k=1

rae cymma Gepetcst no BceM nontocaM dyHKunu F(p).
B cnyuae, ecnu Bce noniockl py dyHkuuu F(p) mpocthble, T.e. g = I,

k=1,2,...,m, nocneaHss dpopMyna ynpoLiaeTcs U NpUHUMAET BHA
Apr)
t
1) = ,.Z o0 (17)
Npumep 1. Haittn opurunan f(t), ecnun
p+2
F(p) =

+1)E-2)@*+4)
Pewenne. Mepsuit cnoco6. Mpeacrasum F(p) B BuLe CyMMbl NpocTeit-

wux apobeit
p+2 _ 4 B C,+D

= + +
@P+1)p-2)(P*+4) p+1 p-2 pi+4
1 Haltiem HeomnpeneneHHble ko3dduunentsl 4, B, C, D. UmeeM

p+2=A-2)(p* +4)+Blp+ 1)@’ +4) + (C, + D)(p + 1)(p ~ 2).

lMonaras B nocneaHeM paBeHCTBE NOCNEA0BATENbHO p = —1, p = 2, p = 2i, nony4yaem
—-154=1,24B =4
(2Ci +D)(2i +1)(2¢ - 2) =2+ 2i,
1 1 2
orxynaA——ls, 6’ C__ﬁ’ D-—g,auaqur,

_ 1 l 1 1p+4
Fp) = ISp+I 6p-2 T 10p+4
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Haxons opuruHansl Ans Kaxnoii U3 npocreituinx apo6eit ¥ nosb3ysach CBONCTBOM
JIMHEHHOCTH, NoJy4aem

1 1 1
ft)=——et+ ge - ﬁcos%— gsm2t
Brtopoit cnoco6. HamleM noniochl py, ¢yHkuuu F(p). OHu cosnapaior
¢ Hynamu 3uameHatens B(p) = (p+ 1)(p — 2)(p? + 4). Takum o6pa3om, usoGpaxe-
Hue F(p) uMeer yeTbipe npoctbix nonioca py = —1, p; = 2, p3 = 2§, py = —2i.
Monb3aysick hopmynoit (17) noJjiy4aeM OpUruHa

4
=3 2, Z L P¥2 e

por B’(p) “~ 4py —3pi +4p—4
Voo b 1428 5 =12 g
;5° t§° T
L L L YLty
=8 T T 5 Sme >
. p+2
Npumep 2. Haitn opuruHan f(t), ecam F(p) = W
PetweHue. NanHas apo6b F(p) umeer nonioc p; = 0 KpaTHOCTH 1y = 3 u nonioc
p2 = | KpatHoctu 1y = 2. [Tonbaysick popmynoit (16), nonysaem opurutan
1 & [ p+2 ] d[ p+2 ]
t) = < lim — e”l +1lim — —-1)%
10 =31 & 7e-m? <+ im Fe-

1 @[ p+2 ] d (p+2
= lim S _¢"| +1lim (-——-e”‘) =
T 2mdp -1 p1dp\ P’

i {[2p+16 2(p +5) t’(p+2)]e,,}

+
2,,_.0 -1 (@-1  @E-1)
2+5
+|im{[t(p;;2) - 3ppf p]e"} =84 5t+18 4+ (3t~ 8)e. >
P

2°. Pewenue 3apaun Kowmn ans nuHeitHbix auddepenun-
anbHbIX ypaBHEeHWA C NOCTOSHHbBIMU KoddduuneHTamu. MMycrs
TpebyeTcs HalTH peluerne nuddepeHLUAILHOMO YypaBHeHUSI BTOPOro Nopsa-
Ka ¢ NOCTOSIHHbIMU K03 dULMeHTaMu1

2" (t) + 12 (t) + a22(t) = £(2), (18)
YAOBJIETBOPSAIOLLEE HAYAIbHBIM YC/IOBUAM
z(0) =z, «'(0)=z,. (19)

Bynem cuutarth, uto dyHkuus f(t) u peweHue () BMecTe € €ro NPOU3BOAHbI-
MM O BTOPOro NOPsAKa BKIOYUTENBHO ABAAIOTCA QYHKUMAMU-OPUTMHANTAMMU.
Mycts z(t) = X (p), F(t) = F(p). Mo npasuny anddepeHUNPOBaHIS OPUTH-
HanoB ¢ yuyeToM (2) umeeM

z'(t) = pX(p) ~ 2o, <"(t) = P’ X(p) - po.~ @1.
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Mpumenss k o6euM vactaM (1) npeoGpasosarue Jlannaca ¥ NoabL3ysICh CBOM-
CTBOM JIMHEHHOCTH Npeobpa3oBaHMsi, NOJydaeM OnepaTopHoe YpaBHEHUE

(@ + a1p + a2) X (p) = F(p) + zo(p + a1) + 1. (20)
Peuwras ypasHenue (20), HailieM OnepaTopHOe peLIeHHE
F(p) + zo(p + a)) + 2,
x(p) = 22 .
p°+ap+ a

Haxonst opurunan ans X (p), nonyyaem peweHue ypasHerus (18), ynosre-
TBOpSIOLLIEE HAYaIbHBIM YcaoBusiM (19).

AHaJIOTMYHO MOXHO peluunTb Jloboe ypaBHeHHe n-ro fnopsiaka c nocro-
SIHHBIMH K03GbDULIMEHTAMH U C HaYalbHLIMU ychoBUsAMU fipu £ = 0.

Mpumep 3. PewuTsb ypasHeHue

g +z=1, (1)
z(0)=1. (22)
Pewerne. Mycts z(t) = X (p), Toraa no npasuny auddepeHUMPOBaHUS OPUTH-
Hana uMeem ,
z'(t) = pX(p) - z(0) = pX(p) - 1.
1
M3sectHo, uto | = > N03TOMy, Hepexoas OT AaHHo# 3anauu (21)—(22) k oneparop-

HOMY ypaBHEHHIO, GyaeM UMeTb

pxwrw+xwr=j
oTKyna
P+DX(@) =1+

ciiepoBatenbHo, z(t) = 1.
Jlerko Bumertb, uyto GyHkuus z(t) = | ynoBneTBopsieT JAHHOMY YPaBHEHHIO
1 HauyalbHOMY YCJIOBHIO 33Ja4H. [

1
wm X(p)=-
® p

|-

Npumep 4. Pewmts ypasHenne = — 5z’ + 4z =4, =(0) =0, z'(0) = 2.
Pewetue. Tak kak 4 = 3 u no ycnosuio zo = z(0) = 0, z, = 2'(0) = 2,

4
TO onepaTopHoe ypaBHeHnue Gynet nmeTb Bua (p? — 5p + 4)X(p) = — + 2. Orciona
Haxo4MM ONepaTopHOeE pelleHHe P

2p+4

X =
®) = s+ 4
Pasnaraem npaBylo 4acTh Ha 3/leMEHTapHble Apo6u:
1 2 1
X(p) =~ — ——— p——.
p p-1 p-4
[Mepexons K opurMHanam, nojyyaeM HCKOMOE pellieHu e

z(t) =1 —2e' + €. >
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MNpumep 5. Pewwutb ypasHeHne
¢’ +4z' +4z =8¢7%, z(0)=1, 2'(0)=1.

8
Pewenue. Tak xak 8e~% = m K NO YCNOBUIO Ty = T, = |, TO onepaTopHoe

ypaBHeHHe GyneT UMeTb BUI

8
2 E ——
' +4p+4)X(p) p+2+p+4+l,

H, caenosareibHO, onepaTopHoe peluleHUe
2
p'+Tp+18
X(p) = ———.
PaayioxXuM npaBylo 4acTb Ha 31eMeHTapHbie apobu:
8 3 1
X(p) = + + .
) +2? " (p+2)? " p+2
[Mepexoas Kk opuruHanaM, NONYYMM pelUEHHE NOCTABIEHHOM 3aaa4K
a(t) = at’e”® 4+ 3te™¥ 4+ 72, >

3apaum ANR CaMOCTOSTeNbHOrO peLieHus

PelunTs cnepylouine ypaBHeHUs:

832, 7' +3z =%, z(0) = 0.
833. ¢’ -3z =3"+32+2+1, x(0)=-1.
834. z' — z = cost —sint, z(0) = 0.

1
835. 22’ + 6z =te ¥, z(0) = -3
836. z' +z = 2sint, z(0) = 0.
837. z' =0, z(0)=0, z'(0)=0.
838. z" =1, z(0)=0, z'(0)=0.
839. z' = cost, z(0)=0, z'(0)=0.
840. z" +2' =0, z(0) =0, z'(0)=0.
841. z" +2' =0, z(0) =1, z'(0)=-1.
842, 2" -2 =1, z(0) = -1, £'(0)=-1.
843. ' +z =1t, z(0)=0, z'(0)=1.
‘844, z" + 62’ = 12t + 2, z(0) =0, z'(0)=0.
845. z' - 22’ + 22 =2, z(0)=1, '(0)=0.
846. z' +4z' + 4z =4, z(0) =1, 2'(0)=-4.
847. 2" - 22 = (t + 1)¢, 2(0) = % 2(0) = %
848. 2" +z = 2cost, z(0) = -1, «'(0)=1.
849. z" +3z' +2z =2 + 1, z(0) =4, 2'(0)=-3.
850. 2" +z = 2¢', z(0)=1, z'(0)=2.

851. z" -4z’ + 4z = (t - 1)e?, z(0) =0, z'(0)=1.
852. 42" - 4z’ + 2 =€, z(0) = -2, z'(0)=0.
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853. " +3z' + 2z =e” + 7%, z(0) =2, z'(0)=-3.

854. 2" - 2' - 6z = 6e™ +2¢7%, z(0)=0, #'(0) = 3

855. ¢ + 4z’ + 4z =tle7¥, z(0) = 2'(0) = 0.

856. 2" - 2’ = 2sint, z(0) =2, #'(0)=0.

857. 2" + 9z = 18 cos 3¢, z(0)=0, z'(0)=9.

858. 2" + 4z =4cos2t — % sin 2t, z(0)=0, z'(0) = %

859. z" +2z' + 3z =tcost, z(0) = —%, z'(0) = 0.

860. z" — 4z’ + 5z = 2e¥(sint +cost), z(0)=1, z'(0)=2.

861. z" -z" =0, z0)=1, 2'(0)=3, 2"(0)=2.
862. " —dz' =1, 2(0)=0, #(0)= -f;, 2"(0) = 0,
863. z" +z" - 2z = 5S¢, z(0)=0, #'(0)=1, z"(0)=2.
864. z" +z =8V2sin (t + -:-;-), z(0) =0, z'(0) = -4

865. z" + 4z =2cos’t, z(0) =0, z'(0)=0.

3°. PeweHne cuctem nuHelHbix AndepeHuNanbHbIX
ypasHeHuit ¢ NOCTORHHbBIMU KO3PPuLMeHTamu. Mycts Tpebyerca
HaNTH pelleHue cucTeMbl ABYX YPaBHEHUt ¢ MOCTOAHHBIMYU Ko3adduureHTaMu

=a1z+by+ fi(t),

7wt by + fa(t),
YAOB/IETBOPSIOLLIEE HAYANBHBIM YCIOBUAM
z(0) = 20, (0) = go. (24)

Byaem npeanonaratb, uto ¢yHkuuu fi(t), f2(t), z(t), y(t), a Takxe z'(t)
u ¥'(t) aBasioTca GyHKUMSIMU-OPUTMHANAMM.
Qyctb

z(t) = X(p), ¥®)=Y(p), H(t)=Fi(p), )= Falp)

Mo npasuny anddepeHUNpoBaHUA OPUTHHANOB C yueToM (24) uMeeM

'(t) = pX(p) — 20, Y'(t) = PY () - %0

[puMeHss K oGenm yacTAM Kaxaoro U3 ypasHeHMit cucremsl (23) npeobpa-
3oBaHue Jlaniaca, NoayYyuM ONepaTopHYIO CUCTEMY

{pX(p) = a,X(p) + b)Y (p) + Fi(p) + 2o,
pY (p) = a2 X (p) + 1Y (p) + Fa(p) + vo.



192 [hasa 3. Cucremsl angpdepeHunansHeIx ypasHeHui

3T1a cucTeMa ABAsSeTCA AMHEeHON anrebpanyeckoit ccreMoii IBYX ypaB--
HeHMit ¢ aBYMs Heu3ssecTHbIMM X (p) u Y (p). Pewas ee, Mbl Haiinem X (p)
u Y(p), a 3arem, nepexols K opuruHaiam, nonayuum pewenue z(t), y(t)

cucteMsl (23), yaomneTBopsiolLee HayanbHBIM YCJAOBUAM (24). AHalorHuHo
pelLaloTCA JIMHEHbIe CUCTEMBI BUAA

dz =
‘d_tk = Z aux; + fi(t), ag=const, z(0)=2z} k=1,2,...,n
=1

MNMpumep 6. HaiiTu pewexue cucrems!

9 riy+s
dt_ y ]

dy

r = -2z - 5y — 37,

ynosneTsopsiolee HadansHomy ycnosuio z(0) = 0, y(0) = 0.

37
Pewerne. Tak kak 5 = -, =37t = —}7 M zy = Yy = 0, TOo oneparopHas

B lwn

cucrema Gyaet UMeTb BUA
5
pX(p)=-1X(p)+Y(p) + >’
37
pY(p) = -2X(p) - 5Y (p) + ?
Pewas ee, nonyyaem

_ SpP+25p-37 _ —47p-259
X = P(p* + 12p + 37)’ Y) = P(p* + 12p +37)°

Pa3naraem Apo6u, cTosiUIME B NTpaBbIX YaCTAX, HA 3NE€MEHTapHbIE:

1 1 6
X0 = 5
YO = 5 T
UIn | : p
.
X(”)=p7_?"(pfs)2+1’
Y(p)—-l-—-l—- p+6 1

Tp p (p+6)?P+1 (p+6)2+1]
Mepexonst K OpurMHanam, NONYYMM UCKOMOE pellieHHe

z(t)=1-t—e%cost, yt)=1-Tt+e*cost+e “sint. >
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3apaum ons CaMOCTONTENIbHOrO peweHna

B CJIeAyIONX 331a4aX PELIWTb ONMEpallMOHHBIM METOAOM CUCTEMbI YPaBHEHMIA:

866.

868.

870.

872,

875.

878.

\ 7

dz

-J+y=0, z(0) =2, 867, Z—:+z-2y=0, z(0) =1,
%+z=o, y(0) = 0. %+z+4y=0, y(0)=1.
%:-y, z(0) =1, 66, ‘;—f+2y=3t, z(0) =2,
%—:2(z+y), y(0) = 1. %-23:4, y(0) = 3.
%+z=y+e‘, z(0) =1, a71. %—%=—Si"t, -‘B(O):%,
%—+y=z+e‘, y(0)=1. j—f+‘;—f=cost, y(0)='-%~
%:y—z, z(0) =1, 2——::4y+z, z(0) =5,
%:Hy, (0) =2, 873. § 2=z 40 =0,
Z—z=m+z, 2(0) =3 (;—;—‘-4% z(0) = 4.
%+2%’t’—+z+y+z=o, z(0) =1,

j—:+%+z+z=0, y(0) =1,

%-2%—3}:0, 2(0) = -2.

%—%—2z+2y=l—2t, z(0) =0, y(0)=0,
%z—fu%’thz:o, 7'(0) = 0.

fo=y, z(0) =y(0) = 1,

%Z—g::t, z'(0)=2, y'(0)=0.

2 ey, 20=2 ¥O)=0,

%:—zw, 2(0) = -V3, y’(0)=\/7§-

‘foJr‘;—’t’—e—z, 20) =1, y(0)=0,

Ly & 0= YO =1
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2

d'z
= Tety=5 z(0) = z'(0) = 0,
879. 2
y - = o' (0) =
dt1 4z 3y— 3) y(O) y(O) 0.
-qf-+4y+2z=4t+l, z(0) =0,
dt
880.
B o poy=2f (0)=0
at y_2 » Y=o
dz
-E+y—2:v=0, z(0) = 2,
881,
dy

S te-w= —5¢'sint, y(0) = 3.
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4 yCTONHYMBOCTH

§ 25. YcroituusocTb no JisnyHosy.
OcHoBHbIe NOHATUS U onpeaeneHus

MycTb UMeeM cuctemy AnddepeHuMaNbHbIX ypaBHEHM I

dz; .
d_t'=fi(ml’m2""’a:mt)) i=12..,n (1)
Pewenue ¢;(t), ¢ = 1,2,...,n, cucrembl (1), yaosnersopsiiollee Ha-
YaNnbHbIM ycnoBuaM @;(t) = @, & = 1,2,...,n, Ha3biBaeTcA YCTONYMBBIM
no Jlanynoay npu t — oo, ecnu Ais noboro € > 0 cywecrsyet §(¢) > 0 Takoe,
YTo MNS @cAKo20 peweHust z;(t), ¢ = 1,2,...,n, cucreMul (1), HayalbHble

3HauyeHHsI KOTOPOTO YAOBIETBOPAIOT YCAOBUAM
Izi(tO)_‘Pi0|<6s i= 1)2)“'an) (2)

MMEIOT MECTO HepaBeHCTBA

|$t(t)_¢l(t)| <& i=1,2...,n, (3)

oast scex t 2 tp.

Ecau npu ckoab yroaHo manoMm § > 0 xots Gbl A1 OQHOro pelleHUs
z;(t), i =1,2,...,n, HepaBeHcTBa (3) He BLINOJNHAIOTCA, TO pelleHUe p;(t)
Ha3blBaeTCS HeyCMmoiHUBLIM.

Ecau kpome BbinonHeHus HepaBeHCTB (3) npu ycnoBuH (2) BbiNoAHAETCA
TakXe yc/loBue

lim |(B,‘(t)—(,0;‘(t)|=0, i=1,2..,n, (4)
t—00
TO pewienue p;(t), 1 = 1,2,..., n, Ha3bLIBAETCSA ACUMNMOMUHECKY YCMOUMUBLIM.
WUccnenoBanue Ha ycroitumsocTb pelueHus p;(t), 1 =1,2,...,n, cucre-
Mbl (1) MOXHO CBECTH K UCCIE0OBaHUIO HA YCTORYMBOCTD Hy.1€BOrO (TpUBHAb-
Horo) pewiewust z; =0, i = 1,2,...,7n, HEKOTOPOi CUCTEMbI, aHAOTMYHOI
cucreme (1),
dm;
. !
E=E($lam27“')xmt)) t=12,...,n, (I)
rae F;(0,0,...,0,¢) =0, i=1,2,...,n.
foBopaT, uto Touka 2; = 0, ¢ = 1,2,...,n, €CTb MoYKa NOKOA CHUCTE-
Mol (1').

[MpuMeHuTENbHO K TOYKE MOKOSI OMNpEeAeNeHMs] YCTOMYUBOCTH U He-
ycroitumsocT MoryT GbiTb chopMyaupoBaHbl Tak. Touka nokoa z; = 0,
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1= 1,2,...,n, ycmoittuea no Jlanynogy, ecnu, xakoBo 66l HU Obilo € > 0,
MOXHO HaiiTh Takoe § > 0, uTo Ans Jioboro peweHus z;(t), i = 1,2,...,n,
HauajlbHble JaHHble KOToporo Ty = z;(ty), i = 1,2,...,n, y1OBIETBOPAT
yCNOBUIO
. '
|zl <6, i=1,2,...,n, )
BbIMOJHSIIOTCSE HEpaBeHCTBa
> U
lz;(¢)| <e, i=1,2,...,n, (3"

ans Beex t > g

[ns cnyyas m = 2 reoMeTpUUYECKH 3TO O3HauaeT cieayioliiee. Kakum Gbi
MaJjibiM HU Obl1 paauyc € UMJIMHApaA ¢ ocbio Ot, B miiockoct t = ty Hainer-
ca 6-okpectHocTb Touku (0,0, ¢y) Takas, uTO BCe MHTerpaibHble KpUBbIE

tA T =z1(t), z2=1a(t),

<

BbIXOISILLIME M3 3TOI OKPECTHOCTH, I BCeX
t >ty OynyTt octaBaTbCsl BHYTPU 3TOFO LIMJIMH-
apa (puc. 30).
Eciin KpoMe BbINONHeHUs HepaBeHCTs (3),
BbIMOJIHsIETCS TakXe yciosue lim |z;(t)| = 0,
t—+00

t=1,2,...,n, TO ycmoiiuugocme acumnmomu-
yeckas.

Touka nokos z; = 0, 1 = 1,2,...,n,
Heycmoiltuea, ecliu TPU CKOJb YroAHO Ma-
z, JomM 6 > 0 xoTst Obl Wi OAHOTO peELIEHMSA
z;(t), i=1,2,...,n, ycnosue (3') He Brinos-
HAeTCS.

Puc. 30

Mpumep 1. Ucxoas 13 onpepenexlus ycronumsoctu no JlanyHosy, uccne-
[0BaTb HA YCTONYMBOCTL pelleHne ypaBHeHUs '

dz
E—I+t—m, (5)

YAOBNETBOPSIOWEE HAYaNbHOMY YCAOBMIO
z(0) = 0.

PeweHune. Ypashenue (5) ectb IvHeliHOe HeoqHOpoaHOe ypasHeHue. Ero obwee
pewenue z(t) = Ce™* +¢. Hauanoiomy ycnosuio z(0) = 0 ynosnetsopsieT pelieHue

olt) =t (6)
ypaBHeHus (5). Hauansnomy ycnosuio z(0) = z, ynoBieTBOPSiET peLieHue
z(t) = zoe~t + 1. (7)

PaccmoTpuM pasHocTb pewienuii (7) u (6) ypasHenus (5) u 3anuwem ee Tak:

z(t) - p(t) = zoe™ +t —t = (zo — 0)e™".
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Otciona BUAHO, YTO IS Beakoro € > 0 cywecrsyer § > 0 (Hanpumep, § = ¢)
TaKoe, YTO LISl BCAKOro peweHns x(t) ypaBHeHus (5), HayabHbIE 3HAYEHHA KOTOPOTO
YOOBJIETBOPAIOT YCIOBHUIO |2y — 0] < &, BLINONHAETCA HEPABEHCTBO
-t
lz(t) — p(t)] = lzo - Ole™ < ¢

st Beex t > 0. CnenosatenbHo, pewenue ¢(t) = ¢t apasiercs ycroiumsbiM. Bonee
TOTO, MOCKONBKY

lim |z(t) - p(t)] = lim |z, —0le™ =0,
t—=+00 t—+3

peteHue p(t) =t ABAAETCA ACHMITOTHYECKH YCTONYMUBbIM.
970 peleHne p(t) ABNAETCA HEOrPaHUYEHHbIM NpU ¢ — +00. >

lMpuBeneHHbI NpUMep NOKa3biBAET, YTO U3 YCMOUMUEOCMU pelleHus Oug-
heperyuUanbHo20 YPasHeHUA He credyem 02PAHUYEHHOCMU PellleHuUs.

Mpumep 2. Wccnenosatb Ha yCTOMYUBOCTL pelleHne ypaBHEHUS

:ii—:: = sin . (8)
PelueHne. OHo uMeeT o4eBHAHBIE PELIEHUS T
z=kmr, k=0,%1,%2,.... 9) Tn
WHTterpupyem ypasHeHmue (8):
ctigz=C—-t, unamm ctigex=ctgzy —t, T,
OTKyza ol ™
T =arcctg(ctgzy —t), z#kr.  (10) Puc. 31

Bce pewetus (9) u (10) orpaHnyeHbt Ha (—o0, +00). OgHako pewenue z(t) = 0

HeycToiunBo npu ¢ — 400, Tak Kak npu mwoboM zo € (0, 7) umeem lim z(t) =«
t—43c

(puc. 31). >

CienoBaresibHO, U3 02paHU4eHHOCMU pellerul QudepenyuanbHozo ypaere-
Hus, BOOGLLIE TOBODS, He caedyem ux ycmotuugocmu.
3TO fABJEHUE XapaKTePHO M8 HEJMHENHBIX YPaBHEHUI U CUCTEM.

Mpumep 3. Ucxops M3 onpegeneHus ycToinumBocT no JlanyHoBy, noka-
3aTb, Y4TO pelleHne CUCTEMBI

dr v

dt ’

i (1)

%=
ynosneteopsiollee HavyanbHbiM ycnosusm z(0) = 0, y(0) = 0, ycroiuuso.

z,

Pewenne. Pewenne cuctembl (11), ynoseTBopsiiollee 3a0aHHbIM HaYyalbHbIM
ycnoBusM, ectb z(t) = 0, y(t) = 0. Jlioboe peleHne 3TOI CUCTEMBI, YIOBIETBOPAIOLIEE
ycnosuam z(0) = zo, y(0) = yo, UMeeT BUA

z(t) = zgcost — ypsint, y(t) = zgsint + yo cost.
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Bo3bmeM npoussoabHoe € > 0 M nokaxeMm, 4to cywectyeT §(¢) > 0 Takoe, YTo
npu |zo — 0] < &, |yo = 0] < § NMeIOT MecTo HepaBeHCTBa

|2(t) — 0] = |zocost — ypsint| < e, |y(t) — 0| = |zgsint + yo cost| < ¢,
ans Beex t 2 0.

dtou 6yne1* 03HayaTb, COIMIACHO OMpEAENEHHIO, YTO HyeBoe pelueHue (t) = 0,
y(t) = 0 cucremsi (11) ycroitunso no JlanyHosy. Umeem, oueBuaHo,

|zo cost — yo sin t] < |zg cost| + |yo sint] < |2o| + lyol,

. . 12
o sin ¢t + yo cos ¢| < |zo sint| + |yo cost| < |zo| + |yol (12)
ons seex t. [Moaromy, ecnu |zo| + |yo| < €, TO M nopasHo

|zgcost —yosint| <&, |zgsint+yycost] <e (13)

ans Beex t.

CnenoBaTeNbHO, €Civ, HanpuMep, B3aTb 6(€) = /2, To nipu |zo] < 6 U |yo| < §
B cuny (12) 6yayr umeth Mecto Hepasenctsa (13) ans scex t > 0, T.e. gelicTuTenb-
HO Hynesoe peuieHue cuctembl (11) ycmoiuueo no Jlanynosy, Ho 3ta ycTON4MBOCTB
He aCUMITOTUYECKAS. >4

Teopema. Pewenus cucmemsl aunelinbix ouggeperyuanvrbix ypasHenuii
da:,

Z aij(t)z; + fi(t), i=1,2,.
Aubo ece oanoepe.uenno ycmoiiuusbt, aubo Heycmoiinugol.

DTO NpEIOXEHHNE He 8ePHO OAA HeauHellHbix cucmem, HEKOTOpbIe pellieHUs
KOTOPbIX MOTYT ObITb YCTOHYMUBLIMM, a8 ApYrue — HEeyCTONUMUBBLIMMU.

Mpumep 4. MccnenosaTb Ha YCTOMYMBOCTL pelleHne HenUHerHoro ypas-

HeHus d
z 2
=1-2(t 14
= ®. (14)
Pewerune. OHo umeer ouesuanble peuteHus p(t) = —1 u @(t) = 1.
Pewenne ¢(t) = —1 3TOro ypaBHeHMsi HeycTOHuMBO, a peweHue @(t) =

AB/SAETCH aCUMINTOTHYECKM ycTON4MBLIM. B camom nene, npu ¢ — +0o0 Bce peLueHuu
ypaBHeHuUs (14)

_ (14 20)e™™ — (1 — 29)
z(t) = (1 + @)1 + (1 = zq)

cTpeMatcs K +1. DTo 03HauaeT, COIMAacHO OMpENENeHHIO, 4TO peweHue (t) = |
ypaBHeHUs aCUMMTOTHYECKU YCTORUNBO. >

(zo #~1)

3apaun AnNs CaMOCTONTENbHOro peLleHnus

Wcxons u3 onpenenenns ycroiunsoctu no JianyHoBY, Hcc/1en0BaTh HA YCTOHYMBOCTb
peLUEHMUS CNEeRYIOLNX YPABHEHUN U CHCTEM ypanuenuu'

882. %=z+t, 2(0) = 1. 883. 2% =2z +1), =(0)=0.
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dz 2 dz
884. E?——:c+t , z(l)=1. 885. :i-t—d—z-l't, z(0) = 1.
d
-—:::c— 13y, «(0) =0, :;:—:—a:—9y, z(0) =0,
886. gy | 887. { 7
Et-=2$—2y1 y(0)=0- E=3‘% y(0)=0‘

§ 26. MpocTeillune TUNbl TOYEK NOKOS

[Tyctb MMeeM cucTeMy ABYX NMHEHHbIX OLHOPOAHbIX AN dhepeHLIMaNbHbIX
ypaBHEHMI ¢ MOCTOAHHbLIMU KO3 ULMEeHTaMU

i a) |z +any
- =ay 129,
" (1)
9t = ayT + any,
npuyem
_|en @ap
A= a; ap 70

Touka z = 0, y = 0, B KOTOPOH MpaBble YaCTH ypaBHEHMIt cuctemsl (1)
obpalualoTcs B HOJIb, Ha3blBaeTCsl MouKol nokos cucmemst (1).

Jlns vccnenoBaHMs TOYKM Mnokos cuctembl (1) HaZo cOCTaBUTHL XapaKre-
PUCTHYECKOE ypaBHEHHE

an-—-A ap

[15]] a — A =0 (2)

M HalTU ero KOpHU A U Aj.
BoamoxHbl creaylouiue cayyau.

. KopHu A;, A; xapaKTepucTH4ecKoro ypaBHeHus (2) BelUeCTBEHHbiE W
pa3Hbie:
a) A; <0, X; <0. Touka noKos aCUMITOTHUECKH ycTORuMBa (YCTOMHYH-
Bbli y3esn, puc. 32);
6) Ay > 0, A; > 0. Touka nokos HeycToumpa (HeycTOHuMBBLIA y3en,
puc. 33);
B) A; >0, A; < 0. Touka nokos HeycToiiuusa (cewno, puc. 34).

2. KopHu xapaKTepucTH4eCKOro ypaBHeHHsl (2) KOMIIEKCHbIE: A} = p+ig,
Ay =p—iq:
a) p <0, g # 0. Touka NOKOS aCUMMNTOTHYECKH yCTOHYMBA (YCTOHYMBBLIN
dokyc, puc. 35);
6) p >0, ¢ #0. Touka nokosi HeycToHuMBa (HeycToHumMBbiii QoKyc,
puc. 36);
B) p> 0, g #0. Touka nokon ycroituusa (LeHTp, puc. 37).
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o

Puc. 32 Puc. 33
\_®
/_0\\
Puc. 34 Puc. 35
[ )
Puc. 36 Puc. 37

Puc. 38 Puc. 39
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A
Y

Puc. 40 Puc. 41

3. Kopuu A; = A, KpaTHbie:
a) A = A; < 0. Touka M1OKOst aCUMNTOTHYECKH YCTONYMBA (YCTOHUMBbIit
y3en, puc. 38, 39);

6) Ay = X; > 0. Touka nokos HeycroiiuuBa (HeycToiumMBBIA y3en,
puc. 40, 41).
Npumep 1. Onpegenuts xapakrep Toukn nokos (0, 0) cuctems
(dz
= = 5p—
at Y
9 dy
— =2z .
\ dt ty
Peiuenne. CocrabiasieM XapakTepUCTHYECKOE ypaBHEHHE
S5-A -1
2 1 ZAl=0 wm N —6x+7=0.

Ero kopuu A =3 +v2 > 0, A, = 3 — v2 > 0 BeuweCTBEHHbIE, PA3HbIE, TONOXKHTENb-
Hble. CnepoBarenbHo, Touka nokos (0,0) — HeycToiuuMBbIi y3en.

CBs3b MEXIY TUMAMM TOYEK MOKOSI U 3HAYEHUSAMHU KOPHEil XapaKTepUCTHYECKOrO
ypaBHenus (2) MOXHO MpPeNCTaBUTb HarsaHo. [ng 3TOro BBedeM 0603HAYEHUS 0 =
—(a;1 + a3), A = a; a2 — a;2a;;,. Toraa XxapaKTepUCTUYECKOE ypaBHEHHE 3anMILETCs
BBuge A2+ oA+ A =0.

PaccMOTpUM NNOCKOCTD € MPSIMOYTOJibHBIMYU 1€EKAPTOBBIMU KOOPAMHATAMU A U o
¥ OTMETUM Ha Heil 061acTH, COOTBETCTBYIOLINE PalIMYHbLIM THNAM nokos (puc. 42).
W3 npueaeHHoI Bbllue knaccupUKaLUK CleQyeT, YTO YCAOBUSAMHU YCTONYMBOCTH TOYKH
nokos sipasiiorcst Re Ay < 0, Re A; < 0. Onu BuinonHsiorcs npu A >0u o >0, T.e.
LIl TOYEK, KOTOPbIE HAXOAATCH B MEPBON YETBEPTH.

Ecnu A, ¥4 A; KoMniekcHble, TO Touka nokos Gymer Tuna ¢okyca. IToMy
YCIOBHIO YIOBNETBOPAIOT TOMKM, KOTODbIE IEXAT MEXIY BETBAMM napabonbl o2 = 4A
¥ He npuHamtexar och OA (o2 < 4A, o #0).

Touku nonyocu o = 0, g Kotopbix A > 0, COOTBETCTBYIOT TOYKAM NMOKOst TMMNa
UeHTpa.

Touku, pacnofoxeHHble BHe napabonb o = 4A (02 > 4A), cooTseTcTBYIOT
TOYKaM MOKOsI THNa y3na.

O6nactb naockoct OAg, rae A < 0, conepXdT TOYKH MOKOS THMA Cenna.

Hckniovas ocobble cnysan (MPOXOXIEHHE yepe3 HAa4ano KOOPAMHAT), 3ameua-
€M, YTO CEI0 MOXET MePEdTH B Yy3eN yCTOWUMBBIA WJIM HEyCTONuMBbIA (puc. 42).
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g

SSNNNNN N N NN NSSNNN
Yctoituusebie Y3st \\

NN
N\ 0'=44

Cenna n
YcToiuusbie = HHUA
(bOKycu g/ueHTPOB
....................... »

: Heyctotuustble
.-.}boxycu

Heycroituuseie yanu-
SSSLS LSS S/ SS S

Puc. 42

YcToituuBbI# y3en MoxeT nepeitti aubo B ceaio, 1u6o B ycroiuusiit pokyc. Cayyait
paBHbIX KOpHei A, = A; COOTBETCTBYeT rpaHulie MexX1y yanamu u dokycam, T.e.
napa6ose o? = 4A. >

Mpumep 2. WccneaosaTh ypasHeHue ynpyrix kone6axui

d*z
T +2 +,0 T = (3)

C Y4©TOM TPEHWA U CONpoTUBNEHWA cpeasbl (npu a > 0).

PeweHrue. MepexoauM oT ypaBHeHWs (3) K 3KBMBAIEHTHON eMy cUCTeMe ypaBs-
HeHUM

d:c
=Y

dat

dy ) @
— = =2ay - f'z.

at y-8

Ins onpenenexus xapakrepa Touku nokos (0,0) cucrembl (4) cocTaBasiem xapakrepu-
CTHYECKOE ypaBHEHHE

-2 1
-f -2a-2A

‘ 0, wn /\2+2a)\+ﬁ2=0,

orciona
Ap=-axval-p ®)

PaccMoTpuM cnenylolune cayuau:

a) a = 0 (conporusienue cpeabl otcyrersyer). U3 (5) noayuaem A, = xig.
Touka nokost ycToiuuBa — UEHTP (BCe ABMXEHUS SBAAIOTCS NEPEONUUECKUMH);

6) a >0, a?— 82 < 0. KopHu A, ¥ A; KOMMAEKCHO-COMpPAXEHHbIE, MPUUEM
Re A < 0. Touka nokosi — ycroluusbiit pokyc (koneGaHus 3aTyxaiot);

B) a < 0 (chyyail «oTpuLATENbLHOTO Tpenusi»), a® — 82 < 0. KopHu A, 1 Ay —
KOMIJIEKCHO-conpsxXeHHbie, npuuem Re A > 0. Touka nokos — Heycroftuusbiit pokyc;
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r) a>0, a®*—@ > 0 (conpotnaneHue cpeast Benuko & < B). Kophu A, n A; —
IeHcTBUTENBHBIE M OTpULIaTEAbHbIE. TouKa MOKOA — yCTOMUMBBI y3en (Bce HBMXEHMS
3aTyxalolue ¥ HekoneGaiounecs);

1) a <0, a’—p? > 0 (cayyait 60/IBIUIOTO «OTPULIATENLHOTO TPeHUs»). KopHHU A,
¥ A; DefCTBUTENIBHBIE U NONOXUTENbHbIE. Touka MOKos — HeycTouuBbii y3en. D

3anaun Ans CamMOCTOSTENbHOro pewleHnsa

Onpenennts Xapakrep Touek nokos (0, 0) ans caegyiounx cucrem auddepeHuHanbHbIX
YPaBHEHHU !

dz de de
ik it 7=t
88s. 889. 890.
R . Wzt Yot
a =TTy ¢ - T a - Ty
dz dz 5 dz
ZETEY it et 1) ikl
891. 892, 893.
W 3e- W 7e-3 Wy
a Y a =TT a T
dz
':17 = 33,
894. dy
dt ~
895. Tpu kakux 3Hayenuax a Touka nokos (0, 0) cuctemsl
14
i =3z + ay,
dy
T 2z +y.

ycToituunsa?

IMyctb MMeeM cHCTeMYy NMHENHBIX OLHOPOAHBIX AUddeEpeHLnaNbHBIX
ypaBHEHM ¢ MOCTOSIHHBIMU KO3 bULUUEeHTAMK

dz; = .
d—;:Za;jwj, i=12...,n(n>2). (6)
j=1

[nsi Hee MMEIOT MECTO aHaJOrMYHble TWUMbl PACTOJOXEHUS MHTErpajlbHbIX
KPHMBBIX OKO/I0 Hauasa KoopAMHar (06o6iuenroe cedno, 0606uierHbiii y3en N T. 1.).

Teopema. Ecau ace KopHu xapaxmepucmu4eckoeo ypaeHehus 0As cucme-
Mot (6) umerom ompuKamenshylo GeuecmeeHHyIo 4acms, mo mowka noxos
cucmemsl (6) z; =0, 1 =1,2,...,n, acumnmomuuecku ycmouuea. Ecau
xomsa 6bl OOUH KOpeHb XapaKmepucmu4ecKko2o ypasHeHus umeem NOAOXCU-
MenbHYIO 8elieCmBeRHyI0 Hacms, Mo MoYKa noKoa Heycmoiivuea.
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Npumep 3. Byaer nu ycroiumea Touka nokos (0,0) cuctemsl

dz 4
— =-z+2z
dt ’
dy
— =-2y—-z
it Y-z
dz
—=y-2z
a =Y
Pewenne. CocTaiisieM XapakTEpUCTHYECKOE ypaBHEHNE
-1-=-2 0 1
0 -2-2 -1 =0,
0 1 -1=-A
2 3..V3
win (14 A)(A* + 3X + 3) = 0. Koptu atoro ypasHenust A; = —1, Ay3 = -3 + i

HUMEIOT OTPHUUATENbHbIE BELIECTBEHHbIE YaCTH. CnepoBaTe/ibHO, TOYKa MOKOSl AaHHOH
CUCTEMbI aCUMIITOTUYECKH YCTOHYUBA. >3

3apauv ANa CaMOCTOSTE/IbHOrO peweHuns

WUccnenosats Ha yctoiunBocTs Touky nokos (0, 0,0) cucrem:

(d:c_ tu4s ’d:c_m dz_2
at - TTYTA a a7ty
dy dy dy
896. = == 6) { = =192g- B hat A

VY@= W )y a=2"% Dy Hg=2W
dz_ 3z dz_z+ . dz_ 3 .
L@t~ % (at TV g rTrNos
¢ de ¢ dz
Et-=17+y, 'd—t'=—1!+z,
dy dy

DYy =y+s D) =Wt
dz_z+' dz_ 3
lat ™% lat Y%

§ 27. MeTtop ¢yHkuui JIsnyHoBa

Meton dyHKkumnit JIsinyHOBa COCTOUT @ HenocpedcmeerHoM UCCAe008aHUU
Yemoiiuugocmu noAONCeHUs. PA8HOBECUS CLICMEMb!

dz.

i .
v = filt,z\,z3,...,2), 1=12,...,m,
MpY NOMOWIM MoAxoasiiMM o6pa3oM nonobpaHHol dyHkumn V(¢ zy,...,
Tp) — yurkyuu Jlanynoéa, npuyeM nenaetcs 3To 0e3 MpeaBapUTESILHOTO

HaXO0XAEHUSA pELIEHUIl CUCTEMBI.
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OrpaHuqumcu pacCMOTPEHUEM aBTOHOMHDBIX CUCTEM

dm; .
dt =fi(wl’z2"“)wn)’ 221)2"“)”’ (])
s Kotopeix ; =0, ¢ = 1,2,...,n, eCTb TOYKA MOKOS.
®yukumns V(zy, 2y, ..., T,), ONpefeseHHas B HEKOTOPOl OKPECTHOCTH

Hayasa KOOpAMHAT, Ha3blBaeTCs 3nakoonpedenennoii (OrpeneNeHHO-MONIOXKHU-
TEJIbHOM WM OfpeeleHHON-OTPULIATENLHOI), eCIM OHa B 06/1aCTH

lzil < h, i=12,...,m, (2)
rie h — J[0CTaTOYHO MaJioe TMOJIOXUTENbHOE YUCIO, MOXET IPUHUMATh
3HayeHUsl TOJIbKO OIHOTO OMNpeeieHHOro 3HaKa ¥ 00palllaeTcss B HOJb JiMLIb
npu ¢, =z, = ... =z, = 0. Tak, B ciyyae n = 3 QyHKUUH

V=mf+m§+m§ " V=mf+2w|w2+2m§+m§

OyayT onpeneneHHO-MONOXHUTENbHBIMU, TPUYEM 31eCh BeJIMuMHa h > 0 MOXeT
ObITh B3STa CKOJIbKO YFOAHO OONbLUOM.

Oyukuus V(zy, Z3, . . . , £n) Ha3LIBAETCA 3HAKONOCMOAKHKOI (TIONOXUTEN b-
HO# WIM OTPUUATENLHON), €CiiM OHa B 06JacTH (2) moxeT npMHHUMATL 3Ha-
YEHUS TOJNIbKO OLHOro OMpeAeseHHOro 3HaKa, HO MOXET o0pallaThCsi B HOJb
U npu :z:f + a:% +...+ a:,z, # 0. HanpuMep, @yHKUMA

2, 2 2
V(zi, 22, T3) = ) + 23 + 22,2, + T3
GyaeT 3HAKOMOCTOAHHOI (MonoxuTenbHOM). B camom nene, dynkuuio V(zx),

T, T3) MOXHO 3anucaTh Tak: V (T, T, T3) = (Z) + )2 + T2, oTKyna BuaHo,
4TO OHa Ob6palllaeTcs B HOJIb U MPH mf + :c% + m§ # 0, a uMeHHO np1 3 =0

M OObIX T| U T, TaKUX, YTO &) = —&,.
Oycrtb V(zy, 3, - . . , Tp) ecTb auddepeHUMpyeMan GyHKLHUSA CBOUX apry-
MEHTOB U MYCTb &y, Ty, ..., Tp ABAAIOTCA HEKOTOPLIMU DYHKLIMSAMHU BPEMEHH,

YIOBJIETBOPSAIOWINMY cucTeMe AuddepeHunanbHbix ypaBHeHui (1). Torna ans
NoJiHOI npou3BoaHo# GyHKUMK V no BpeMeHHU OynemM UMETb:

dV 0V dz; < 8V
E_ a_mi.ﬁ_gggfi(m],xz,...,xn). (3)

i=1

av
Beanunna —d-t— , onpenensiemasi Gopmynoii (3), HasbIBaETCS nOAHOT NPOU3BOOHON

@ynkyuu V no épemenu, COCTaBNIEHHOM B CHIly CHCTeMbl ypaBHeHUi (1).

Teopema 1 (Teopema JisnyHoBa 06 ycroitumBocTH). Ecau das cucmems
Ougppepenyuanvhvix ypasnenuti (1) cywecmeyem 3naxoonpedenennas Qynx-

yus V(zy, Ty, ..., Tq) (Pyuxyus Janynoea), noanas npoussodnas T

Komopoii no epemenu, cocmaenennas é cuay cucmemvt (1), ecmv @ynxyus
3HAKONOCMOAHHARA, 3HAKA, NPOMUBONOAONCH020 ¢ V| uau moxcoecmeeHHo
PaeHas Hyato, mo mouka nokos ¢; = 0, i = 1,2,...,n, cucmemet (1)
ycmoliyuaa.
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Teopema 2 (Teopema JisnyHoBa 06 acuMnNTOTUYECKOM YCTORUMBOCTH).
Ecau dns cucmemvr dugppepernyuancroix ypasnenuii (1) cywecmeyem 3naxo-
onpedenennas ¢yuxkuus V(z,, 3, ..., T,), NOAHAA Npou3eodHas Komopaii
no epemeru, cocmasnenHas @ cuny cucmemsi (1), ecmo maxoce hynkyua 3na-
KoonpedenerKan, 3HaKa npomueonoaoxcroeo ¢ V., mo mouka noxkos c; =0
cucmemst (1) acumnmomuuecku ycmoiuuea.

MNMpumep 1. Nccneposath Ha YCTOWHMBOCTL TOYKY NOKOS CUCTEMBI
dz

o (@

PelweHue. Buibepem B Kauectse dyHKuuu V(z,y) dynkunio V = z? + y*. Ora
OyHKUMA onpeneneHHo-nosnoxutenbHas. IMpoussonHas gyHkuuu V B cuny cucre-
Mbi (4) pasHa

av dz dy
i =2z dt+2yﬁ—2:¢y 2zy = 0.

W3 Teopembl 1 caemyet, uto Touka nokos O(0,0) cuctembl (4) ycroitunea. OnHako
ACHMMTOTHYECKOH YCTOMUMBOCTH HET: TPAEKTOPUMU CUCTEMbI (4) — OKDYXHOCTH U OHH

He crpemsitcst K Touke O(0,0) npu ¢ — +o0. [
Npumep 2. Uccneposatb Ha YCTOWYMBOCTL TOHKY NOKOSA CUCTEMbI
dz m3
= =Yy-z,
dt
dy 3 G)
E =-T- 3y
Peuenve. Beps onats V(z,y) = 2* + y?, naitnem
dV
— =28y~ ') + 2y(—z - 3°) = =2(=* + 3y*).

av
Takum o6pasom, X €CTb ofpeleneHHo-oTpuuaTenbHas GyHKuns. B cuay Teopemsl 2
Touka nokos 0(0,0) cucremsl (5) yctouuBa acCHMNTOTHUYECKH. >

O61uiero MeTona nocrpoenus dyHkumu JisnyHosa Her. B npocreitiunx
chyyasx ¢pyHkuuio JIsnyHoBa MOXHO MCKaTbh B BUAE

V(z,y) = az’ + by®, V(z,y) = az’ +by’,
V(z,y) = az’* +by* (> 0,b>0) u T. 4.

Mpumep 3. C nomousto dyHkUMM JIanyHOBa MCCNEAOBATL HA YCTOMYUBOCTb
TpusuansHoe pewenve = =0, y = 0 cuctembl

dz

il -2y + 2%y,
dy _ ¥ o’y
dt 2 2
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Pewenme. Bynem wckatb ¢dyHkuuio JlsnyHosa 8 supe V = az’ + by?, rme
a >0, b >0 — npousponbHbie napamerpbi. UmMeem

av _ov dz oVdy ,
&t "5z & Ty oo W+ +

1
+ 2by (z - -;-y - -2-a:3y) = —(2az? + by?) + (2zy - 2’y*) (b - 2a).

av
Monaras b = 2a, nonyuyum, yro T -2a(z? + y?) < 0. Takum o6pa3oM, npu scs-

koM a > 0 u b= 2a dynkuus V = az’ + 20y 6yaer onpeaeneHHO-MOJMOXHUTENbHON,

av
a e¢ npou3poaHas E‘, cocTaB/eHHast B CHy AaHHOW CUCTEMbI, sIBJISETCA onpene-

JieHHo-oTp1uaTenbHoit. U3 Teopembl 2 JIsinyHoBsa cieayer, YTO TPUBHAILHOE PelLEeHHe
z =0, y =0 naHHOW cUCTEMbl ycmolivueo acumnmomusecku.
Ecnu 651 B ykasaHHO# Bblle dpopme dyHkuuto V(z, y) He yoanoch Haiity, To ee

cnenosano 6ui nouckats B gopme V = az* + by* wan V =az* + by’ u T.a. >

Teopema 3 (Teopema JinnyHoBa 0 HeycToumBocTH). [Tycmb daa cuc-
memvi Ougpeperyuanvhvix ypasnenuti (1) cywecmayem dughepenyupyemasn
8 okpecmHocmu Ha4asa KoopOunam gywxuua V(z, ), ..., T,) makas,

umo V(0,0,...,0) = 0. Eciu ee noanas npou3godHas ——, cOCMasaerHan

dt
6 cuny cucmemsi (1), ecmo onpedenenHo-noao0HCUMeNbHAR PYHKUUA U CKOAb

Y200H0 GAU3KO OM HAYAAQ KOOPOUKAM UMEIOMCA MOYKU, 8 KOMOPbIX YHKUUR

V(zi, 22 ..., Ts) npunuMaem nonoxcu-
menbHble 3HAYEHUs, MO MOYKA NOKOA
z;=0,1=1,2,...,n, Heycmoiivuaa.

Teopema 4 (teopema YertaeBa o He-
ycroiumBocTn). [lyems 0aa cucmemol
Jugppepenyuansruix ypasnenuii (1) cywe-
cmayem HenpepuigHo oudbgepenyupyeman
8 HeKOomopoli OKPeCMHOCMU MOYKU NOKOR
z; =0, i =1,2,...,n, dynkyua v(z,,z3,...,T,), y006aeMEOPAIOUAR
-8 HeKomopoU 3amMKHymMoll OKpecmHocmu Mo4KyU NOKOR YCAOBUAM:

Puc. 43

1) 6 ckoab y2o0Ho manoli okpecmuocmu Q@ mouxu nokos z; = 0, 1 =
1,2,...,n, cywecmeyem obaacmo U, 6 Komopoii v(Z,, Ty, ...,Zs) > 0,
npuyem v = 0 @ mex epanuunbix moukax ), komopoie A6AAOMCA GHYMPEH-
Humu daa Q (puc. 43);

2) mouxa nokos 0O(0,0,...,0) seasemes epanuynoil mouxoii obaa-
cmu Qy;

dv
3) 6 obaacmu Q npouseodnas L cocmasnennasn 6 cuny cucmemot (1),
0npedeneHH0-NoAOHCUMENbHAA.
Tozda mouxa nokoa ¢; =0, i=1,2,...,n, cucmemsi (1) Heycmotiuuea.
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Mpumep 4. Wccnenosatb Ha YCTOWYMBOCTL TOuky nokos £ = 0, y = 0
cucTeMbl

de
@ "
dy
==
Pewenue. BosbMem dyHkumio v(z, y) = 22 — y’. Torna
dv dvdzx dvd
@ ma ey

ecTb GYHKLUHS OnpefeNeHHO-NoN0oXUTeNbHas. Tak Kak CKOMb YTOAHO 6A13KO K Haualy
KOODIMHAT HaNAYTCS TOUKH, B KOTOPhiX v > 0 (Hanpumep, v = z* > 0 BaOAb NPAMOIi
y = 0), TO BbINOJHEHDbI BCE YCJAOBUA Teopembl 3 1 Touka mokos O(0,0) HeycToituusa
(ceano). >

_y.

NMpumep 5. Vccneposatb Ha yCTOMYMBOCTL TOuKy nokos =z = 0, ¥y = 0

cUcTemsl
d:v 3 5
TR Y+,
dy 3 5
— =z .
dt +y

Peuenve. ®yukums v = z* — y* ynosnetsopser yenosuam Teopembi Yeraena:
1) v>0npu |z| > |yl;

dv
2) i 4(z® - y*) — onpenenenno-nonoxutenshas B o6nacty |z| > |y|.

CnepnosarenbHo, Touka nokosi £ = 0, y = 0 HeycroifuuBa. >

3apaum N CaMOCTOSTENIbHOMO peLueHns

Wccnenosats Ha ycToiunsagTh Touky nokos (0, 0) cuctem:

d d.
£‘=—3y—21¥, Fii:_zy“)
897. dy 898. dy
a9 _ 3 ay 4
at 2z - 3y at Ty
dz _ z + 2zy dz z @
haiaf , ==y~ —
899. g; 900. gt 2 ] 4’
-2 - _ 4z W_,_Y_lp
gt 2y +4z’y gt T > 4y]
z z .
'—t'=y+33) E=y+w2y2_zm>i
901. a02.
dy 3 d

—_ W gy L
i r+y. - 2z—-zy 2y.
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dx dz ot
- = %, W = ]
903, { 4 904, { ¥
d__ d_
d v d '
%:zy‘—h’—y, 75—:—23:—33/,
905. dy 906. dy
P T B Y ey
dt—Zzy y +2z Ty
dz 53 dz 3
E=I+y) E=wy—2 +Y,
907. dy 908. dy
Y _ 3. L S T )
gt z -y gt z —-zYy—-=z
d—f =z’ + 22y, d—f = -2y - z(z - y)’,
909. 910.
e P
dt ) dt 2 ’
911. Nycts v = v(zy, zy, ..., T,) ABaXAL HenpepsiBHO AUbdepeHuUUpyeMas onpe-
neJIeHHO-MONOXHUTeNbHas QYHKLUMNSA TaKasi, YTo
8v(0) 8v(0)
0) = =...= =0.
v(0) oz, oz,
HUccneposatb Ha ycToituuBocTb TpuBHaibHoe pewenune £, = 0,...,x, = 0 cucteMnl
auddepeHUMaNbHBIX YPaBHEHUH
d$| _ dv
dt 9z’
dr, v
d = oz,

§ 28. YcToiuMBOCTb NO NEpBOMY NPUONNKEHUIO

Myctb MMeeM cuctemy anddepeHLINanbHbIX YpaBHEHUI

d:l!,' .

"—it—=fi($|,$2,...,mn), z=l,2,...,n, (1)
M nyerts ¢; = 0, i = 1,2,...,n, ecTb Touka nokos cuctembl (1), T.e.
£:(0,0,...,0) =0, ¢ = 1,2,...,n. Byszem npegnonaratb, YTo yHKUMH
fi(z1, 22, ..., ;) DubdepeHUMpPYyeMbl B Havajle KOOPAMHAT HOCTATOYHOE

4yKucio pas.
Paznoxum pyHkumm f; no popmyne Teitiopa no = B OKpeCTHOCTH Hayana
KOOpAUWHAT:

n
fi@i, ... za) = Y 0325 + Ri(1, 22, ..., Tn),
=1
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a1:(0,0,...,0)
8:13]' !
OTHOCHTEJIBHO T, T3, ..., Tn.
Torna ncxonHas cucrema (1) 3anuwercs Tax:
dz; i
'&!'=Eas‘jmj+Ri($lym2v-wmn)» i=1L2,...,m (2
=1

34eCb ai; = a R; — ujeHbl BTOpOro nopsaka MajaoCcTu

BmecTo cucteMbl (2) paccMOTpUM cUCTeMY

dz;
d_t‘ = > ajz; (1=1,2,...,n), a;=const, (3)
j=1

Ha3blBaEMYIO cucmeMoli ypasnenuti nepgozo npuBauscenus pas cucremsl (1).
CnpaBe/InBbl Cleaylolne npeaioXexusi.

1. Ecau Bce KOPHH XapaKTepUCTUYECKOro ypaBHEHUs

ay—A ap ain
as an—A “n | _q @)
Qn) Qn2 Qupn — A

WUMEIOT ompuyamensrole geujecmeerHbie yacmu, To HyJleBoe pelleHue ; = 0,
i=1,2,...,n, cuctemsl (3) n cuctemsl (2) acumnmomuuecku ycmouuugs..

2. Ecau xomsa 6b1 00uK KopeHb XapaKTepUCTHYECKOTO YpaBHeHus (4) uMeer
MOJOXUTENbHYIO BELUECTBEHHYIO 4acTb, TO HY/JeBOe pelueHHE cUcTeMbl (3)
U cucTeMbl (2) Heycmoluso.

ToBopsT, 4To B Ciiyyasx 1 U 2 BO3MOXHO McClieIoBaHKE HAa YCTOHYMBOCTD
Mo NepBOMy NPUOIUXEHUIO.

B KpuTHueckux ciydasix, KOraa BeLleCTBEHHblE 4acTH BCEX KOpHeil xa-
PaKTEPUCTHYECKOTO ypaBHeHUs (4) HEMOMOXUTEIbHbI, PUYEM BeLLLECTBEHHas
4acTb XOTsl Gbl OAHOTO KOpPHSi paBHa HY.IO, MCCJIEN0BaHME Ha YCTOHYMBOCTb
10 nepBoMy NpuGIHXEHHIO, BOOOLIE roBops, HEBO3MOXHO (HAUMHAIOT BIUATH
HelMHelHble WieHbl R;).

Npumep 1. Wccneposatb Ha YCTOMYMBOCTL NO NEPBOMY NPUOBAMXEHUIO
Touky nokos = 0, y = 0 cuctemsl

a':=2a:+y—-5y2,

dz d
. 33 (i'=Ey y=d_§) (5)
y=3z'+y+ 5
Peiuernne. CucteMbi nepsoro npuGanxeHus
T=2x+y,
6
{ y=3z+y. (6)
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HennHeRHble yaeHbl yIOBNETBOPHIOT HYXHbIM YCIOBMSM: UX Mopsaok Gonblue Wan
paBeH 2ByM. COCTaBUM XapakTEPHCTHYECKOE ypaBHeHHe s cucteMsl (6):

2=-A ]
37 oal=0 wm X-3a-1=0. ™
3+ V13 3-413
KopHu xapakrepuctuueckoro ypasHenus (7) A, = — Ay = ————— Beuue-

cTBeHHble M A; > 0. CnenosarenbHo, Hynesoe peieHue z = 0, y = 0 cuctemsl (5)
HeyCcTOHuMBO.

Mpumep 2. WccnepoBaTb Ha YCTOWYMBOCTL NO NEpPBOMY NPUBANXEHUIO
ToyKy nokos & = 0, y = 0 cucrem

( dz o
dt y )
{ ®)
ay —:c-y’
\ dt
"
( dz
dt y+a:,
1 a )
\ dt =_z+y

Pewenne. Touka nokos z =0, y = 0 cucTeMbl (8) aCHMNTOTHYECKH YCTOHUUBA,

TAK KaK 4ns 3TON cucTeMbl BGYHKUMA v = 2 + y? yNOBNETBOPAET BCEM YCIOBHAM
TeopeMsl JIanyHoBa 06 aCMMNTOTHYECKON ycTONUMBOCTH. B uacTHOCTH,

dv
dat
B TO xe Bpemsi Touka nokoss ¢ =0, y = 0 cucrems! (9) Heyc-ronqnaa B CHJTY TeOpeMbl

=2(y - ') + 2y(-z - y’) = -2(z* + ")

d
Yeraepa: BB v = z* + y?, GyaeM umets — = 2(z* + y*) >
Cuctemsl (8) M (9) uMeloT ofHY U Ty >Ke CHUCTEMY NepBoOro npnﬁnmkeuuu

dz =y
Ft- =%
w_ (10)
at
XapakTepucTiueckoe ypaBHeHHe Aas cuctemsl (10)
:/I\ _]/\ =0, wm AN+1=0

MMeEeT YACTO MHMMBbIE KOPHH, TaK YTO JeACTBUTENbHBIE YACTH KOPHEN XapaKTepUCTH-
YeCKOro ypaBHEHMsl PaBHbI HYJIO.

Ins cuctembl nepsoro npu6amxenus (10) Hayano KOOPAMHAT ABAAETCA LEHTPOM.
Cucremsl (8) 1 (9) nonyyalotcs ManbiM BO3MYLUEHMEM Mpasbix vacTei cuctemsl (10)
B OKPECTHOCTH Hayana KoopaAHHaT. OHAaKO 3TH Majible BO3MYLLUEHHA NPHBOIAT K TOMY,
YTO 3aMKHYTble TPAaeKTOPUM MPEBPALLAIOTCA B CMpanu, B cayyae (8) npuGauxaio-
IUMeCs K Hayajly KoopauHar u obpasywowmne B Touke O(0,0) ycroituusniit dokyc,
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a B ciyyae (9) — ynansiiownecs oT Hayana KOOpAMHAT W obpasylowme B Touke O(0, 0)
HeycTOMUYMBbIA Gokyc. TakuMm 06pa3oM, B KPUTHHECKOM C/yyae HeMHEHHbIe YNBHBI

MOrYT BJAUATH Ha yCTOVI'-IMBOCTb TOYKH NMOKOA. >
Mpumep 3. PaccMOTPUM 3aMKHYTbIA KOHTYP —
C NMHeNHLIMU 3aneMeHTamu (puc. 44); ypasHe- R ]
HWe KOHTypa T ._dr c==
dt
dz _dz 1 dz L -I-
L—+R—+— — } =0. (11 ~
@t dt+c“’+g("” dt> (1) My
nc.

3n0ecb © — 3apsAa KOHAEHcaTopa W, cneposa-
dz
TensHo, — — TOK B uenn; R — conpotusnenne; L — WHAYKTUBHOCTb;
dz

C — eMKOCTb; g(a:, Et—) — HefWHenHble YNeHbl, uMmelowme CreneHb

He Huxe sTopo, g(0,0) = 0.

Pewetnue. YpasHenue (11) akBUBIEHTHO CHCTEME

dz

_&? =Y
_d_y 1 R 1 (12)

TR Tohdn A Ey(z, ),

s KoTopoit Hayaio koopanHat O(0,0), ecTb ToUKa MOKOS.
PaccMOTpUM cHCTeMy NepBOro npuGnMxeHus

dz v
E )
dy . (13)
FTA ToRA A
XapakTepucTHYeCKOe ypaBHeHH e Wit cucteMbl (13) umeer Bug
- ' RA 1
=0, wm N+=—"+—=0 14
L SN T tIc (14)
LC L
Ecn L < 4 T.e. R? < L TO ypaBHeHHe (14) MMeeT KOMMIeKCHblE
M —= < —, T.¢e —,
S IC c' ™" 4
KOPHH C OTPULATENbHON AEHCTBUTENbHOM YacTblo p = —[ " 3HaunT, Hauano
koopannat O(0,0) aas cuctemsl (13) 1 (12) acHMNTOTHYECKH YCTOHUYHBO.
Ecin R’ > —, TO Hayano KOOPAMHAT Takke acHMIMTOTMYECKH YCTOMYMBO

c
(sce napameTpsl R, L, C MOAOXUTENbHbI).
ACHMNTOTHYECKast YCTONYMBOCTb TOYKM MOKOS BUAHA U3 ¢U3NUYecKUX coobpa-
XEHW: NPHU MONOXKHTEILHOM OMMYECKOM COMPOTMBIEHWM C BO3pacTaHHeM ! TOK
HEU30EXHO Ucye3aeT. >
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3apaum N CaMOCTOATENbHOro pewieHus

WUccnenosaTb Ha ycTORYMBOCTb 110 nepBoMy npubanxeHuto Touky nokos (0, 0) creay-
IOLLUX CUCTEM:

&=z + 2y —siny? &= -z +3y+zsin
912.{ yosmes { 4 ¥

913.
g:—z—3y+z(e‘2/2—l). y=-z— 4y+l—cosy

& = -2z +8sin’ & =3z -22siny+a’ —
914 v 915. { y+a’ -y,
y=z-3y+dz =sinz — 5y +€° —|,
2 = —10z + 4e¥ — 4 cos & =Tz +42siny -y,
916. Y 917. s
y=2"-2-y+z. y= —3y—l+2z
. 3 1, 3 )
=-3 5 - a:--a:e -3y +sinz’,
918 {x 2:z:+2sm2y z'y, 919. g +si
y=-y-2z+z' -y Y= 2:c+ye”/2~y cosz.
3
d::zsin:c—7y(l—y)'/3+:c’, a:—-(e -1)- 911_*_3,7
920. 5 921.
y=§z—3ycosy—lly°. y--a:-smy+y
3
T=5r+ycosy— —, 2
922, . 923. { 3/3 )
y=3z+2y+%—y3e”. =-Jr - y
= =y — 5
924, { ST T H
y=22z-y.

§29. YcroiuMBOCTb peLueHui
anddepeHumnanbHbIX ypaBHEHUN
MO OTHOLUEHUIO K U3SMEHEHUIO
npasbiX YacTei ypaBHEeHUH

PaccMotpuM anddepeHumnanbHbie ypaBHEHUS
y = f(z,y), ()
y = f(z,9) +6(z,y), ()]

rae ¢yHkuun f(z,y) u O(z,y) HenpepbiBHL B 3aMKHyToi obnacth G
naockocth zOY u GyHkuus f(x,y) uMeer B 3TOi 06J1aCTH HEMpPephIBHYIO
d

YaCTHYIO MPOU3BOAHYIO 70
Y

Mycts B o6nactu G BbINOAHsETcs HepaseHcTBO |O(z,y)| < €. Ecam
= p(z) u y = Y(z) ecTb peiieHuns ypasHeHui (1) u (2) cooTBeTCTBEHHO,
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YAOBJETBOpAIOUIME OJHOMY U TOMY X€ HayaJibHOMY YCJIOBUIO <p|

g=2
Y| peg, = Y05 TO

lp(@) - $(a)] < 2 (X7 - 1), ©)

rne M = max |——
(o)€@l 09

W3 oueHku (3) BUOHO, 4TO ecu BoamyleHne O(z, y) npasoit yactv (1)
NOCTaTOYHO Masio B o6nacTM G, TO Ha KOHEYHOM MHTEpBAle MU3MEHEHUS T
Pa3HOCTb pelueHuit ypaBHenni (1) u (2) 6yaer Manoit no abcontoTHoM BenU-
yuHe. DTO No3BonsAeT NpUBAMKEHHO pellaTh CIOXHble AnddepeHUHaNbHbIE
ypaBHEHHs TNYTeM 3aMeHbl UX Pa3yMHO BhIGpaHHBIMM YpaBHEHUAMM, pellae-
MbiMU nipolue. TMocneaHee o6CTOATENLCTBO MOXET GbITh MCMOJAL3OBAHO NpH

pelleHnH anddepeHUNANbHBIX YPaBHEHU M, CBA3AHHbBIX C 3ajayaMyd GU3NKK
WIIN TEXHUKH.

Mpumep 1. B kBappare Q{—% €£z< %; —% €Y < %} HawuTu
NpuBNMXeHHOe pelleHue YPaBHEHWR

y' = sin (zy), (4)
YAOBNETBOPSIOLLEE HAYANEHOMY YCAOBUIO

Ylamo =01, (5)

1 OUEHUTbL NOrPeLUHOCTb.
PeweHne. 3ameHnM ypaBHeHHe (4) ypaBHEHHEM

v =2y, (6)
y|z=0 =0, (™

YpasHenue (6) npu HauansHoM ycnouu (7) umeeT pelerue y = 0,1 ce®'! 2 kotopoe

2’2
B cuny TeopeMbl CyLECTBOBaHMA M €AMHCTBEHHOCTH DeLUEHMs ypaBHeHue (4)
NpH HAYAILHOM YCIOBUM (5) MMeeT eQMHCTBEHHOE pellieHHe Y = (Z) U B Ka4yecTBe
2
NPUGAHXEHHOTO pelleRrus 3anaun (4)—(5) MoxHo B3aTe y = 0,1 - €% /2 — pewenne
3agauu (6)-(7).
OueHUM pa3HOCTb

11
ns Bcex ¢ € [— =; = | He BbIXOAMT U3 OCHOBHOTO KBanpata Q.

1 1
=lp(z) - $(@), -3 <2 <3,

rae ¢ = 0,1 ’1/’ — pewenue 3anauu (6)—(7). B maHHoM cayyae f(z,y) = 2y

9 3
f} |z] € =. Mo dopmyne Teinopa |sinz — 2| € I? , NO3TOMY B KBaapate Q
. |zy® 1 1
- € = & — = —,
|sinay -2yl € == < 5575 = 33
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1 1
BocnonbsyeMcs oueHkoit (3), B3sB ¢ = —, M = max —’ ==
y ® 388 ayee |0y 2
A= @) - @) € = (2= 1) < =, z€|-2i1].
192 650’ 2°2
Hetpyano Bumers, uto pewenue ¥(zx) 3anaun (4)—(5) He BbLIXOAUT M3 OCHOBHOFO
KBaaparta Q. >

3apaun AN CaMOCTONITENbHOrO peLleHus

YcTaHoBHTb, HACKOBKO Pa3oiayTesl pelleH s JaHHbIX ypaBHEH U, yA0BIeTBOpAIOLINE

OLHOMY W TOMY Xe HayaibHOMY YC/OBHIO Y|,_, = Yo H8 3a0aHHLIX MHTEpBaax

(m0 =0):
925, y' = -]-%; +a?, ¢ = 7 :,-a: +a?+00Isinz na [0,1].
- si 2 - 2 cos T
926. yl =e siny/(1+2 )’ y'=e siny/(1+2%) 76(711_4) Ha [0,2]‘

1 |
927. y' = 3 arctgzy, ¢ = 3 arctg zy + 0,001e'zz Ha [0,1].

§ 30. Kpurepmii Payca—Ilypsuua

[Myctb uMeem NHHeliHOe aMddepeHUMaNbHOE YPABHEHHE C TOCTOAHHBIMU
BelLeCTBEHHbIMU KO3hULIMEHTAMU:

aoy(") + a,y("") +...+a,y=0 (ao,ai,...,a, =const, ag>0). (1)

HyneBoe peiweHne y = 0 ypaBHeHus (1) aCUMNTOTMYECKU YCTOAYMBO,
€CNM BCE KOPHU XapaKTepUCTUUYECKOTO YpaBHEHHS

TN ZaA" +a AP+ e, =0 )

UMEIOT OTpULIaTEe/IbHbIC BELLECTBEHHbIC YAaCTH.

Kputepuit Payca—Iypeuua. J1a mozo umobut éce kopru ypaerenus (2)
UMeau ompuyamensHoie GellieCmeerrbie yacmu, Keobxodumo u docmamouro, 4¥mo-
61 6bLAU NOAOHCUMENbHVIMU 6CE 21aGHble OUA2OHANbHbIE MUKOPY Mampuust Typ-
suya

a a 0 0 0 O 0

a3 a3 a; a9 0 0 0

as as a3 a; a, a ... 0 |]. (3)
0 0 0 0 0 O an

Marpuua Iypsuua cocrasasiercst Tak. 1o rnaBHo# anaroHanu BbinuchbiBa-
10T Ko3buLMeHTbl MHOTOUNIEHa (2), HauMHas C @, ¥ KOHYas a,. CToNGLbI
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COCTOAT MOOYEpEeAHO M3 KOSCle)MLlMeHTOB TOJIbKO € HEYECTHbBIMU WU TOJNbBKO
C YETHbBIMU WHACKCAMHU, MPHUYEM B YUCJIO NMOCAECAHHUX BKIIOYAETCA KOS(beM[lH-
€HT ay. Bce ocranbHble 3/71€MEHTHI MaTpulbl, OTBEHalOLWHE KOSdJCbMLlMeHTaM
C MHAEKCaMM, OONbLIMMU 1. UAU MEHBLUUMH 0, nojnaraloTcs paBHbBIMHU HYJIO.
ImaBHble AMaroHaabHble MWHODbB! MaTpHULbl prBuua UMEIOT BUI

a; a 0 0
a a a a0 a3 a; a, 0
1 %0
Ar=a, fo= as ax|’ Ay=la3 ay a1, ..., Ay=]|a5 64 a3 0
Qs Qg Q3| | rreeereeeeeeeeenn

0 0 0 a,

Takum o6pa3oM, ycioBue [ypBuua rJacuT: 048 ycmoiuueocmu peuieHus
y = 0 ypaenenus (1) Heobxodumo u docmamouro, ¥mobvt 86INOAHAAUCH COOMHO-
wenus

Ar>1, A>0, ..., A, >0 4)

Tak xak A, = a,A,_y, ycnosue A, > 0 MoxeT ObITb 3aMeHEHO Tpebo-
BaHWeEM a, > 0.

Mpumep 1. NccnepgosaTtk Ha YCTOWYUBOCTbL HYNeBOE pelleHne ypaBHeHUs
y"V +5y" +13y" + 19y’ + 10y = 0. (%)
PeweHune. CocTapnseM XapaKTepHUCTHUECKOE ypaBHEHHE

FA) =2 +528° + 1307+ 192+ 10=0.

3pech ag = 1, ay =5, a3 = 13, a3 = 19, a4 = 10. BuinucoiBaem auaroHaibHblE
MuHopsl [ypsuua

S 1 0 0

A|9 B s 0 _le o5 Yl
=0 10 19 13 =4240>0, A;= =424 >0,
0 0 0 10 0 10 19
5 1
A, = 19 13 =46>0, A =5>0,

T.e. A >0, A, >0, A; >0, Ay > 0,. CnenpopaTenibHO, TPUBHATLHOE pEIEHHE
y = 0 ypasHeHus (5) aCHMNTOTHYECKH YCTOMUMBO.

BbiyncieHHe MOXHO, HanpuMep, OpraHu3oBaTh Tak. COCTaBIsfEM CHayala cTap-
wuit MuHop Iypsuua A,. Io HeMy Jierko BbLIMUCBHIBAIOTCA BCE MIAILIME MHUHOPbI

Aqa_yy..., ). 3aTeM HauMHaeM BBIYUCAATL mocienosaTenbHo A, A; u T.a. Ecan
BCTPETH/CS OTPMLATENbHbIN MHHOP, PELIEHHE HEYCTOMYHBO M NaNbHEHILMI MOACHET
HE HYXEeH. >

3apaum ona CaMOCTOATENbHOrO peLeHus

Wccnenosath Ha ycTOHYHBOCTD HY/IEBOE pelieHUE CEAYIOINHX YPABHEHMIA:

928. 3" -3y +2y=0. 929. y"V +4y" +7y" +6y +2y=0.
930. y" +5y" + 9y + Sy =0. 931. "V —2y" +¢" +2¢y —2y=0.
932. 4"V +7y" +17y" + 17y + 6y = 0. 933. y"” —3y" + 12y’ — 10y = 0.
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934. y'" + 5y + 18y" + 34y’ + 20y = 0.

935. ¢V +7y" +19y" + 23y’ + 10y = 0.

936. y" + 11y" +41y" + 61y’ + 30y =0.

937. y' + 3y —5y" —15y" + 4y’ + 12y = 0.

938. y" + 7y" + 33y" + 88y" + 122y + 60y = 0.

Mpu xakux 3HayeHUsX a GyIeT yCTOHYMBO Hy/NEBOE PelleHHE yPaBHEHHIA:
939. v +2y" +ay +3y=0.

940. ylv + aym + 2yu + yl + 3y =0.

941. ylv + 2ym + ayu + yr +y=0.

[Mpu kakux 3HaueHusx a, B GyaeT yCTOHUMBO HyNeBOe peLIeHHe YpaBHEHHIA:
942. y" +ay" + By +y=0.

043. ylv + 3ym + qyn +2yl +'3y =0.

§ 31. NeomeTpuyeckuii KpuTepuii yCTOMUUMBOCTHU
(xputepuit Muxainosa)

PaccmoTpuM NuHeltHoe auddepeHumnanbHoe ypaBHeHHe n-ro nopsika
C MOCTOSIHHBLIMH BELLECTBEHHBIMU KO3 U LIMEHTAMU

aoy™ + a1y + .. +ay=0. (1)
Ero xapakTtepucTiueckoe ypaBHEHHe
FA) =aA" +a A"V ta,=0. )
Kputepuit Muxaitnosa no3BoisieT peliuThb v)

BOMpPOC O PacroNOXEHUH KOPHEN XapaKTepu-

CTHYECKOrOo ypaBHeHMs (2) Ha KOMMAeKCHOM
MJIOCKOCTH W, CJIef0BaTeNbHO, PELINUTh BOMPOC

06 YCTOHYMBOCTH HYJIEBOTO PElLIEHUsI ypaBHE-
Hus (1). Monaras A = iw, nonyyaem

[ (iw) = w(w) + iv(w), _/

u(w) =aq — an—2w2 + a,._4w4 — e, Puc. 45

roe

V(W) = Gpo W — B3’ + ... .

BenanuuHy f(iw) npu 3ajaHHOM 3HayeHUW NapaMeTpa w MOXHO M306pa3nTh
B BHIE BEKTOpa HAa KOMILIEKCHOM TMJIOCKOCTH U,V C Ha4yajioM B Hauale
KOOpIMHaT.

[pu u3MeHeHHUH w B UHTepBale (—00, +00) KOHEL| 3TOrO BEKTOPA OMKn-
LT HEKOTOPYIO KPMBYIO — Tak Ha3biBaeMylo kpueyio Muxaiinosa (puc.45).
Tak kak ¢yHkuus u(w) ueTHas, To Kpusas MwuxailioBa CHMMeTpHYHA
OTHOCHUTENbLHO oc Ou U MO3TOMY AOCTATOMHO CTPOMTHL YacThb KPUBOI, OTBe-
yaloLLyio U3MeHeHHI0 napameTpa w oT 0 10 +00.
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Ecnn mHorountien f(A) creneHu n MMeeT m KOPHEH € MONOXUTEIbHOM
BElIECTBEHHOMN 4acTblO U N —m KOPHEH € OTpULATENbHOMN, TO Yro/ ¢ NOBOPOTa

T
BexkTopa f(iw) Npu U3MeHeHWH w ot 0 N0 +0o paBeH ¢ = (n — 2m)-2—.

flcHo, yTO QNS ycTOMYMBOCTM pelueHus ypaBHeHust (1) Heobxomumo
M 0OCTaTOYHO, 4ToObl M = 0.

Kputepuit Muxainosa. /s ycmoiusocmu nynesoo y = 0 pewenus

ypaenerus (1) Heobxodumo u docmamouHo, 4¥mobut
1) eexmop f(iw) npu usmenenuu w om 0 do +00 coeepusua nogopom Ka yeon
g

¢ =mn—, m.e. coeran — obopomos npomue 4acogoii cmpeaxu;

2) eodoepagh f(iw) npu uzmenenuu w om 0 do 0o He npoxodua wepes Hauaro

b
Ortciona cneayer, 4To sl YCTOWYMBOCTH pelleHust ypaBHeHus (1) we-
06x00umo, 4TOGbI BCE KOPHM ypaBHeHWilt u(w) = 0, v(w) = 0 Gbiiu BeLue-
CTBEHHbIMU U NEpeMeXaloWMMKCS APYT C APYTOM, T. €. MeXAy JIo6LIMU ABYMsl
KODHSIMU OJHOTO YpaBHEHHs JOMKEH HaxoAUTbCSl KOPEHb APYroro YpaBHEHHUs!.

Mpumep 1. WUccnepoBats Ha ycToW4M-
BOCTb Hynesoe peweHue y = 0 ypasHeHus

y'v+y"'+4y"+y’+y=0.

Peiwenue. CocTaBaseM XapakTepUCTUYECKH
MHOrouneH

T =2+ X0+ +a+1

Hanee,

Puc. 46

fliw) = w* —iw® =4’ +iw + 1,
uw)=w' -4l +1, vWw) =’ +w=w(l-w)(+w).
MocTpoum kpusyio (puc. 46)

u = u(w),
0 w< +oo.
v =9(w),
w|0|vV2=V3| 1| V2+V3
ul 1 0 -2 0
v 0 + 0 -
lim 2 =0.
w—+x U

Yron nosopoTa paauyca-BekTopa @ = 4% =(n- Zm)z. Orciona n - 2m = 4

WU TaK KaK n = 4, To m = 0, T.e. BC KOPHU XapaKTePHUCTHYECKOro ypaBHEHHUs nexar
B /I€BOM MOAYNJAOCKOCTH. 3HAYWT, TpaBHaibHOe peuleHWe y = 0 acMMNTOTHYECKH
ycToiYuBO. D
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3anaum AN CaMOCTONTESIbHOrO peLeHns

HccnenosaTh Ha ycTo#UMBOCTb ¢ NoMolublo KpuTepusa Muxaitnopa HyneBoe pelieHue
C/enyIOlUMX ypaBHEHMU:

944. 2" + 7y + 7y + 2y =0.

945. v" +2y" + 2y +y=0.

946. 2y" + 13y" + 28y" + 23y’ + 6y = 0.

947. 3y" +13y" +19y" + 11y’ + 2y = 0.

948. 2y" +6y" +9y" + 6y +2y =0.

949. y' +4y" +16y" + 24y’ + 20y = 0.

950. y¥ + 13y" +43y" + 513" + 40y’ + 12y = 0.
951, y" +y=0.

952. yIV + ylll + yl + y = 0'

953. y' +3y"V + 29" +y" +3y' +2y=0.

954. yv +y|v +ym + y"+y' +y =0.

955. 2y" + 11y" +21y" + 16y + 4y = 0.

956- yVI +yv+y|v+yu+y:+y___0.

957. 2y'"Y + 9y" + 32y" + 54y’ + 20y = 0.

958. 6y'Y +29y" + 45y" + 24y’ +4y = 0.

959. y' +y'vY +2y" +2y" + 2y + 2y =0.

960. yVI +yv + 3y|v + 2ym +4yu + 2yl + 23] =0.
961. yv +2y|v +ym +2yll+yl +2y =0.

§ 32. YpaBHeHus C mManbiM NnapamMeTpom
npuv Npou3BoAHON

Bo3bmeM auddepeHLHaNbHOE ypaBHEHHE

dz
_d-t- = F(t’ z(t)’ €), (l)
rae € — napamMeTp.

Ecnu ¢ynkuua F(t, z,€) B HeKOTOPOi 3aMKHYTON 06/1acCTH M3MEHEHMs
t, T, € HenpepbiBHA MO COBOKYNHOCTH apryMEHTOB U YAOB/ETBOPAET YCAOBHIO
Jlunwuua no o:

IF(t’ 3215) - F(t,$|,€)| S leZ - zll’

rae N He 3aBUCHUT OT ¢, Z, €, TO pelueHue (1) HenpepbiéHo 3aBUCUT OT €.
Bo MHorux 3agayax GU3MKK NPUXOAMTCS PacCMaTPUBATh YpaBHEH s BUAa

dz
E—r = f(to Z), (2)
rae € — Manbi#i napamerp.
Pa3nenus oGe uactu ypaBHeHUs (2) Ha €, NpuUBeaEM €ro K BUIY

dz |
-d_t = ;f(t’ (B), (3)
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OTKyZa BUAHO, YTO NMpasas yacTh (3) TepnuT pa3pbiB Npu € = 0, TaK 4TO TEOpe-
MOIii 0 HenpepbIBHOM 3aBUCHMOCTH pELLIEHU1 OT MapaMeTpa € BOCMONb30BaThCA
B 3TOM CJly4yae Hejab3sl.

Bonpoc craBMTCA Tak: MpPHU KaKUX YCJIOBUAX A MajiblX 3HayeHWi |¢|

dzx
B ypaBHEHUHM (2) MOXHO OTGPOCHTDH YjieH 671? ¥ B KayecTBe NpUOIUXeHUs

K pelieHnio aubdepeHuManibHOrO ypaBHeHus (2) paccMaTpuBaTh pelleHUe
TaK Ha3blBAEMOTO «BbIPOXIEHHOIO YpaBHEHUA»

ft,z)=0. “

MycTb An9 onpeaeneHHOCTH € > 0 U MyCTb BEIPOXIAEHHOE ypaBHeHHUE (4) nMeeT
JMWb OfiHO pelueHue = = @(t). B 3aBucuMocTH ot nosegeHus f(t, z) B61U3U
peweHus = = (t) ypaBHenus (4) pewenue z(t,e) auddepeHUHATBHOTO
ypaBHenus (2) npu &€ — 0 cTpeMUTCA K pellieHnio T = ¢(t) BbIPOXIEHHOTO
ypaBHeHUsl, 1M60 GLICTPO yaanseTcs OT Hero.

B nepsoM cnyuae peuieune x = ¢(t) ypaBHeHus (4) Ha3bIBAIOT ycmoiiuu-
6biM, BO BTODOM — HeEycmoi4ugbim.

WmeHHo, ecnu npyu nepexone yepes rpaguk peieHus = = @(t) Bbipo-
XAeHHOTo ypaBHeHusi (4) dyHkums f(i, ) c Bo3pacTaHueM T npu GpUKEHpO-
BaHHOM t MEHSET 3HAK C + Ha —, TO pelleHHEe BbIPOXAEHHOTO YpaBHEHUS
z = (t) ycTOYMBO U UM MOXHO NMPUGIUXKEHHO 3aMEHUTb pelieHue z(t,€)
ypaBHeHusi (2) (puc. 47).

x T
A A fz.050

NI

pLE e tle=e0
* ’(to’zo) *‘
p! g
etz b
+r‘ RAR!
HI Y <o

0 \ t

\
\
—

0

Puc.47 Puc. 48

Ecan xe ¢pyHnkuus f(t, z) MeHsET 3HaK C — Ha +, TO pelueHue = p(t)
BBIPOXIEHHOTO ypaBHeHusl (4) HeyCTOMYMBO U 3amMeHsTb peluetue z(t, €) and-
depeHUHaNbHOrO ypaBHeHUs (2) peuleHHeM BLIPOXIEHHOTO ypaBHeHus (4)
Heab3s (puc. 48).

JlocTaTouHble YCNOBUS YCTORYHBOCTH MM HEYCTOMUMBOCTH BbIpaXaloTcst
CNEAYIOIMMH IPEIIOKEHUAMM.

1. Ecnua—fgﬁl

x = @(t) 6bipoxcdenHoz0 ypasrenus ycmoinuso.

< 0 Ha pewenuu = = p(t) ypasnenus (4), mo pewienue



§ 32. YpasHeHus ¢ MasbiM NapameTpoM npu Npou3BoAHOMA 221

af(t,
2. Ecau _f(‘(,;_a_:z > 0 Ha pewenuu x = p(t) ypasnenus (4), mo pewernue

z = (t) evipoxcdenHozo ypasrenus Heycmoirueo.

Ecnu BoipoxaeHHOe ypaBHeHue f(t,z) = 0 (4) MMeeT HecKONbKO pelle-
HUul & = p;i(t), i =1,2,..., m, mo kaxndoe us Hux AoAXHCHO Guimb UCCAE006aHO
Ha ycmotvueocms. Tlpy 3TOM noBeleHWE UHTETPaIbHLIX KPUBbIX AMGdepeH-
uMaIbHOro ypaBHeHus (2) npu € — 0 MOXeT GbITh Pa3IMYHBIM B 3aBUCHUMOCTH
OT BbIGOpa HAYAIbHLIX YCIOBHI — HaualbHOM TOuKU (fy, Tg).

Bo3MoxeH Takxe noayycmoimugwii cnyMaii, xoraa dyHkuus f(t, ) npu
nepexoe Yepe3 KpuByio = = p(t) He MeHseT 3HaK (HanpuMep, eciu T = @(t)
€CTb KOpPeHb 4YETHOM KPaTHOCTH BbIPOXIEHHOro ypaBHeHHs (4)). B atom
cllyyae NpH MaJioM € WHTerpanbHble KpUBbie YpaBHEHHs (2) ¢ OLHOI CTOPOHBI
KpUBOH & = (t) cTpeMaTca K 3Toii KpUBOiA, a ¢ ApYroii — yfansioTcs OT Hee.

B nepBoM ciyuae Mbl rOBOpUIIM, YTO HavyaslbHas Touka (t, Tg) NPUHaLTE-
KHUT 00IaCTH NPHUTAXEHUSA NOJYYCTOHYMBOrO pellieHUs T = ¢(t), a BO BTOPOM
ciyyae — 06NacTH OTTAIKMBaHUS.

B noayycmoiivusom cayuae, kak npasuno, Heav3a 3ameHsams pewterue Ucxoo-
Hoeo ypasrerus (2) pewenuem goipoxcdennozo ypasrerus (4).

MoOXHO yka3aTb KPUTEPUM, KOTAa UHTErpaibHble KPHUBLIE YpaBHeHUs (2)
Npy COOTBETCTBYIOLEM BbiGOpe HavanbHOW ToukW (fy, £o) NpHbAMXKalOTCS
K PeleHUIo T = @(t) BLIPOXIEHHOTO YPABHEHUS U OCTAIOTCA B €10 OKPECTHO-
¢ty npu t > £y, OAHAKO 3TO CMpaBEeATMBO JIMLLb NPU OTCYTCTBMU BO3MYLUEHHU I
ypaBHeHus (2).

lMpuBeneM 3TH KPUTEPHH.

[ycTb B OKpECTHOCTH MOJYYCTOMYMBOrO peleHUst T = (t) BbIPOXIEH-
Horo ypaBHeHus (4) dyHkuus f(t, ) > 0. Ecam ¢'(t) > 0, To MHTerpabHbie
KpuBble ypaBHeHHs (2), mpubauxaiouidecs K KpuBoil z,= ¢(t), He MoryTt

nepeceub ITY KPHBYIO U OCTAIOTCS B €€ OKPECTHO- Ty ¢ 415

cti nipu t > to (HayanbHas Touka (fo, To) AOMKHA *’ yA T4y Y
HaxXoAMTbCA B OGVIACTH MPUTAXEHUS MOAYYCTOM- ) b4y yz=p(t)
yuBoOro peleHus & = p(t); eciu (o, To) HaxooNT- ti f’

ca B 0oONacTv OTTANKMBAHHA, TO COOTBETCTBYIO- } (to.zg Pt
1as MHTerpaibHasi KpuBasi ypaBHeHus (2) GbicTpo t 1 WY
ynansietcsi ot kKpuBoit ¢ = (t)) (puc. 49). Ecan (t«,-"-‘o)’ flz,)>0
¢'(t) < 0, To MHTerpanbHbie KpUBbie, npubauxa- 0 Tt
1oLirecs K rpaduky pyHKunn = = (t), nepecekyr Puc. 49

ero u ¢ ApYroil CTOpOHbI KpUBO#H T = (t) GbICTPO
ynanatca ot Hee. Ecnu ¢'(t) > 0 npu tg <t <t u o(t) <0 npu t > ¢,
TO NMPU NOCTaTOYHO MANOM € MHTErpalbHbie KPUBbi€, BHIXOAALUME M3 TOUKH
(to, zo), NpUHaLIEXalleli 0BNACTH NPUTAXEHHA KOpHA T = @(t), ocTaioTcs
BO.IM3M KpHBoil & = p(t) mpu tog+ 6 <t < t), & > 0; B OKPECTHOCTH TOMKH
t =1, OHM MepeceKaloT KpUBYIO T = (t) U 3aTeM ynansioTcs OT Hee.

Ecniu B OKpeCTHOCTH MOJNyyCTOHuUMBOro peieHus = = @(t) dbyHkuus
f(t,z) < 0, To MIs CnpaBeIMBOCTM BbICKa3aHHbIX YTBEPXAEHMWIl 3HaKu
y NPOU3BOAHON <p’(t) Hallo 3aMEHUTb MPOTUBOTIONOXHbBIMM.
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Mpumep 1. BbiACHWUTL, CTPEMUTCA Nn peweHue = = z(t, &) ypasHeHUS
dz
e— =t2 -z (5), € > 0, yIOBNETBOPAIOLLE® HAYANLHOMY YCNOBUIO

z|t=to = Ty, K POLEHUIO BLIDOXAGHHOrO ypaBHeHUs = = t2 npu t > to
me—0.

8f(t,z) _ B(t*-z) _
8z 8z

POXAEHHOrO ypaBHeHHMAA & = i’ yCTOMYMBO M, CNENOBATENBHO, PEUIEHHE WCXOAHOTO
ypaBHeuua ¢ = z(, €), Bhixoasulee U3 Ni060OA HauanbHOM TOUKM (Lg, To), cTPEMUTCH
K PELUEHHUIO BLIPOXAEHHOro ypaBHeHus npu € — 0 u ¢t > ¢y (puc. 50).

B atom MoxHO y6eauTbcsi HemocpeacTBeHHo npoeepkoil. Pewasi auddepen-
uManbHoe ypaBHeHHe (5) Kak /JMHellHOE HEOAHOPOAHOE MPM 3aJa@HHOM HaYalbHOM
yCoBuM z|,., = To, Halem

Pewenue. Hmeem

-1 < 0, Tak YTO pelweHue Bbi-

taaty
2(t, €) = (2o — £ + 26ty — 2e)e~ ™1V L 42 _ 2et 4 2¢?,
OTKyla HenocpeaCTBEHHO BUAHO, 4TO NMpU t > &y, T.e. t—ty) > 0 u € — 0 umeem

z(t,€) — 82, >
A , A A J o=t
z=Inz
0 -
0 t t
l(t09z0)
Puc. 50 Puc. 51 Puc. 52

Npumep 2. UccneposaTb Ha YCTOMYMBOCTb POLUEHWUE BbIPOXAGHHOrO Ypas-
HEHUS AN\ YpaBHEHWUS
dz c
e— =z(e” - 2).
PeLueHue. BoipoxaeHHoe ypasHerue z(e® —2) = 0 UMeeT ABa peLueHUs

Nz=0, 2)z=Im2

HUmeem 81(t, )
T
8_‘; z=0 - (ez -2 +zez)l3=0 = —"
TaK 4TO peweHmne ¢ = 0 ycroituuBsoe;
af(t
bthz) =(e* - 2+z2e’)|,_,,,=2In2>0,
oz z=In2

TaK 4To peweHne T = In 2 BLIPOXAEHHOrO ypaBHeHUs HeycToluusoe (puc. 51). >
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Npumep 3. Uccnenosath Ha YCTOWYMBOCTL PELUBHWUE BLIPOXAGHHOrO ypas-
dz
HEHWRA, OTBEYAIOWEro YPasHeHWIo ea- =(z- t)’.

Pewenue. Buipoxaentoe ypasHenue (¢ —t)? = 0 umeeT KopeHb T = ¢ BTO-
poit kpatHoctH. Dyukuus f(t,z) = (z —t)> > 0 B OKPECTHOCTH 3TOrO KOpHS,
p() =t n ¢'(t) = 1 > 0. Cnenosarensho, pewenne ¢ = t — MoAYYCTOHUU-
BOE, M eC/IU HaualbHasi TO4Ka Py, Ty JIEXWUT B MONYMJOCKOCTH MoA mpsmoit & = ¢
(o6nacTb NpUTAXEHUS KOPHA T = t), TO MHTerpaibHas KpuBas z = z(i, €), BbIXOAA-
was u3 Touku (fy, Zo), 6yaer npu t > tp ocTaBaThCs B OKPECTHOCTH JIMHUU & = ¢
(puc. 52). >

3apnaum AN CaMOCTOATENbHOIO peLleHns

WccnenosaTb Ha YCTOMYMBOCTb PELLEHMSI BLIPOXIEHHbIX YPaBHEHUI ans creaylowmx
anddepeHunaNbHbIX YpaBHEHUMN:

dz _ ) iai_ 4 _
962. edt—a: t. 963. egt—a:(t+l z).
964. e——(z-t)(z—e) 965. ed—f=z‘-t2.
966. e—=zt. 067. e%“f=(z-t)(nnz-t2-1).
968. e-— (t + ). 969. 2% =g —t41.

dt




OrBeTsi

1. Ecnu y(z) sasnsercs pewieHuem auddepeHuuanbHOro ypaBHeHHUs, TO OHO oGpaliaer
€10 B TOXAeCTBO. [103TOMY, ec/u ypaBHEHHs a) U §) MMEIOT COBNAAIOLLEE PELIEHHE, TO

MX JIEBBIE, 2 3HAUUT, U IPABBIE YACTH TOXAECTBEHHO PaBHBbL: Y2 +28—z* = —y? —y+2z+
1
2? + 2*. Orciona Haxomum y = o2, y = —2* — 5 Bropas dbyHKUMS He YIOBIETBOPSIET

YPABHEHHIO a) M, 3HAYUT, JOMXHA 6biTh oT6powena. Monyuaem: y = 2.
13. y=0.

1
17. a =arctg 7
1r

18. = ‘Z

19. ToukH 3KCTpeMyMa WHTErpalbHBIX KPUBbIX HaXOAATCA Ha NpAMO T = —1.
20. Touku nepern6Ga HHTErPATbHBIX KPUBLIX HaX0AATCA Ha napabone y = z? 4+ 2z.

21, k=-1 k=0 Y4k=1
N

o

NN

N\
N
N

Puc. 53

24. y

//7(/ z
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25.

26.
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31. Y 32. 4
k=-1 \ k=1
k=0 0 z z
7
/ Puc. 64
Puc. 63
3
41, y(z) =0, y(z)= ! -l;z y yax)= %(33 - 4z + 422° - 72* - 22").
z? 2
42. y(z) =0, yi(z)= 7 !Iz(‘:) =5 +% ;
43. yo(z) =1, y.(z)=l+z+-z—, yz(z)=l+z+a:2+%.
44. y(z) =2, y(z)=2+z- ;”J’ y(e)=2+z+2' - gz’ - %z‘.
45. () =2, y(@)=2z-Inz, p(z)=2+In 2z,
46. arctgz +arctgy=C, wwm z+y=C(1-ay).
47. (1 +y’) =C. 48. y =sinz.
49. y=1tg InCxz. 50. Vi+zt++/1+y2=C.
51. Vi-a2+/1-yi=1, y=1 52, " =C(1-¢7).
53. y=1. 54. a"+aV=C.
55. 1+¢' =C(1+2%). 56. y =sin[C +In (1 + z?)].
1
z = .
57. arctge® = 2oty T 58. y=(1+Cy+Iny)cosz
59. z+C=ctg y;w+§). 60. b(az + by +c) +a = Ce™.
= y =-1
61. a:+y—-atg(C+a). 62. y= m
63. y=atg 5 -1 64. tg% = e,
65. y =3y, y=-2%.
z y a?
66. [ydt=a’lnZ, y= (runep6ona).
0
67. Z—: = 20-:-’-, = 50v29 cm/c.
dv a2 _ h(v. - vo) _ 3
69. ma =kv, t= vov; In (v,/ve) ~ 401In2,5 ¢
dv 5In10
70. me = kv, T 03 c.
dT 1\
72. E:k(T—To), T=20+80( ) , t=60 MuH.

2
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— e
—_— ———

73. y'=n%, y=Cz". 74. % =kS, §=25.2"°,
75. 18,1 kr; Z—: =k (% - %), k — x03¢dHUUHEHT NPONOPLHOHANLHOCTH.
76. 5,2 kr; ‘;—::- =kez (%—6'2 - %) 77. zy=C, (C#0).

78. 0,82 kr; % = ks(s +6). 79. 32,2 muH.

80. T= gz; 864000 - 4,2 Ox; -g— = -%, rae @*= const.

83. y=0, s a < | peweHne eAUHCTBEHHO.
Vs
85. y=(n+1)a+C, n=0,%1,%2....

86. y==C.
87. y=(—l)"(zarcsinz+\/l-—zz)+n1r:c+C, n=0,%l1,%2,....
88, y=¢"+C.

89. y=nwz+C, n=0%1,%2,....
90. y==z(lnz-1)+C.

o1. y=zarctgz—%ln(l+zz)+mrz+c, n=0,%1,%2,....

(V3 1 2 1

92. y = arcsin (T - ;) + 5m. 93., y = arcctg (;) + 7A + 3n.
1 9 1 T 7
94, y =2arctg (l - m) + 5> 95. y= Earctg (-2- +arctgz) +51r.
96. y=0. 97. y=1. 98. y=-m.
99. y=arcctg%+§1r. 100. tg%=ln0z. 101. y==z(C-Inz).
102, y = ze'*°®, 103. (z—y)InCz ==.
104. y+Vy? -2 =Cz?, y=2, y=-z
105. 2z =(z - y)InCxz. 106. y* - 3zy +22' =C.
107. y* +2zy -2z’ =C. 108. y=1+(z—-1)InC(z-1).
109. (z+y-1)(z-y-1)*=C. 110. y’ - 2zy -2 -8y + 4z = C.
111, y* - 2zy -z’ + 4y =C. 112, y? +3zy+ 2> - 52 - Sy =C.
113, (dz+2y+1) =4z +C. 114. 2 +3y—-In|z-2y|=C.
15, (z+y-1)+22=C. 116. y’=zInCy’.
117. Cz* =y + 2. 118, 2y +1=Czly’ - 1.
3
119. 2arctg%=ln(w2+y6)+0. 120. z’ +y’ =Cxz.
121, y= %(Cm"" - éz'*"). 122, y’=2Cz +C.
123. y= %(Cm’ - é) 124. 2* +y* = Cz*.
125, y=Ce™® +¢™°. 126. y==z -z’
2

127. y = (C +2)e". 128. y = (C +z)e™™.
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129. y= . 130. y = Cz’ +z’sinz.
cosz
_sing _ 3
131. y—coszz’z 132. y=(C+z’)Inz.
133. z=Cy—y7. 134, y=1.
135. =z = £+ylny‘ 136. z=(C+y)e"’2/2.
y
137. y = (C +z%)e". 138. y=(C+z)e!'™".
139. i(t) = mlb’, sin 2nmt + 2nwL(e ™" — cos 2nnt)] + Le ®IE,
- dq q
- _eteRy. RY _p_ 9
140. ¢ =QE(1 —-e¢ ) Rdt E Q
kfpm om0 _
141. v = 5 (t 0 + k;e ; om— =kt — kv, v(0)=0.
142. y=Cz - 2%, y-zy =z’ 143. y=Cvz -z, y—zy’:z—;j
144. y(z) = yi(z) + Ce™ /7%, 145. y = y,(@) + Clya(z) — 01 (2))-
148. y=2°"" 149. y=¢".
sinz z+1
150. y—T 151. y—m
1
152, y = 7 -1 153. y=e*=¢'/.
T
Ly=uz. 155, y= —.
154. y==2 55. y sin:c]
156. y= . 157. y= ——.
y=cos® Y= T+ ce?
158. y’ = (z + C)¢". 159. z’¢V =C +y.
—z?
160. y=ce —. 161. Vy+1=Ce".
162. y’Inz = C +sinz. 163. y’(C —z)sinz = 1.
1
164. y4+2z2y2+2y2=C. 165. y = W——I.
166. siny = (z + C)e®; =z =siny. 167. ny=(z+C)e*; z=Iny.
2 2
168. siny=z +Ce™®; z=siny. 169. z-2+Ce > =¢€'/?; 2= &'/
2
170. gy = (C+z')e™™; z=1tgy. 171. zy=C.
2_.2
172, y=(z + 1)é. 173. y=2-(2+a%)e *)2,
174. y = cz"'~/", 175. ' + 2%y’ +y* = C.
T
176. =’ +3z’y* +y* = C. 177. V22 +y?+1n Izy|+§=C.
3
178. 22 gy +y* + Z—z =C. 179. 2’y + 22—y’ = Czy.
2 2,2
180. smy:c ‘ -;-y =C. 181. 2+’ — 2’ —zy+y* =C.
182. yV1+2*+ 2’y —yinz=C. 183. \/a:2+y2% =C.
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184.
186.

188.
190.
192.

193.
194.

195.
196.

197.

198.
199.
201.

203.
205.
206.
207.

208.

N
-
o

N
-
N

214.

216.

zsiny —ycosz + In|zy| = C. 185. tgzy —cosz —cosy = C.
y==z. 187. (2’ +y°)’ +2’(¥* -2 =C
1
zy(z’ +y’)=C. 189. zy’-2z'y-2=Cz; b=
Y _0r o, Y g oy
z—;—C, p= I191.a:ln|:l:|—y =Crz; K=
Sarctgz +2zy=C, z=0;, u=

1

v +2(Inz - 1) =Cz’; p==
2e"siny +2e"(z — 1) +e°(sinz —cosz) =C; p=e".
7 1
zz—;—3zy=C; p==

y?
1
2\2 2
C=z-y, p=—0.
(+y)C=2z-y; p @19
1
S S —
l+y" —z"=Cxz;, p,= 2, }l|—a-+—y5—_—zz—)2n
y-1=CVal+y% p=(@ +y)
y-c)P? =2 200. InCy =z +2¢*%, y=0.
y=2"+C, y=-z'+C. 202. zy=C, z'y=C.
2
y=%+C, y=Cée* -z — 1. 204. 4e7V = (z +2)** + C.
z? z?
y=7+C,l y=—7+C, y=Cez.
y=Cez+E, y = £2e72
1
y=Cz+5(z2—Cz), y=2z"
z=e'(p+1)+C, z=In|inpl+—+C,
209.
y=p'¢, y=0 y= -2
Inp’
2
{z—lnp+smp, 211 z=p -2p+2,
y=C +p(l +sinp) +cosp. y+C==p'-p’
(Inp+ 1)2 z=e’+C,
! 213. »
y=plnp. y=(@-1e, y=-1
ellP
z=acos’t,
215. )
y= C+e|/p 14— ) y+C=-asin’t, p=tgt
p
a:—S tg’t-—tgt+t)+C
y=asin’
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z—p+smp,
217.
y+C——p + psinp + cos p.
z+C= ln +sinp + pcos
218.{ lpl + sin p + p cos p,
y= P+P cos p.
+\/|-
219, z+C =2arctgp— ‘
—arcsmp+ln(l+p2), y-O.
z__._.__
220.
y=——+lnp—2.
z=2(1-p)+Ce?
221_{ ( p) "
y= [2(1 p)+Ce l(1+p)+p
cosp sinp
=TT T T
222. 2cos d
—————p—smp, y=0
Cp+2p—1 (o) (1 22
= —— a:-——2e ===+
223. AT 224, p P
_Cp+2p—l__l_ ( 2_3_)
T o2p-1 P p P
225.y=02+%, 4y’ = 27az’. 226, y=Cz+C?, y_-“’T
-1
227.y=Cz—CC , (y+1)2=4z. 228. y=Cz+av1+C?, zz+y2=a2.
229. 2=Cy+C?, 4z=-y. 230. zy = *a’.
Y3 23 _ 23 y=e )
231, 2" +y a’”, 232, y e+Ci+e"
233. y=sm]z+C+lz. 234, y=ay+Cz+l.
235.y=—;+m.

= —[a(z)y’ + b(z)y + c(2)],

dy

dz

dy a(z) b(z)
rrial ”[c(z)z o)

236. B aToM ciyyae

y—— — —
I = c(z)(py +py+l),
dy
epeMeHH aspensiiorcs. Umeem: C — de = - [ ————,
W nepeMeHHble pasnes S e(z) pfmy2+ny+p

238. y+2y =0. 239. 2’ +y’ = 2zyy.
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240. zy =yiny. 241, y? 4y —ay +y=0.
242, 4"~ 2y +y=0. 243. yy + 22y = y.
244, y" =0. 245, " + ;y" =0.
246. y" = (1+y"?)" 247. y"~y=0.
248. y" +y=0. 249. 22’ +y’ =C.
250. 2’ +ny* =C. 251. 22+ oy’ =C.
252, siny = Ce™".
253. y* =Cxz. 254. zy=C.
1 1 1
2565. y=Cz, ecan k=2; F—w:w, k#2
256. z’ +y’ =Cz. 257. =y’ =C.
258. p=C(1 - cos g). 259, y=Ce™,
260. y’ =4z +4. 261. y=0.
4

262, y=0, y= ﬁ:n:J . 263. Oco6bix pelueHuit Her.
264. a=0, y=0. 265. 4y+2° =0.

4
266. 4zy’ +1=0. 267. y=z- .

2
268. Ocobbix pelseHnil Her. 269. y= %
270. y=0; y=4daz. 271. y = 1.
272. y = 2" 273. y=z, y= —§
2 3 1
274.;+§=|. 275.y=z—z+c
276. y= CsmTz + cos z.
277. y'" =2sinz + i T+ CeTne,
278. ' -6y  +y' =C. 279. 15z%y-24zy’ - 128 +2y° = C.
280. 6y + 12y’ - 927y* + 22° = C. 281. 2+zyin’z=Cay; p= ;%/7
) ;
282, y= ce + (sinz ~ z cos z)e"’. 283. z=Ce¥ + y__;-_g + ;1-
2
284. y+C=2e- - +2Mn|l - al. 285. y* = Co? + 2*.
1

286. y(y - 22)’ = C(y — ). 287. y=Cz-1)+_.
288. z +y-— 1 = Ce®+V - 289. In Itg %l =C -2cos ;
290. y = C(3z* - 2z). 291, ¢’ = Cz’ + 2.

2
292, z+yeV=1+e. 293. In|z| - Y -c

222
294. In|2z -2y + 5| -2z +y-2)=C. 295. 2’y +2z=Cy.

296. 2’ +y’ =Ce™.
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1 z224z+1 2z + 1 2y — |
297. 5 In m - \/§(arctg \/3 arctg \/3 ) =C.
298. z = y’(1 + Ce'). 299. sinz +2ylnjy| - Cy =0.
300. 37 = Ce ™™ - 2¢°. 301. z* + 4’ =C(z’ +y).
1 C y"
302. ;—;i‘-l-m, n# -2
303. 7(3y —4z) + (40’ - 3b)) In|7(z + y) +a’ + )| =C
304. zeV'F =C. 305. y(l1+z+Inz)=1.
306. y[sin (Iny) + cos (Iny)] = z[sin (In z) — cos (In z)] + C.
307. (z— 1+ V22 -2z +5)° =C(3y — 1+ /9y? — 6y + 2).
308. (z—y)(z+7y—4)=C. 309.::+2y+3l2n|z+y 2| =5.
310. y2=Ce”2/’. 311, 2arctgy 3+InC(y+2)--0
312. Ipu nepexose OT KPMBOiIt K CHMMETPHYHOI i KpuBoOil oTHocHTeabHo O(0, 0),

nepeMeHHble I, Y,y 3aMEHAIOTCA Ha —T, —Y, Yy W JaHHOe ypaBHEHME CHOBA yIOBJe-
TBOPSIETCS.

313. [ing Toro, utobbl mpsiMas y = kz + b Gbina MHTel‘paJleOM JINHKE JaHHOro
ypaBHEHMs1, Heo6xom4M0 ¥ JOCTATOYHO B CHIy paBeHcTBa y' = k, uTobbl ¥y = kx +b =

k+xzk* 1.e. k=0 nm k=1 n b= k. Orcioga nonyyaem apa pewieHus: y = 0
my=zc+1.

314. 3y’ -2z =C.

315. y=chz un y=1.

317.

327.

a) He MoryT; 6) He MOryT; B) MOrYT,
5

T
y=m+C,z +C2$ + Csz + C,.

328. y=:—4—sinm+C,m2+sz+Cg.
329.y=m2—)5. 330. y=(z—-2)e" +z+2.
5

331. y—a; Inm—-l§a; +Ciz + C;. 332, y=C 2’ +C,.

333. y=C,Injzl + C» 334. y=Cie* +C,.

335. y—-3—+C.a: +Cz 336. y=C.a:(In:z:—l)+C2.
2

337. y = (Ciz — C})e/* 4 ;. 338. y = %msﬂ

339. y=C; + Cyz —sin(z + C)). 340. y=C2’ + Gz + C.

341. y=ch(z+C) +0C,. 342. y=C,-In|C, - z|.

343. y=C; —cos(C) + x). 344. y=C, —In|cos(C +z)|.

3

345.y=(””—+§'—)——z+cz. 346. y==.

347. y = -2z. 348. y=C,—In|1 — =%,

349. (z+C\) ' +(y+C) =9

350. y=(z+C))In|z + C| + Cz + C;.

351, y = Cye”'". 352, y= !
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353. y= (1 ’”)3 354. y= —+
'y—< t3)- Y= T

1
355. y’=Ciz + C). 356. y = E(] + Cye%).

1

1 C)?
357. y=c,ch“”+02. 358.y=—[|+(—C'—””+—2)].

| CI 4
359. y=+v2z -z 360. Ciz+C,=1n y-fC ‘
I
361. y=—Injz - 1. 362. ycos’(z+C) = Ch.
4 2 2 2 _
363. Y= (_1:—_2)2- 364. (:E - C|) - Czy + kC'2 =0.
365. MMapa6ona.
d’z k
366. G = T g2’ A€ T — PacCTOAHHe Tena OT UeHTpa 3eman; t=x122u.
dz _k :_ @ 2 .2
367. mF—F, z —C—IX(t-I—Cz) +Ci; a ——n;.
d’z dz\’ m_ e'+e™ m kg
368.mdt =mg— k(dt) z—;ln—z———zlnchat, a=4/
1
369. Cz =y*' (k > 5).
370. (m +C) +(y+ Cz) = rie R = const.
371. HeT. 373. Her. 374. [a.
375. Lla 376. [a. 377. Her. 378. Her.
379. Her. 380. Her. 381. Her. 382. Her.
383. Her. 384. Her. 385. Na. 386. Her.
389. 1. 390. —5 (x #£0). 391. 0. 392, 7%,
1

393. 0. ] 394. —8sin’z. 395. -7
396. iﬁ, lz| < . 397. 0.
398. 0. 399. I —Inz, z>0.
a00. = Leve g 2o, 401. —e=.
402. —2¢7%. 403. 1.
404. L 410. 9" -6y +y=0.
411, y +3y +2y 0. 412, 2y" -3y -Sy=0.
413. y"+3y" +2y' = 0. 414, y" 124" +y=0.
415. y =0.
416. y 3y +2y=0, y=C€" +Cre”.
417. y -2 +y=0, y= (C. + Cyz)e”.
418. y -6y +13y=0, = e%*(C, cos 2z + C, sin 2z).
419. y -3 43 -y= 0 y = €e*(C + Cyz + C3z?).
420. y —y=0. 421. ' -y =0.
422. y' +4y +4y=0. 423. y" + 9y =0.
424, " =0. 425. y" - 6y" + 11y —6y =0.
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428. y" -3y +3y' -y=0. 427. y"' -4y +5y' =2y =0.
428. y" -y" =0. 429. y" +y =0.

430. y" - 2" +y' -2y =0. 431, " +2y" + 2y =o0.

432. y=C\e" + Ce™". 433. y = C ¥ + Cye~ ¥/’

434, y=¢*(1 +2). 435. y=e*(C) + C,z).

436. y = 4e” + 2e. 437. y=Cie* + Cye ¥ + Cye™ ™.

438, y = C\e" 4 Crel'tVP2,

439. y = C, + Cyz + C32* + C4z’ + €7*(Cs + Cyz).
440. y=¢" (C, cos ; +C,sin ;)
441, y=Ce¥ + e *(C;cos V3z + Cysin V3z).

442. y = e7*(C, + C,z) + € °(C; cos 2z + Cy sin 2z).
443, y =¢sinz.

444, y = €*(cos V2z + V2sin V2z).

445, y = C\e” + Cye™" + e7°(C; cos 2z + Cy sin 2z).
446. y=C\e® +Cre™ ¥ +€7*(C; + Cycosz + Cs sin z).
447. y=C, e+ Ce™® + C;e_h.

448. y =C, +€*(Cycosz + Cysinz).

449. y=Cie® + C1e > + Cycosz + Cysinz.

450. y=C +Ciz + C3a* + ... + Cyo2’.

451. y =e7*(C, + Cz) + C3e*. 452, y=C, + Cye® + Cye*2.

453. y=z+e°. 454. y,, = A2’ + Az + Ay

455. y.., = Az’ + A2’ + Ay, 456. y., = A;z' + Ay’ + Ay’
457. y.. = e *(4, + Az). 458. y., = e"*(4,z + A27).

459. y,, = e (4,2 + A2°). 460. y,, = Asinz + Bcosz.

461. y,, = z(Asinz + Bcosz) 462. y., = z(C) cos 2z + C; sin 2z).
463. y., = z(C) coskz + C; sin kzx). 464. y,, = e *(C,cosz + Cysinz).
485. y., = ze”*(C, cosz + C;sin z). 466. y., =C, + Ciz + C3a’.

467. y., = Cz + Cyx* + Cyz’. 468. y,, = C\z’ + C;2° + iz’
469. y., = C\2° + Cyz* + 32, 470. y,, = z(C, cosz + Cysinzx).

471. 8) yo. = (4, + Az + 4327)e", 6) Yon = (CiZ + Cz’ + C32’)e,
B) Yuu = (C 2} + Gt + ng‘)e"’, 1) Yo =(Ci + Crz + ngz)e"’,

1) you = (C12 + C2° + Ciz*)e'®, ) yo = (C,2° + Cyz* + Ciz’)e™.
472. a) y,, =C)sinz +Cycosz, 6) Yy, =2(C)sinz + C;cosz).
473. a) y,., = 2(C, sin 2z + C; cos 2z)e", 6) Yuu = zz(C. cos 2z + C, sin 2z)e".

474. y,,=Cz. 475. y.. = Ciz + Ci2’ + Cyz’.
476. y., = Ce. 477. y,, = Cze ™.

478. y., = (C,2? + Cy2’)e*. 479. y,., = Cz’e™.

480. y,, = (Ciz + ngz)e“/‘. 481. y,, = (C\z + Cyz?)e®.

482. y.., = z(C) cos 5z + C, sin 5z). 483. y,, = z(C) cosz + Cysinz).
484. y., = z(C, cos4z + C;sin 4z). 485. y,, = (C, cos 22+C; sin 2z)e™.

486. y.., = z(C, cos 2z + C; sin 2z)e™.
487. y.. = z(C, cos 2z + C; sin Zz)e”’.
488. y., = z(C) cos kz + C, sin kz).
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489. y,, = C (C = const). 490. y,., =C) + Cyz.

491. y,, = C (C = const). 492, y,, =Cz.

493. y,, = Cz’. 494, y,, = C (C = const).

495, y,,=Cz. 496. y., = ce’.

497, Yo = cz’. 498. y,,. = Czl.

499, y,, = Ce®. 500. y.,. = Cz’e™®.

501. y,. = (C\2’ + Cy2’)e™ . 502. y., = C, cos 2z + C; sin 2z.

503. y,, =C,cosz + C;sinz.
504. y,. = (4, + 4,2)sin 2z + (B, + B,z) cos 2z.

505. y., = zz(C. cos nz + C; sinnz). 506. y.., = C,cosnz + C; sinnz.

507. y.. = C,sinz + C;cosz. 508. y.., = Cz'e".

509. y.. = (C\z* + Cyz°)e”. 510. y = (C, + Cyz)e™* - 2.

511. y=C +Cye™* -z, 512, y = C) cos 3z + C;sin3z + 1.
2

513. y=C +Ciz+Ce™* + % 514. y=C, + Cyz + Cye’™/* - %z’.

|
515. y =C) + C1z + Cyz’ + Cee® + -G-z’.

3
516. y=C) + Cyz + Cyz* + Coe™ + %
517. y=C cosz + C;sinz + (Cy + Cyz)e” + 1.

518. y = (C, + Cz)e® + 941 + ; + % 519, y=C +Ce ™ + %2 - %
520. y = (C, + Chz)e* + 7 i Ve 521. y = (C) + Cyz)e™ ™ + da’e™,
522. y=Cie ¥ +Cre* - gze"'. 523. y=C, + Cye/" = 72* - 98z.
524. y=C, + Cre™™ - (%2 + ;)e"'.

525. y=C\e™ + Cye™™ + (202 - 52%)e .
526. y =(Cicosz + C;sinz)e™ + ;-

527. y= (C, cos ﬁz + C; sin ﬁz) e 4 -;-(o:2 -z + 1)’

2 2
528, y= Ce-Vord | CpelB-?" _ 16 cos 2:::2-; 12sin 2z

520. y=C cosz + C,sinz + zcosz + z’ sin z.
2mn cos nz + (m? — n?) sin nz
530. y = (C) + Cyz)e™ + (mi+ nD)?
531. y = (C,cos2z + C;sin 2z)e™" - %ze" cos 2z,
2cosmz + 3sinmz
al — m?

532, y=C,cosaz + C;sinaz +
533. y=C, + C1e” — (cosz + sinz)e”.

(la| # [m}).

534. y=C +Ce™* + -sl-(6 sinz — 2 cos z)e”.
535. y = (C, cosz + Cysinz)e ™ + Sze P sinz.
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T 1 7 z
536. y=C, +Cre " - [ — + — — — — |sinz.
36. y , + Che (I0+50)cosz+<50 20>smm
2
537. y=Ce” +Cye® — (% +z)e‘.

1 7
538. y=Ce* +Cre © + T (zz —-z4+ E)e“.

2 A1}
539. y=Cie” + Cre™ + (% -+ l)e’”.
540. y = C\e” + Cycosz + Cysinz — (z° + 3z + 1).
2
541. y = (C) + Cyz)€e” + Cycosx + Cysinz + -a;—e’,

542, y = (C, + Cyz)e® + =’ + 6z° + 18z + 24.

4 3

543. y=C|+sz+C;COSZ!+C4SinE+%+%—$2.
3 2

544, y = (C,+§-—%) cosz + (Cz+%) sin z.

545. y = (C, + Cyz)e™* + [(6 — z°) cosz + 4z sinz]e™".

546. y=Ce" + (Cz cos ?m + Cjsin ?m) ety %(cos.’r. —sinz).
547. y=(C, + Cyz)e® + (C3 + Cyz)e™™ + % cos z.

548. y = (C, + Cyz + C32’)e” - % sin 2z.

549. y = (C, cosz + C,sinz — ; cosz + z sin z) e=.
550. a) y =z(Cie* +Cye™), 6) y=Cie*+Che ",

B) y=2z(Cie" + Crze™), 1) y=Cie®+Cra’e™®
551. y,, = A€ + A =,
552. Y = :B(A]z + Az) + Bme_“.
563. y,n = Az + A; + B cosz + B;sinz.
554. y,, = Ae® + ze* (B, cosz + Bysinz).
555. Yun = Azz + Bze®.
556. y,. = Ae” + z(B, cos 2z + B, sin 2z).
557. y,., = A, cosz + B;sinz + A, cos 3z + B, sin 3z.
558. y,, = A,z + B, cos 8z + B, sin 8z.
559. y=Cie " +Ce”® -2z + | + €.
560. y=C, + Cye™® = 3z% — 2z + cosz + 3sinz.
561. y =2+ €°(C, + Cyz —sinz).
562. y=(C cosz + Cysinz)e ™ + ze” + e °.
563. y = (C) cos 2z + C; sin2z)e” " + e " — 4 cos 2z + sin 2z.

|
564. y=Ce” + Cye 1’ + 2(2:1:62z -5).
cos2r = )

565.y=C,cosZm+Czsin2a:+§(l— ) —EsinZ:c.
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566.

567.

568.
569.

570.
571.

572.

573.
574.

575.
576.

577.
578.
579.
580.

581.

582.
583.

584.

585.
586.
587.

588.

589.

590.
592.

y=C, +Cza;+C3a:2+C4cosa:+Cssinz+;—4—e_ .

1
y=(C.+C;z)e"+C;cos:c+C4sinm—%cosz+z(;—l)e’.
C +C, "+I” ]cos2 +Is'n2 +:':3 L)
= e -5 - — r 4+ — T+ — -z z.

y=trh 2° "0 20 3]
z

y=C,+Cza;+Cga:2+C4cos2z+Cssin2z+?+§+ D)

y = (C, cos 2z + C, sin 2z)e” + cos x + 2 sin z + 4 cos 2z + sin 2z.
-z -z 1 z ml 2
y=C,+Ce " +ze +§e +?—m + 2z,
4 1 _ 1
y=Cie" +Ce’ - 3¢+ 5~ 3% z - imek.

I 1
y = C, cos 2z + C; sin 2z + m(z sin 2z — cos 2:::) + ge’.
y=Ce" +Ce® 4+ 3(z? — 2z)e™® + 3(z? + 2z)e .
y=C,cosz + Cysinz — §c054m— %sinm+ 1.

1
y=(C cosz + Cysinz)e’™ +cosz —sinz + e + 5

1
y=(C,cosm+Czsinz+5—Esinz)e'.
cosz —2sinz e =z
=C4Ce¥ 42— = =
y 1+ 0™ + 5 773

y= (C. c0s2m+Czsin2m+%sin2m>e3+2m+ 1.

1 1
y=(C| + Cyz)e® + g(4cosm+3sinm)+ §c052m+a:+ 1.
cos 2z + 7sin 2z

y= (C| +C2:c)e_‘ + —25— +sinz + 1.

3 3
y= (C, cos §E+Cz sin ‘/T—m)e"/z —cosz+zi—z~2.

y=(Ci + Cyz + 92%)e™™ +sinz.
2si 3
y=C +Ce ¥ - co;a; + 515na: —]g(cos 2z + sin 2z) — g
y=C) +(C, + C3z)e® +z’ + 4z + Emzez.
1 1
y=Cicosz +C,sinz + 3 cos 3z + -z-zsinz.
y=C, +Ce* + C3e* + z — z° + cos z.
y=C +Ce® +Cye® + 1 coszT — ?—3 _2 + Ei:i(Za;2 - 3z).
5 124 8 232
y=Cz’ +Cyz’ + Cyz + Cs + Cse* + % + (% —4z)e=.
4

T

y=2-2z. 501. y =2’ + €.
y=2e>. 593. y = z’e”.

T 3z sin 2z
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504, y=e* - e + e 595, y=1-ze™".
1
506. y= (a: + %)e"' + 3(4 sinz — 3 cos z).
597. y =cosz + zsinz.
598. y =cos2z + %(sin 2z +sin z). 599. y =z cosz + z’sinz.
600. y = (cosz - 2sinz)e” + (z— 1)%e*. 601, y=ze* +z+e™°.
602. y =2¢° + (sinz —2cosz)e™" — 4.
603. y = —[rcosz + (7 + | — 2z)sinz]e®. 604. y =shz +z’
605. y=cosz +2sinz+e " + (2z — 3)e®. 606. y =2z - —\j-:,.-e"‘” sin ?z.
607. y = 2ze®. 608. y = -‘I; cos z.
609. y =sin2z. 610. y=-1.
611. y=cosz. 612. y=¢"".
613. y=e° +3. 614. y= -%.
615. y = (cosz + sin z)e”. 616. y = e * cos2z.
617. y = (z? + z)e". 618. y=C.z+%—.
1
619. y= ;(C| +CInz).
1 v23 . (V2
620. y= 75- C,) cos (—2— In 3) + C;sin (T lnz)].
621. y=C| +C2 In .
622. y=C\(z~-2)+Cy(z-2)".
623. y=C/(2z+ 1)+ Co(2z+ 1) In (2z +1).
624. y=C+ szz + C324.
625. y=C, +Cz’ + CyInz.
626. y=C +C(z+1)° +Cy(z+1)7%
627. y=C + 2z + 1)[czcos'"—(2§_£—'2+c,sin '1(_2_?\/_5112]
628. y=C cos Inz + Cysin Inz + 5(7 —-Inz).
629. y=Cz’ + %— + -l%(cos Inz — 3sin Inz).
630. y = -::;(Cl +Ci* +inz +2Inz).
631. y=Ciz+Cz’ + (27 + 2z) Inz + 1.
Cz z™
632. y = CC'|3+C? + o1 |m| # 1.
633. y= — + —: +Inlz-3Inz+2c+7.
z 2
634. y= :t_-l-][CI +CyIn (2+ |)+ In J(3:+ |)]
635. y=(z-2Ci+CyIn(z-2)]+z~ -g-



Orserwvi

239

636.
638.
640.
641,

643.

645.
647.
649,

650.

652,

653.
654.

655.
656.

657.
658.

659.

660.
661.

662.
663.
664.
665.
666.
667.

669.
671.

673.

y = C (1 +4z?) + Cre™®.
y=Cz'+Ci(z+1) -z
y = C, sinz + C; sin ’z.

637. y=C/(2z-3) + Cyz™.
639. y=Ciz+CyInz.

y = C) cos (sin ) + C; sin (sin z). 642. y=Ciz+CV1+zl+1.
C 2
y=;—'—+sz3+m‘. 644. y=C,a:+(Cz—z+f2-)c'.
1
y=Cicos(e™®) +C;sin(e™)+e™*. 646, y= % +Cye'l® - —n—iil + 1.
y=C\cose® + Cysine® + . 648. y=C (22~ 1)+ Cyz’ + 2.
d? k
-&t—f =z (z — nuHa ceecuBlLeiics yacTH uenu);
6
t=\/;|n(6+\/3_5)c, k=g, m=6.
d’s 3 d*s v}
thz— =12, S=02t"-t. 651. m? = %
d
-(-it—::=kzz, z = ae™.
y=(C, ~z)cosz + (Cy + In|sinz|)sinz.
y=Cee+Cr+ (€ +1)In(1+e7°).
=C\cosz + C;sine cos 2z
y="5 2 2cosz’ -
y=C, cosa:+Czsinz+sina:-lnItgil.
y=(C) +Cyz)e® — e In /1 + 22 + e*zarctg z.
y=(C, —z)e " cosz + (C, + In|sinz|)e™* sin z.
. cos 2z
y=C,cosz+C;sing + ——.
sinz
y=Ce® +C; —coseé’.
y=C +Ciz+Cie*+1—z+zn|z|
2
y=Ce® +C + (22 = 1)e”.
1
y=C|+Cztgz+-2-(l+a:tgz).
y=Caz(nz-1)+C;+2z(n’z~2Inz -2),
1
y=_C, z+5>e"'+02—m1.
y=Cjsing + C, + (In|sinz| - ) sinz.
1
=1 . = -,
y 668. y z
l 2 22 z
y=5arctg z. 670. y = 1+z—7 €.
I-Inz z
v=—"7 672. y=(z - 1)e’.
1
= ; 674. y= 1.
-y=0. 676. (z-1)y" —zy' +y=0.
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677. (z - l)y"—zzy'+(mz—m—- Ny =0.
678. y" =
679. zy —y "+zy —y=0.

|
681. y=C|y|+Czy|f;2-e Jrd g,
1

682. po(z) =W(z), pi(x)=-W'(z), pz)=W(y,n)

rie W(z) = W(y,,y,) — onpeneaurtens Bpornckoro.
685. p’ < 4p,. 689. v(z) = (/A P@d
691. p>0, ¢>0. 692. p=0, ¢>0.
693. Jonyctum, uto y(z) > 0 Ha (a,b). Tak kak pewenue y(r) yioBneTBOpsAeT BceM
ycnopusiM TeopeMbl Ponns, To maitnercs Touka € € (a,b), B xotopoit y'(§) = 0 u,
3HAUUT,
2
nay & T4
MporuBopeune, Tak Kak B Touke & = £ peweHue yY(r) MMeeT MAKCUMYM W NONXKHO
6bith y'(€) < 0. CnenosatenbHo, y(€) < 0. AHQIOrHYHO MOXHO [OKa3aTb, YTO
M B OCTAIbHBIX TOUKax £, €Cv TakoBble Haiaytcs, GyneM umers y(€) < 0. Orciona
cneayer, uto y(z) < 0 Ha (a,b).
706. a) A=k% k=0,1,2,...; 6) A=4k%, k=0,1,2,....
707. [pn nobbix A.

708. a) paspewuma, y=

> 0.

shz

shor
709. 1) A-w’ >0, y=C, cos2nrz+ C,sin2nrz;

2) A—w’=0, y=C =const;
3) A-w?<0, y=0.
710. y= /1 +4z -z 711. y=asinz.

6) He paspeluuma.

shz z .
712, y = T 713. y=—€"sinz.
714, y=¢°.

I —
715. =—3+—COSC,'(” a:)’ 0<a<l. 716. y=1-cosz.

a sinam

717. A=n, y=cosnz, n=12,....

1 1
718.)\—n+2, y=sin(n+5)z, n=0,1,....
719. y=(z—1)e"
720. y=Csinnz, n=0,1,2,...; C — npou3BoNbHasA MOCTOSIHHASL.
721, y=0.
722, y=C(zlnz—z +1), C — npou3BonbHast NOCTOSHHas.
2 2
723. y=0. 724, y—m——3-+ﬁ—....
2
725. y=Il+z-2"+.... 726. y=1+ S+
2zt 102’ 2 22’
727. y=$—T+T—.... 728. y—z+§+-—§'—+....
)2 )3
720, yo14 &2 @M

2 3T
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1 sinl , cosl—sinl 3
730. y=;+'%—!(1¢—66) T(m-—e) +....
T T 2z
731. y 3Ta “T!-s
z¢ =z
732.y=|+$2+§'+§'+...; (=ezz).
z? 4 (_l)nmln
733-y=C;[l—7+§—4—...+—2'4'“2n+...]+
z3 z° (-1)"z I+l
ol ]
z z 3z 3-5z
T4 y=— 4ttt
Hn 2n+4
%—+..., me (2n+1)!=1-3-5...2n+1).
3 4 745
735.y=—2+2m—m2+%—£4-+_6%_
22 22 22° 227 620°
736.y=]+_z__i+i__z_+._i_“..

737.

738.

739.

740.

741.

742.

743.

744,
745.

4! 5! 6! 7 8!

N NN A A
y=a y ettt et

c :c3+:c"+a;5 z6+29a:7+
te st ettt o0 )

B +z2+2m3 lz*  532° 269z
ety Tt T T
_ z o vz z? .
y=C, 2 +z'—. )+ GV ]—§;+§ N
(y = C, cos vz + C; sin V).

= an-1)...(n—k+1) n
y=C3_ k.

z 1-427 1-4.72°
y=Cll+-+—+——+... ) +

3 3-6 3-6-9

8z 8-1lz2 8-11-142°
G 1+ = ).
tor it et o s Yo T

y= Ca:"‘/z{ il +[ o -_E ]z2+ }
0 m+1 " |2Am+)(m+2)  4m+2) e

m
rae Co — MPpOM3BOJIbHAA MOCTOsAHHAA, p = —.

2- 2-a)(12-
y:Coz{l+ Gaa:2+[( al);o a)—-z%]m4+...},

rue Cy — MPOU3BOIbHASI NOCTOAHHAA, p = 1.
y= C[J]/;(Z(lf) + CzJ_;/g(zm).
Y= C]J]/;(I) + CzJ.,/z(:lf).
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746.

747,
748.
749.

750.

752,

754.

755.

y

y=

T z
=C\Jy <§) + CIYO(E) .

C\Jo(2z) + CrYo(22).

y = &2 [CJssu(?) + Crl_sja(z?)).

y
y

y_

y

= ¥z [C\ ]\ p(VE) + Cl-1 (V)]
= S[0@) + k().
=, cosnz + sin nz

- oy

1
3

x
. cosnz
=C\cosz + Cysinz — E

[Meproanueckux pelweHni Her.

1
751, y = —[C\J(22) + C:¥i (20)].

753. lepronnyecknx pelieHUn Her.

Ul — 1)
mﬂn(n 1)

756, y=C-§‘_, cos nz + nsin nz

&~ n(n?+1)
757. l'lepuonuqecmx pemeuun Her.
_™ » (n? = 4) cos nz + dnsinnz
758. y= +4§( 1) T a7
cos 2n7x

789. y= 'ﬂ tT é:( (nr? + )(dn2 = 1)’

ey 4n cOs Nz + (4 — n?) sin nz
o0, y= £ Sy e s
761. lMepuoanuecknx peleHuit Her. 764. f(z) ~ i
767. Na. 768. la. 769. Her. 770. Her.
771. Ja. 772. Her. 773. a) la; 6) Her. 774. Ja.
775. Her.

776.

778.

780.

781.

782,

783.

;
|
|
|
|

a: = 3C, cos 3t — 3C, sin 3¢,

y C, cos 3t + C| sin 3t.
-7t

z=-2""+ 3e ,
=e" +3e
z=Cet +Cre” ”,
y= Cie™t +3Cye” “* 4 cost.
z = (C, - C;) cost + (C + Cy) sint,

y = C, sint — C; cost + Cyé’,
z2=C, cost+C; sint + Cye'.
z=Ce™" +Ce¥,

y= Cge +C;e

z=-(C + c,)e +Cyet.

z=Ce -Cet+t-1,
y=Cie'+Ce =t +1.
z = (sint — 2cost)e”,

. {
. {

y=e"'cost.

z=Ce" +Ce™ + Cysint + C, cost,

y= C.e + Che”

t_ Cysint — Cycost.
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z=C +Ct+ Gyt

784, o) P
y=-(C +2G)t - th - Cag + C,.

785 T= (C| + Czt)et + Cge_u,
y=2(Cy - Cy - Cat)e' + Cye™™.

= .t
786. { " °) 787, {2
y=e-e. y=-—e.
1
¢ » +t=C|
r=e —2e )

788. { . Jt’ 789. ‘”':'y
y=e +2e z_y+t=C'z
= C;e"’c', l _ _]- =C

790. _C e 791. { =z y b
y_ae |+Clw=cze0|‘.
zz—y2=C tgz;y=C|¢',

792, _l’ 793. ‘
z-y+t=0Cy tg y=C;e'.
y=Ce, tg(z +y) =t,

794. 795.

Cizl=Cy-2e™ {tg(z—y)=t.
z=Ct gl =

796. - 797. z" =G,
y=Cze 32_y2=02.
32+y2=C|2, $y=C|,

798. ?yq=C? 799. 2
p+q 2y |nz=C2+t_.
zp+yg = Cy 2C,
ey’ =Ca-t 26 +3y+4t=C,

800. _ ’ 801. 2 )
y=Cu. P+ +t =0
""—t"'cz 1,1,

a X t°=C

802. el 805, {w2+y +f=C,
y=C|e'—-3-—?13, z =2zy—-y ' =Cs

=20\ - 4Cre™ = C. + Cye
y=Cie” + Cre y=C|—Cze2.
=0 — o2t _

806. {””_ ’ 8o7. { °7° T¢»
y=0. y=e? 2"

= -'3-C|e' - C;e'”,
z=-5¢"sint 1
808. ' 809. = SCiet +2C,e
{y=e”(cost-2sint). y=3Ce+20e 7,
1
z= -3'C|Ct - C;C-Zt.
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z =Ce¥ - Cye*,
810.
z= C,eu - C;e” - Cse'.
z=2"+Ce + Cye™t,
y= 9e2 + 3Ciet + Cret.

z = C,cost + Cysint +tgt,
y=-—C,sint+ Cycost +2.
z=C +2Ce +2¢ Inle' - 1],

y=-2C, —3Ce " -3¢ Inle' - 1].

812.

-]
Py
»

@
prs
(2]

@
-
[

z=C,cost+ Cysint+1,

—C,sint + C, cost.
—C,sint 4+ (C; — 1) cost,
Ccost + Cysint.

-t,
0.
= ~C;sint + Cycost + 1,
C.cost+C;smt+t -2
z=-Cit+C,—2e™" —cost—sint,

@
e
~

(=]
—t
©

II nnon

y
z
y
z
y
z

23.

y

H

824, .
y=C| —2e " +cost.

z=Ce +Cysint +C3 cost,
825.
z=C,sint+ Cscost+ 1.
z =4Ce% - Cyé',

y=C e +Cye.

T =4C.e'+Cze“ - 2,

827.

(=]
N
bt -
8 A A A A~ A A A A A A S N ——

829. i 830.

y=Cie' = Cre® — -,

z =Ci(1 +2t) - 2C, — 2cost — 3sint,
831. .

y=-Cit +C;+ 2sint.
832. z=¢ % —e-3t. 833.
834. z =sint. 835.
836. z = el +sint — cost. 837.
838. = = Etz. 839.
840. z=0. 841.

y=Cie¥ - Cye, 811.

813.

820.

822,

y= —Cé' + Cycost — Cysint +t, 826.

828.

-t

z=1-e€",
y=l—e_t:
z=2"" - 1.

{m:(l —t)cost —sint,
y=(t—2)cost+tsint.

z = C,cost+ Cysint +costlin|cost|+¢sint,
y=—C;sint + C,cost —sintIn|cost|+¢cost.

818.

z=C,cos2t + C,sin2t + 1,
{ y=Csin2t — Cpcos2t + 1.
z=Ce'+C + ¢,
{ y= C.e“—Cz -é.

z=¢é,
y=¢.

z=¢",
-t

y=e,

z=1

z = Cie” +4Cye”,
y=—4Ce® + 4Cye™.

= C,e“ + Cze” -
y= C.e“ - C;eu +é.

c=—(+280 +2t+1).
-2

T = 2 [

z=0.

z=1-cost.

z=et.
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842, z=-1-1t. 843. z=1t.

844. z =1t". 845. z=1.

-2 £ +2
846. z=1-4te™". 847.:c=Te.
848. z = (t+ 1)sint — cost. 849. z =t' -3t +4.

t3 2
850. = =€’ +sint. 851. mz(g—%+t)e2'
2
852. z = (tg +t- 2)e"2. 853. 2= (1+t)e” + (1 —t)e ™
¢ oM _ 9e-2t t
854. z = 3-( )- 855. z = 2¢
856. z =e' + cost —sint. 857. z = 3(1 +¢)sin3t.
1

858. z=t<5i112t+§cos2t>. 859. z = %(t—l)(cost+sin t).

860. z = e”|(1 —t)cost + (1 + ) sint]. 861. z=t—1+2¢.

862. :c=-—£-. 863. z =te'.

864. z = t(smt—cost) 865. z = —(l — cos 2t + t sin 2t).

_ _4 2 _ g3

ges. { 2= 867. { ¢ ’
y=—e +e —36'” 2e'2'.

868. z = e'(cost — 2sint),
y= e(351nt+cost)
z=——+—-c052t—3sm2t

869. 13 870. {

=—t+3cos2t+Tsm2t
—(smt+cost), z=2-¢,

871. 872. { y=-244e' ~te,
y= -(smt—cost) z=-2+5¢ —te'.
m—l+3e 2‘, z=3- 2e,

873. { y= , 874. { y=e¢",

z =2é? +2_u z‘et"3

875. z=2-e ‘—tte ) 876. z =é +sint,
y=2-t—2e" -2, y—e—smt
Tz =cost+e ”, :c_t——+e,

877. i 878.
y=—(cost—e ). y=|+—t-e'.

7 m—t2+t

879. { 2(cht-1) t sht, 880. {

y="Tt- sht—l7(cht—l)
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g1, [°= e:(2 cost —sint),
y =€ (3cost +sint).

882. Heycroituuso. 883. Heycroituuso.
884. YcT0i14MBO aCUMNTOTHYECKH. 885. Ycroitumso.
886. Ycroituuso. 887. Ycroituuso.
888. Heycroitunsbtit Gokyc. 889. Cemno.
890. LlexTp. 891. Ycroituusniit dhokyc.
892. Ycroituusblit y3en. 893. Heycroituusniit y3en.
894. Heycroitumnsbliit y3en (1nkpuTHUECKHii y3en).
3
895. a < 3

896. a) Touka MOKOSi aCMMNTOTHYECKM YCTOYMBA; 6) TOuKa NOKOS HeycTONuMBa;
B) TOYKa MOKOS aCUMNTOTUYECKU YCTOHYMBA; I) TOUKA MOKOS HeycTOMUMBA; 1) TOUKa
NoKOSI aCUMATOTHYECKH YCTORYUBA.

897. V =227 + 3y%, acHMNTOTMYECKH YCTOHYMBO.

1
898. V ==z* + y*, ycroituuso. 899. V=12 - -2-y2, HeycToRuUBO.

900. V = & + y?, aCHMNTOTHYECKH YCTONUUBO,
801. V =z + y?, HeycToltumBo. 902. V = 2a? +y?, ycroluuso.
903. V = z? + y?, acUMNTOTHYECKH YCTONUNBO.

|
904. V = 2? — y?, HeycTofumnBo. 905. V =z’ + Ey’, ycToiumBo.
906. V = 2 + 3y*, acCHMNTOTHYECKH YCTOHYMBO,
907. V = z* - ¢*, neycroituuso. 908. V = z* + 2y?, ycrottuuso.
909. V = a? — y?, HeycToMuuBo. 910. V = 3z? + 2y?, ycroituuso.
911. U3 ycnosuit, HanaraeMbix Ha (yHKUUIO v(Z), ..., 2,), OYEBUAHO, YTO AaHHAs

CHCTEMa UMeeT TpUBHaIbHOE pelueHune z, =0,..., 2, = 0. [IpuHnumMas v 3a pyHKumnio

v
JianyHosa, 418 NpoU3BoaHON T Wy CUCTEMBI NMONYYHM.

(@) ()]
dt oz, oz,

CneposarenibHo, TPUBHANbHOE pelieHne z = 0 naHHoit cucteMbl ycToiuuso no Jiany-

dv
HOBY npu t — +00. YcToituuBocTb GyneT acCMMNTOTUYECKOM, eci —= MpeacTaBiser

dt
co6oit oTpuuaTeNbHO onpeaesieHHyo pyHKUHIO,
912. Heycroituuso. 913. Ycrofiuuso. 914. Ycro#tuuso.
915. Ycrofuuso. 916. Ycroitumso. 917. Heycrottuuso.
918. Ycroituuso. 919. Heycroftuuso. 920. YcTto#tuuso.

921. Ycroituuso, 922. Heycroituuso.

923. WccnenobaHue Mo MepsoMy NPUBAUXEHMIO HEBOIMOXHO, TAK KaK KOPHU
XapaKTEPUCTUUECKOTO YpaBHEHHS uMCTO MHUMble. OaHako cyuiecTsyeT yHKUMS
V = 32! + 4y?, ynosneTsopaiowas BCeM ycioBUAM TeopeMbi JlsinyHosa 06 acum-

av
NTOTHYECKOMN YCTORUMBOCTH, B YACTHOCTH, w = —(6z* + 8y*) < 0. Cnenosarensto,

Touka nokos z =0, y = 0 acHMNTOTUYECKM YcTOHUMBA.
924. V =2’ + y?; pewenne z =0 y = 0 aCUMNTOTHYECKH YCTOMUMBO.

925. A <0,017. 926. A <0,16. 927. A <0,0012.
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928, Heycroitunso. 929. Ycroituuso. 930. Ycroituuso.
931. Heycroituuso. 932. Ycroftuuso. 933. Heycroitusso.
934. Ycroftuuso. 935. Ycroituuso. 936. yc-rogquso.
937. Heycroituuso. 938. Ycroituuso. 939. a > 3

5
940. Bcerza HeycToftuuso. 941. a > 3 942. a>0, af>1+a’.
943. a>§, B>0,98-6a+4<0.
944, Ycroituuso. 945. Ycroitunso. 946. Ycroiuuso.
947. Ycro#uuso. 948. Ycroituuso. 949. Ycroituuso.
950. Ycroituuso. 9851. Heycroituuso. 952, Heycroitunso.
953. Heycroituuso. 954. Heycrouuso. 965, Ycro#tuuso.
956. Heycroituuso. 957. Ycroituuso. 9568. Ycroiuuso.
959. Heycrotuuso. 960. Heycroituuso. 961. Heycroituuso.

962, Heycro#uuso.

963. z = 0 HeycToHuuBo, = = t* + 1 ycToHuuBoO,

964. z =1t ycro#tuuso, z = €' HeycToituuBo.

965. c=t nput <0 uz=—t nput>0 ycTtoHuussl.
966. = =0 npu ¢t < 0 ycroHuuso.

967. z =t ycToitumso, = e'*' HeycToRuuBo.

968. Heycroituuso. 969. Heycro#tuuno.



lNpunoxexnne 1

HexoTopsie ¢dpopmynbi
n3.audpdepeHumanbHOn reomeTpmumn
B dexapmoswix koopdunamax (puc. 65)
y=tga
1. TMoaxacarenvhas TP = l,
. Moaxopmans PN = yy’.y

. JinHa otpeska xacarenbHoit TM = lg;\/l + y’zl.

. llnuna otpeska Hopmann MN = |y/1+y?|.
. JAunddeperunan punsl ayru kpupoit dS = /dz? + dy?.

B noaspuwx koopdunamax (puc. 66)

w S W

dp

= ! = —_—

p=plp), P dy

6. Yron 8 Mexay KacaTesbHO#) U pafinycoM-BEKTOpoMm tg 3 =

ENAY

2
7. Monsaphasa noaxkacarenbHass T'O = %

8. Tonspuas nogHopmans ON = p'.
9. Idnuna orpe3ka kacarensHoit TM = ‘-:,—\/ P+ p’ll.

10. dnunHa oTpe3ka Hopmain MN = /p? + p.
11. JuddepeHunan AnuHbl ayru KpuBoit dS = /p? + p? dp.

N

M(z,y)

y=y(z)

Puc. 65 Puc. 66
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OCHOBHble OpUrMHanbl U UX U306paxeHuUs

20
Ne Opurunan f(t) Usobpaxenue F(p) = [ f(t)e™ dt
0
1 2 3
1
1 1 -
p
n!
2 t”(n=I,2,...) pT_H-
r 1
3 t (a>—1) (a:l )
p
|
4 At -
e Py
. w
S sinwt o
p
6 coswt Fiol
w
7 shwt o
P
8 chwt oot
1
in (t - 0 -ap
9 sin(t —a) (a>0) p2+le
10 cos(t —a) (a>0) P g-or
pP+1
n!

t"eM n=1,2,...
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lNpunoxenne 2

lTpodoaxncenue mabauys

1 2 3
T(a+1)
At
12 t% (a > —]) W
13 M in wt —_
e*sinw PRV
-
14 * cos wt —P 2
e cosw PRV
15 t sin wt ﬁ
2_ 2
16 t coswt (:2 :2)2
17 - Wp+1-p)
J"(t), n= 0, 1, 2, . W
18 si(t)’ m;t”
19 Erf ( @>0 e
a>
2Vt ) ) P
20 Int l(lnl-c),
p p
¢ =0,57722 — nocrosHHas Ditnepa

[
* Mo onpenenenuio 8;(t) = bf 5 de.
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HM3narenasctBo YPCC

CrCUHAIM3UPYETCA Ha BbIMYycKe yueGHOM W HayuHOH nuTepaTyphl, B TOM YMucie
MoHorpacuil, XypHanos, TpyaoB YueHblx PoccuicKoit AkageMHM Hayk,
HAay"YHO-HCCNEA0BATEIbCKUX HHCTUTYTOB M Y eGHbIX 3aBedeHHUH,

YBaxkaembpie uuTaTean! YBaxkaemble aBTOpbI!
OCHOBBIBASACH HA LWHWPOKOM M MIOLOTBOPHOM COTpyAHHuecTBe ¢ Poccuitckum
doHaoM yHaaMeHTaIbHBIX WccnenoBaHuit M PoccHilCKMM TyMaHMTApHBIM  HayuHbIM
¢oHaOM, MbI NpennaraeM aBTOpaM CBOM YCIYIM Ha BbIFOAHbIX 3KOHOMHUYECKHX YCTIOBHSAX.
Mpu 3tom Mbi GepeM Ha ceGs BClo paboTy Mo MOAroToBKe M3aaHWs — oT Habopa,
penakTHPOBAHUS M BEPCTKH L0 THPAXHPOBAHWA M PACTPOCTPAHEHMUA.

Cpeav HeaaBHO BbILLEALIMX KHUT MBI NpeanaraeM Bam crenyiouye,

Kpacrnoe M. J1., Kucenes A. 1., Makapenko I. H.
C6opHuki 3ana4 ¢ NoApoGHLIMU PELIEHUSIMU:
BexTopHbiil aHanH3.
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HN3pareancrso YPCC

Ilpencrasiasier Bam CBOM Jiydymue KHHUTH:

Kpacnos M. J1. u dp.
Besn sbiciuas maTemaTtika. B 6 Tomax.

MpeanaraeMbift yueGHUK Bnepshie BbilueA B CBET B BUAE NBYXTOMHUKA CHayana Ha aHrMUKCKO!
M HcnaHckoM s3bikax B 1990 roay, a 3aTem Ha ¢paHuy3ckoM. OH noab3yercsi GosibLMM cRpoOCoO!
3a py6exom. B 1999 roay KHUra cTasa naypeaToM KOHKYpca Mo cO31aHUIO HOBLIX yue6HUKOB MuHH
cTepcTen obpa3osaHus Poccuu, DToT yueGHUK aapecoBaH CTYICHTAM BhICIINX YUEOHbIX 3aBEACHHI
(B nepayio ouepean GyayliuM MHXEHEPAM W IKOHOMMCTAM) W OXBAThIRAET NPAKTUYECKU BCE pasaent
MaTeMaTHKH, HO NPH 3TOM- Npe/CTaRNCeT co60i He HaGop Pa3po3HEHHbIX rNas, a eAnHOE Lieioe.

Tom 1 — Martepuan nNo aHAIUTHUECKOH reoMeTpuu, nnHeNHOMH an-
re6pe, HEKOTOPLIM PA3LENAM MATEMATH'UECKOrO aHann3a (BReacHue
B aHann3, aMddepeHunansHoe Ucuncnenue (HyHkuuit oaHolt nepe-
MeHHoi1).

Tom 2 — Marepran Mo HEKOTOPhIM pa3aenaM MaTeMaTUyecKoro
aHanu3a (HeoripeecHHbIN M onpeaeneHHbM UHTErpasibl, GYHKLHHU
HECKOILKMX MEpeMeHHbIX) W AHd(BCpeHUHaNbHOH reoMeTPHH.

Tom 3 — MaTepuan No HEKOTOPhIM pa3fenaM MaTeMaTH4ecKoro
aHanusa (uucnobble, CTeNEHHbe, GYHKLUHOHAILHLIE PHAbI, Psiibl
Dypie) 1 06bIKHOBEHHBIM AUDHEPEHLMANLHBLIM YPABHEHUSM.,

TomM 4 — marepuan no BEKTOPHOMY aHanuly, Teopuu yHKuUKi
KOMIUIEKCHOFO MNepeMeHHOro, andhepeHunanbHbLIM YPABHEHUAM
C YACTHhIMM NMPOM3BOAHBIMU M HEKOTOPhIM pajienaM Matemaruuec-
KOro aHann3a (KpaTHbie U KPUBOJIMHEHHbIE HHTErPANbLI, HHTEIPANHI,
3aBUCHIIMC OT NapaMeTpa).

Tom 5 — Teopust BEpOMTHOCTEH, MaTCMaTHyecKas CTATUCTMKA M
TCOPHS Urp.

Jawxo H. H., Bospuyk A. K., luii 4. T., loaceau T I1.
Cupasounoe noco6ue no sbicweit maremarnke. (Autullemuaosny). B 5 Tomax.

KHura sbixoauT B nsTH TOMax M npeacrasasier co6oit HoBoe, UCNpPaBNIEHHOE W CYLLECTBEHHO AONO
HeHHoe MinaHue «CripaoyHoro noco6usi N0 MaTeMaTUUECKOMY aHaau3y» TeX Xe aBTopos. B HoBoI
M31aHWK nocobue 0XBaThiRAET TPU KPYNHbIX pasfena Kypca Bhiclielt MaTeMaTUKNU — MaTeMaTHYECKH
aHanu3, teopuio andbepeHUMaNbHLIX YPaBHEHUH, Teopuio HYHKLHIA KOMIIEKCHON NepeMeHHOMN.
Tom 1 oxBaTbiBacT MaTepuan No CledylOIUMM paslenaM Kypca Ma-
TEMaTUECKOro aHanW3a: BBEAEHWE B aHanu3, aubdepeHunanbHoe COPABBYNDE
ucuncnenne ¢yHkUBH OQHON nepemeHHOW, HeonpeaeneHHblt W NOCOGME
onpeaencHHbIA UHTErpanbl.

Tom 2 nocesiiLeH TEOPUH PSAOB U ANDbEperItHanbHOMY UCHHCACHUIO 10 BbICWER
YHKIIMi BCKTOPHOTO apryMeHTa. MATEMATMKE
Tom 3 BKNIOUAET UHTErPabl, 3aBUCHLIME OT NapaMeTpa, KpaTHhIE U

KPHBOJUHCITHbIE WHTErPabl, a TAKXe 3/E€MEHTbI BEKTOPHOIO aHa- A Bongoyx

nu3a.

OH SIBANETCS NOFUUECKHM NPOLONXEHHEM TPEX NPCAbIAYLLIUX OPH-
€HTUPOBAHHbLIX HA MPAKTHKY TOMOB H CONEPXHT GONEe UETbIPEXCOT e
noapo6HO pelleHHbIX 3aaa4, HO NPy 3TOM OTAWuaeTcs Gosee de-
TaNhHbIM UANOKEHHEM TEOPETHUECKUX BOMPOCOB U MOXET CNyXUTh
CAMOCTONTELHBIM 3AMKHYThIM KYPCOM Teopui hyHKUMH KoMnaeKc-
HOTO nepeMeHHOro.

ToM 5 OXBATHIBAET BCE PA3ACALI yUeGHbIX NporpaMM N0 AMGBGEPEHUMATBHBIM YPABHEHHAM an
YHUBEPCHTETOB W TEXHUUECKHUX BY30B C YrayGneHHbIM M3yueHUeM Matematku. Hapsay ¢ MuHu
MiUIbHIMIA TEOPETHUECKHMU CRELIEHUSIMU B HEM COZEPXHMTCH GONEE CEMHCOT RETANBLHO PasoGpaHHb!
NPHUMEpPOB, BISITLIX U3 PHAA LWHMPOKO UIBECTHBIX OTEUECTHEHHBLIX YMeBHUKOB 1 cBOPHUKOB 3anau.

Tom 4 nocpsitieH TEOPUK (BYHKUMUIA KOMNJIEKCHOTO NEpeMEHHOro. 4 S o
POPENENND:
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N3nareancto YPCC

IIpeacrasaser Bam cBou Jyyiide KHUTH:

Snsceonsvy J1.3.
Jnddepenumnanbhbie ypaBHeHHs W BapHALUOHHOE UCYKHCIIEHHE.

HacTosiwas kHura — Knaccuueckuii yuebHUK no auddepeHunanbHbIM
ypPaBHEHUSIM ¥ BAPHALIMOHHOMY MCUMCICHMIO IS CTYAEH10B (PU3NUYECKUX
¥ Gu3nKOo-MaTeMaTHUECKHX (DAKYNbTETOB YHUBEPCHUTETOB.

Lenab nanHoro yue6HMka — cnoco6CTBOBaTb MIYGOKOMY YCBOEGHWIO Te-
OpHM C MNOMOUILLIO MOAPOOHO pelleHHbIX NMPUMEPOB M 3aAay Pa3HOro
VPOBHS CNOXHOCTH: OT NPOCTbIX 10 CAMbIX CAOXHbLIX U HETPUBHANbBHbBIX.
BoNbUIMHCTBO NPUMEPOB MMeeT NPSMOE NpUIoXeHne B du3nke.

KHHra COCTOMT U3 ABYX HE3aBUCHMBIX yacTeli. B nepsoi yaciu noapo6Ho
M3MIOXEHbI METOAbl MHTErpUpoBaHus AndybepeHLMaNbHbIX YPABHEHHH W
npocTeiitine cnocobhl UCCNCAOBAHMS UX PELUEHMI; BTOPas “acrb 3HAKO-
MUT 4uTaTesisi C METOAAMMU PELIEHUS Pas3iMuHbLIX BAPHALIMOHHBIX 3ajasl.
Kaxnas rnasa cHabXxeHa 3a1ayaMu [U1si CAMOCTOSITEIbHOTO PEILIEHHUSI.

Maremataka 1Y

Aproavd B. H.
MaremaTHuecKHe METObI KJIACCHYECKOH MEXaHUKH.

KHura oTauyaercss oT UMeIOWMXCH YUEOHUKOB MEXaHWKWH Oonblieit, ueM 3TO OObIUHO MPHHSTO,
CBSI3bIO C COBPEMEHHOM MaTeMaTHKOi1. OcobeHHOe BHMMaHKe 06GpalleHO Ha B3aMMHO oboraulaioiee
B3aUMoNencTBUE UAEH MeXaHUKU U TeOMeTpUH MHOroo6pasuit. B coOTHETCTBMM C TAKMM MOAXOAOM
LUEHTPATbHOE MECTO B KHUre 3aHUMAIOT HE BBIUMCIEHMs, a reoMmerpuueckue noHsitusi (dasoshie
NPOCTPAHCTBA W NMOTOKU, BEKTOPHBIE MOAS, TPYNNbl JIK) U MX NPHAOXKEHHSI B KOHKPETHbIX Mexa-
HHUECKMX CHTYaumusix (Teopusi KoneGaHWil, MexaHMKa TBEpAOTO Tena, [aMWAbTOHOB (OpMaTU3M).
MHOro BHMMaHUs yAeNeHO KaueCTBEHHbIM METONAM M3YUYEHW$ JIBUXECHUH B LIENOM, B TOM uucne
aCMMNTOTHYECKUM (TEOpHUS BO3MYIUCHHI, METO/LbI OCPEAHEHNUS, AAMABATHIECKUE UHBAPUAHTDI).
Jnsti cTyIeHTOB YHUBEPCHMTETOB W BY30B C PacLIMPCHHON NPOrpaMMOi NO MaTeEMAaTHKE, a Takxe
npernonasatesneit U Hay4HbIX pabOTHUKOB.

Ta6op M.
Xaoc M HHTerpupyemocTh B HeNHHEHHOIH IMHAMHKe.

Hacrosituast MoHOrpadmsi siBASIETCH OAHMM M3 KJ1acCHUeCKMX 0B30pOB MO Xaocy. ABrOp NpPOBOAMT
YUTaTeNs OT TPAAULLHOHHbIX KYPCOB N0 AU EPEHUHANbHBIM YPABHEHUSIM U KJIACCHUECKOH MEXaHU-~
Ke K GbICTPO pa3BUBAIOUIMMCS 0BNACcTHM HENMHENHOI TMHAMMKK W Xaoca, MPEACTABAss NPU ITOM
«CTapbie» U «HOBbie» MOHATUH C EAMHON TOUKK 3peHHus. B KHUTe ynauHO couertaetcsi onHoOBpe-
MEHHOE PAaCcCMOTPeHHe NPOoGJeM HeNUMHEIHHOW AMHAMUKM M XaoCa C OAHOI CTOPOHBI, U BOMPOCOB
MUHTETPUPYEMOCTH AMHAMUYECKUX CHCTEM C APYroit CTOPOHbI. Bosibllloe BHUMAHHE yAENSETCs Xaocy
B TaMU/IbTOHOBBIX CUCTEMaX, MOKa3bIBAIOTCH B3aMMOCBSI3U MEXOY KJACCHUUECKHM XaoCOM W COOT-
BETCTBYIOWNM KBAHTOBOMEXAHMYECKUM MOBEAEHUEM CHCTEM, a TAKXE M3YUAKOTCS UHTErpUpyeMmsbic
ypasHeHUst, offafalouine CONMTOHHLIMM pelleHMsiMU. MaTtepuan W3naraetcst ¢ UCMOJb30OBaHHEM
COBPEMEHHbIX TEOMETPUUECKUX M aHANWTHUECKWX METONOB.

Nas CTYNCHTOB MaTeMaTHUECKUX, (bHBH‘IeCKMX KW HHXEHCPHbIX cneunanbHOCTe, a Takxe Bcex,
WHTEPECYIOULUXCsH npobneMami xaoca B IMHAMUUECKUX CHCTEMaX.

Hawu KHArK MONHO NPUOGPECTH B MarasuHax:

H3 [aTeNbCTBO | “BrbMo-TRosyc» (M. JiyGakna, yn. Mackuukas, 6. Ten. (035) 925-2457)

«MocHoBCHMA JOM KHUrH» (M. ApGatcKas, yn. Hosbik ApGart, 8. Ten. (095) 203-8242)

yPC[ «Jl0M HayuHO-TeXHWYECKOR KHMru» (JleHuHCKmi np., 40. Ten. (095) 137-0633)
«floM Kiuru Ha Coxone» (M. Coxon, JleHuHrpanckui np., 78/1. Ten, (095) 152-6381)
(095) 135-42-46, | «Aom nenosok kimru» (M. Nponetapcuan, yn. MapKcuctcuas, 9. Ten. (095) 270-5421)
(095) 135-44-23 «Mex.-Mat. MIY» (M. Yiusepcuter, BopoGbesbi ropbi, AC MIY. Ten. (095) 939-1263)
’ | HnocKw ciMpMbl «ApryMesT 2001» (M. YiuBepcuTer, 2 ryM. K. MIY. Ten. (095) 939-2176)

UrSS@UISS.TU | «C.-N6. Texnuueckas Kuuran (C-NG., yn. NywKuncas, 2. Ten. (812) 325-3589)
«C.-116. poM Kuuru» (Hesckuit np., 28. Ten. (812) 311-3954)
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OCHOBHbIE PA3LENDI
BbICLEW MATEMATUKH

B wpeanaraeviom cBophuxke 3agay ocoboe
BHHMaHHe YieneHn TeM Bonpocany, KoTughie
HEeAOCTATeYHO AOANOBHO vCBEMiEHbi B
HMEHWHKCA NocoDHAX M KOTOpbie, KaK
nexassiBaer enbit, cnafo yesakBaloTCA
CTYRSHTaMH.

JleTanbho pa30bpans MeToR H3oKnHn LnA
VE4BHEHHH NEBero H BTOJUTD MOjRAKOB,
3afia%H HANOXKAEHHA OpPTCreHanLHLIX TRA-
eKTODHH, MHHERHaA 33BHCHWGETL H HE33-
BHCKMOCTE CHCTEM fYHKILHI.

B 23[auHHK BKRYeHo forbse Skeno 3a-
LAY Ha DEUieHHEe RHHSHHBLIN YDUBHEHHR €
NGCTOAHHBIVIE H ViepeNerHbIMH  Keamt-
UHEHTZVGH, 330a%H H2 YCTORUASGETL MO
fiAnyHoBY, HA TGRHMEHEHHE GREpaLHOHKOre
MeTofa K pelienio AHGERRHIPEhHIX
yEeBHeHRE H cHeTem. [ipeCTaBNEHbE TaoKe
METofi NOCAELOBATRRLHLIK APHERHMEmH,
ocofible petieHHa aHpdeperULBARbRLIN
VDABHERHA, YpaBHEHHA ¢ WManbiM fapa-
ROTEOM FIPH DNOK3BOJAHDH.

lipHBeAKTCA ﬁOHGEﬂ(D]@ nuHvenos

¢ NeApoSHLIMH PelUEHHANH.

E-mail: urss@urss.ru
Karanor asfanmn B Infernet: hilp.fiurss.ru
Ten./thakc: 7 1095) 135-44-23, 136—42-46
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